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Abstract

In 1993, R. Bodendiek and G. Walther introduced the concept of an (a, d)-antimagic
labeling. Let G = (V, E) be a finite simple graph without any isolated vertex, with p
vertices and ¢ edges. An (a, d)-antimagic labeling is a bijection f : £ — {1,2,--- , ¢},
such that the induced vertex sums f* : V — N given by fT(u) = X{f(uv) : uwv €
E(G)} are a sequence with initial term a and common difference d. A graph G is called
(a, d)-antimagic if it admits an (a, d)-antimagic labeling. In 2003, V. Swaminathan and
P. Jeyanthi (SUPER VERTEX-MAGIC LABELING) are proved that the graph mC,, is
(a, 1)-antimagic if and only if both m and n are odd. In this paper, we definded a
new concept (a, 1)-antimagic deficiency, as an extension of antimagic labeling, for
measuring how close a graph is away from being an (a, 1)-antimagie. Furthermore the

(a, 1)-antimagic deficiency of 2C.y,, is completely determined and d;(2Cy,,) = 1.
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R. Bodendiek ¥ G. Walther ** 1993 & #% ! 7 (a, d)-antimagic labeling s7#% % >
G=(V,E)i-B73 pBBfrqBBrRFHnBdmj JFER T&- B
bijection e f 1 E — {1,2,-+ ,q} » #if 81 ~ g ¥ B8 I E BT F 2
L m%%ﬁff’ ffu) =5{f(w) :w e E(G)}» ## ff:V N> 2,45
Fias oA i daE LB PIAPHE L (a, d)-antimagic labeling o 4 % )
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7 (a, d)-antimagic labeling > P 2% * #£ G #_(a, d)-antimagic - V. Swaminathan
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Chapter 1

Introduction to Graph Labeling of
Antimagic Type

1.1 Antimagic Labeling

hipiARE P > AP i & % 'L e simple graph ¢ 14 T % Ringel {- Harts-

field[16] ** 1990 # Rf ** antimagic labeling 7 3 e 4 -

Definition 1.1.1. G % - 3 g B#ehfl o TE - B- H=hddcr Bl ~qg
S f 1 B(G) — {10 gt > & BT AP EEDE b ARt 0 Aok R E R
#4pke o PRI PEAE L antimagic labeling of G ¢ (L Figurel. )

He wipEr®EP 7 2T Rl antimagic: P, (n > 3), cycles, wheels, and K, (n >
3) - Wang, T. M.[42] & 7= 7 toroidal grids C,; X Cpo X - -+ X C) ®_antimagic > { -
oo % G E - B r > 1 e r-regular antimagic graph > B] G x C,, 7 antimagic °
Cheng[9] # P 7 #7 73 positive degree 77 Cartesian products & & ¢ { % regular
graphs % antimagic 4 %2 G x H 5 antimagic 4% G % j-regular m H i degree 4
W12 EE R SRR >2 & 5 LR 52 > 2k - Wang, T. M. &
Hsiao[43] M 7 ™ B]A) 3 antimagic: G x P, (n > 1> G #_regular) » G x K,
(G &_regular) > compositions G[H| (H €_d-regular * d > 1) 12 %2 Cartesian product

-

of any double star and a regular graph ° # Cheng[10] Z£F* 7 P,; X Py X -+ X By

(t >2)¥ C,, x P, #_antimagic » ** Solairaju and Arockiasamy[33] # - P 7 3R



Figure 1.1: Example of antimagic labeling

& P, x P, % % en3 B &_antimagic » Liang and Zhu[26] & " 1 4c% G &_k-regular
(k>2) Rl H ¥ &% |E(H)| > |V(H)|~1 > 1 7% Cartesian product H x G ¢
£_antimagic ° # % F R 4ok |[E(H)| > [V(H)|-1 2 H % B 2$ odd
degree &* H 3 > 3 2|V(H)|-2 & > | prism of H #_antimagic - Shang[34] %
7 #1% ¢ spiders &_antimagic © Lee, Lin, Tsai[27] % M 1 C? §_antimagic ¥ n &_
B TR BT RS o 5 @

- ey AP E Ap b B R AL & antimagic labeling + 0 40§ A

W.Brown ** 2008 & #_% [1]

Definition 1.1.2. G 5 - 7 ¢ BE DB - TE- B- H- hddk BBkt
fEG) = ZT > faghird M@ ki Ik EE2 4Rk 0 R
A L partially antimagic labeling G - & ¢t 2% ¥ Z_% antimagic strength
0(GQ) =min max f(E) t&*7F ¥ i 1 antimagic labelings f of G °

Definition 1.1.3. G 5 - 7 ¢ Bl - TL&- B I #FR%hE [ EG) —
Zt > B R G pEE PmEL A R R EF AR RN
H % weakly antimagic labeling G - }* “F 2% % 3_%& weakly antimagic strength

/

0 (G) =min max f(E) 73 ¥ i 0 antimagic labelings f of G -

2



- & 5 B (a,d)-antimagic labeling %~
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Figure 1.2: Mini-Survey on Antimagic Labeling from Gallian[21]




1.2 (a, d)-Antimagic Labeling

1993 # ¢ Bodendiek ¥ Walther[4] % ! 7 (a,d)-antimagic labeling e 4

Definition 1.2.1. £ G = (V,E) - ®F p BBfrq B 7 2§ 7%= Bhing
L H B0 T A& - B bijection cnsn ¥ f B — {1,2,--- ,q} > #F ]l ~ gD
Yoo PIE N FELAT S s nmE e fT(u) = 2{f(w) : wv € E(G)} > ¢
BV s N2 5 ay 245 dhE L7 PIAPHLE S
(a, d)-antimagic labeling - 4% B G 7 (a,d)-antimagic labeling - P] 3% 7 £ G &_
(a,d)-antimagic ° ( Lin, Miller, Simanjuntak, Slamim[28) -2 (a, d)-vertex-antimagic

edge labeling) -

Bodendick - Walther[5][6] # " 7 Herschel graph 7 4_(a, d)-antimagic I & {¥ 7
# a7 I i (a, d)-antimagic labeling Bl & £ f & 0.8 % - § 5 parachutes P, °
Baca ¥2 Hollander[3] # 4! 7 O, X P, % antimagic labeling ¢ & i i2: & n ¥_1% #&
d=1la=(Tn+4)/28 d=3,a=3n+6)/2> % n EF #d=2,a=(5n+5)/2
& d=4,a= (n+7)/2 - Bodendiek £2 Walthe[7] > Ji £ % n £_% & C,, X P»(n > 3)
2_((Tn 4 4)/2,1)-antimagic > § n 2% P& C, x Py(n > 3) 4 ((5n+ 5)/2,2)-
antimagic o m iz 1A % 2% *t Baca &2 Hollander[3] > { &2 % chzgp >
n 2% % C, X Py(n > 3) 4 ((3n + 6)/2,3)-antimagic > Baca ¥ Holldnder[3] - ##
Badndd] i 7adikEF C,Xx P, & ((n+7)/2,4)-antimagic - Bodendiek £
Walthe[7] » J#iB] Cp X Po(n.>7) _((n+7)/2,4)-antimagic - Miller £ Baca [30] >
7 P generalized Petersen graph P(n;2) & ((3n + 6)/2,3)-antimagic ¥ > n = 0
(mod 4), n > 8 11 % ji- & P(n, k) & ((3n + 6)/2, 3)-antimagic ¥+ 473 in ; %
Beo P 2< k< n/2-1-H{>izBFE > Xu Yang, Xi, Li[44] Z#P I k=3
Jirimutu 22 Wang P 7 P(n,2) 4_((5n + 5)/2, 2)-antimagic % n = 3 (mod 4),
n > 7 ¢ Xu, Xu, L"u, Baosheng,Nan[45] ZF 1 P(n,2) 4_((3n + 6)/2, 2)-antimagic
¥t n =2 (mod 4), n > 10 » Xu, Yang, Xi, Li[44] % - P(n,3) €_((3n +6)/2,3)-
antimagic ¥+ #73 B #kn > 10 ¢ % & N3 P(n,3) £ (3n + 6/2, 3)-antimagic
¥t n =0 (mod 4),n > 8 - # Lingqi, Linna, Yuan[46] 3% 7 generalized Petersen

graph P(n,3) 4_(5n + 5/2,2)-antimagic ¥t#7F # #n > 7

Lemma 1.2.2. (Parity Checking Lemma) > G £_— % (a,d)-antimagic graph B € 7

PR R R
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1.3 (a, 1)-Antimagic Labeling

=T KA €31 7 P BF5¢ 9 (a, 1)-antimagic labeling - ¥ 45 1 H - A5 o

Definition 1.3.1. B G = (V. E)» & & - B - % - chd Hie> B3f R f
E — {1,2,--J|E|} > #H AN F - 3 e #A75 BAp #8 i ik A 4o o
fT)=2{f(w) |w € BE(G)}>» ® fH(V)={a,a+1,a+2,--- ;a+(|V | -1)}>
Al A H S (a, 1)-antimagic labeling « ( . Figure 1.3)

Figure 1.3: C3&C% is (a, 1)-antimagic

Yo% — Bl 4_(a, 1)-antimagic » P H &% §_antimagic °

Bodendie ¥ Walther[8] » &/ 7 Py, 4_(k,1)-antimagic; Coryq (K + 2,1)-
antimagic; ¥ # 2 tree("E B 5 2k + 1,k > 1) &_(k, 1)-antimagic - J. Ivanco, A.
Semanicova[19] #& 41 7 — # 2-regular graph 4% &_super edge-magic » P| & ¥ r&
%+ € A (a, 1)-antimagic » W a — BILHA P 5 4T iz & Bl 5 (a, 1)-antimagic:

B R 3inddien o kCp b R 6idion o k(C3UC,); B 5 5 oddicn



Ck(CyUC,); B 5 4igdicn > k(C5UC,); % 5 6 ik Hem 2 < 3 &3
m/2+2 hE e o k(CUGC,) » 1 5 Kovar % » # MM 7 bo% H Sis— B
(a, 1)-antimagic G i & 3 4r 2k-factor @ = > B| H » &_(a, 1)-antimagic - 3 &%
o PELER T LT B & (a, 1) -antimagic: 4 # 8 Bk circulant graphs; & # 8 2k
¢ 2r-regular Hamiltonian graphs; # # 8 2k n ® -] 3% 4r &1 2r-regular graphs ° & if®
E-HiER T o bk GEA- BF AETLERT nr-] &“ﬂﬁ a+n(l+r—(n+1)/2)
1 (a, 1)-antimagic r-regular graph » B G ® K; &_supermagic ° w5 i — % % 0
o 4ok G A - B (n3)regular >t n 5 AN T dh kA TG A - B
(n—=7)-regular >t n 5 * 3t 15 éhd # > Bl G & K; &_supermagic ° Vilfred &
Florida[38] » z#§ 7 the one-sided infinite path £_(1, 2)-antimagic; ¥f = & a ¥ d >
P, * &_(a, d)-antimagic; Ps,,+1 % (n, 1)-antimagic;C5,,+1 7 (n + 2, 1)-antimagic la-
beling; — i 2-regular graph G &_(a, d)-antimagic » B & & r&e % |[V(G)|=2n+1 2
(a,d) = (n+2,1) - Javaid, Ismail, and Salman[20] > & F* 7 Cordal RingsC' R, (1,3,7)
fv CR,(1,5,n—1) F (a, d)-antimagic labelings > ¥t n =0mod 4 - i i~ F&ip| ¥
WHEEERANI<ALE3E n=0modd > CR,(1,A,n—1)3 ((Tn+8)/4,1)-

antimagic labeling °

Mgt - p B g BB E (p,q) — graph -

Lemma 1.3.2. 4- % - & (p,q)-graph % (a;1)-antimagic labeling > P q(q¢ + 1) =

pa + (p—Ql)p‘

Proof. 2(14+24---+q)=a+(a+1)+---+ (a+p-1)
= q(q+1) =pa+ 252 0

Corollary 1.3.3. - # (p,q)-graph € - B (a,1)-antimagic labeling > * p = q > B
p &R A e

Lemma 1.34. G 5 - B p B 2 ¢ B 3 e regular graph * % (a,1)-antimagic la-
beling - & G &_odd regular B| p = 0(mod 4) > ¥ 2. G A_even regular P| p =
I1(mod 2) -



1.3.1 Adding Arbitrary 2-Factor

B] GG & k-factor » “Pa‘ﬂ G - B k-regular 4 = 3 ] °
¢ J. Ivanco, A. Semanicovd, 2006[19] 2% * ££ 2% (a, 1)-antimagic 4c } = %, % #c

factor :& &_(a, 1)-antimagic:

Lemma 1.3.5. (J. Ivanco, A. Semanicova, 2006)
G & - B (p,q)-graph> H 8.4 G T F 4} 2k-factor #73j = 1@ » 40 % G 4_

(a, 1)-antimagic » ¥ H %% &_(a,1)-antimagic °

Proof. i #-B G duf dh5. 1,2, g0 A& - P P e g (a,l)-
antimagic B G 2 * B g L Z a<a+l < - <a+pl> T#HHEL
UL Vg, vy 0 BB REANE A PR R R S 0 S x 2-factor BT - B (a,1)-
antimagic B] G o 2 4 fie = & % 2-factor ' i # & B BN h e 0 2
i"'ﬁﬁﬁﬁﬁfc%’\i‘{v gt b E i w0 £ B el R L o (w) B r
ow L S (w) o

fov)=a+p+qg—(ati—=1), 1<i<p
Fd [ w) EE > APF g MR

(a+i— 1)+ fo%(v;) + fi(vg) =a+p +q+ f(v), 1<i <p

Flif 2B cheh B E - - G B R > T B e B A e e o
#P 7 # % (a,1)-antimagic ° (£ Figure 1.4) D



Figure 1.4: C5 4v » 2-factor % = 5 Kj

- 1% B2, 3 Hamiltonian cycle |\ i B8] 7) % Hamiltonian o % * A3z & % 7
7 % #c regular v Hamiltonian ] ‘]E.’K A antimagic e 7 £ A d [19] Fvif § + BB

Bt c11% i regular 7 Hamiltonian )] ‘,2-.’ RZ_(a, 1)-antimagic °

Theorem 1.3.6. 4% G & - & 2k-regulank > 2 ® 5 % ¥ i 8- B 5 Hamiltonian
® > Bl G 4_(a,1)-antimagic °

Theorem 1.3.7. 4= % G & - & 2k-regulank > 2 ® 5 ® B i# 8L 5 Hamiltonian

B ° P G 4_antimagic °

Proof. G #_— & 2k-regular, k > 2, ¥ 3 # #ic{# 2 [ ¢ Hamiltonian » F; &_2-factor,
1<i<k 42 G=FPFrLPl; - -PF,> >4 - HBMHEdNPERKF 4- B
G p & Hamiltonian cycle © $%5L1% /2 4r2_ % - & Hamiltonian cycle F} » 3% i £
fovip) =S5 4o i 580 F 2 1 ZBEAP L f(yv) =2+2 0 AR EH
it $ rie - HHIeL ] 5 F S5 0) = foga) =n Lo A R ()
o P ZRAXL L - nE LB R RSN AP A fake (B e
it

Risgtpria— 4 APT Ui wiEie G Y EEFE Y $ L sy IR L
fri M—l—r—kz i=1,2--- n> H‘IF(Ul)—(kfl +Eh+1=[fT()+ 5

v

T ORAPET UL G AR

Casel : w—l—k—l—l < F(m) 2k D"—Hf—l—l—l- Bl fH (o) < SR kg

e R T 4\7\—5 ¥ 2 # A f §_antimagic o

8



Casx2 : @Un Ly g < Fo(ey) < BEUn gy gy g @500 4 gy <
o < (%—_1+’f+1++-’€uiﬁ"%’é44’ﬁ’fv1  fluy o #
700y B IRELE I chu,u, B IR TEF A BT A

sub-case 2.1 : vy £ v, > BEBHIRT vy B oo I %0 FAELLE
floavp) 2 n+ 1> @ fH(or) fo fH(ve) B> PR 4 no> 24k f7(01)
fo fF () 33 Ak o+ 2 g B L ke £ - 26 [ (0,) o
Fr(o) e PR n @8 qpp e <N b ] mpe i e o
antimagic %,

sub-case 2.2 : v, = v, 0 PIAPE 3 vy RIS v, DR
BAETRT v = v & 00 BARR Y Rovy =00 T A f(0y)
R (0) > B pp o afh1) < BERUT 4 k1 R

HLAj= 7 antimagic °

1.3.2 Super/E-Super Vertex Magic Total Labeling

1963 & > Sedlacek [31] # 71 7 magic labeling ¥z 4 « G 2 - B F ¢ B 58>

hod AP SRR {1,2,8, ¢ g} 0 R BEATAR R T i F o i - TLE o B
4 G #_magic » 1990 # MacDougall, Miller, Slamin, Wallis[22] > #%& J} 7 vertex
magic total labeling et & > A7 7 vertex magic graphs sk A F 0 AT -

E $&3 vertex magic total labeling 72l

Definition 1.3.8. G £ - # 5 p B2 (=[ V(G) |)~q #F (=] E(G) |) 05 W
simple graph » % — & bijection fh & % f : V(G) U E(G) — 1,2,3,--- ,;p+q>
Vu € V(G) > # f(u) + Bwepe)flw) =k k 5 - ¥ 2@ BN PHL
% vertex magic total labeling - ¥ ® i £ k£ % magic constant o * b > 4r %
f(V)=1,2,3,---,p> RIS 45 super vertex magic rotal labeling » G R v %

(super) vertex-magic °

McQuillan[11] # # 7 3% % vertex-magic total labelings ** cycles C,,, (k < 3, % #&
n < 3) & * ¥% T _hvertex-magic labelings *+ C), - Gray, MacDougall, Wallis[12] > 2.

61 8 gm0 73 % > Bl (complete graphs) £_ vertex-magic total - Kothapalli,

9



Venkaiah[25] » 7 ¥ - 2 2 &P #735 % > B (complete graphs) #_ vertex-magic

total °
B3 ReamA TS 0 ¢ 3 F A B LORF 1 vertex magic total labeling 157
7 &% o bl4r MacDougall etal[22] &% "n >3 0 C, ~n>2 1 P, 113 4 #gh

K, fvn>1aK,, » 3%F vertex magic total labeling > + &% T n>m+1 >
n’ PR g g

=

m,n X F vertex magic total labeling o # P F B 73 m > Ky 8 n < 30
K, 7 vertex magic total labeling - Baca, Miller £ Slamin[2] & F 7 #7F n >3 *
1 <m < | %] ¢ generalized Petersen graph P(n,m) } vertex magic total labeling -
FENFHEE=In+210n+2 % 1ln+ 2 3 2007 # Gray[l7] & 7 iefEkis &
regular graphs o

TP Y R % & &G vertex magic total labeling e ] 0 A i E o R
[21][17][15][32][29] * 35 4 énps 5 £2 4 4% L feidi il W] 1 - B30 7 @ 0]
Wallis 7§ 7 4 T 2 32:G ¥ - & degree % r ¢ regular graph > G 3 vertex magic
total labeling ¢ (i) 4% r £ #c > ¢ 5% & # > B tG 3 vertex magic total labeling o
(ii) 4% r £+ 8o t 3 TR ¢ i A tG § vertex magic total labeling °

MacDougall, Miller,Sugeng[23] » % 3% 7 super vertex-magic total labeling:G(V, E)
3 — vertex-magic total labeling f £ f(V) ={1,2,---, |V} f(E) ={[V]|+ 1, |V]+
AVI+ [El} e # 0 2P 3 — B (p,q)-graph 7 magic constant k 7 super
vertex-magic total labeling i %12 * Xk = (p+q)(p+q+ 1),/ v—(v+1),/2;
k > (41p + 21)/18; 4= % G A connected, k > (Tp=5),/2; 4% p 5 ¥ #cp %
glg+1)> F 2 p 5 & #ch| ",% 20(g+ 1) 4% G 3 BEBER p =0 (nod8)
2 qg=0&3(modd)Fres & p =4@mod8)® q=1: 2(mod4)- = =
# 57 + # B C, 7 super vertex-magic total labeling > degree % 1 7 no wheel, lad-
der, fan, friendship graph, complete bipartite graph or graph 5 super vertex-magic total

labeling °

B >> VMTL £ super VMTL - & {753 4 ¥ 4 Figurel.5~ 1.6 -

10



Graph | Labeling Note Graph Labeling Nate Graph | Labeling Note
G vmT Prisms VMT n odd, G regular of even
[,, * Pl G VMT degree. VMT G is regular
n
n=2 ) i <l d of odd degree, VMT, but
i Mt A vMT ot g,
. - < Unions of
K,.-e VMT m>2 F, VMT iff n<10 n;cms VMT
ars
- : . iff # of
K, MT iff |m-n<1 Friendship VMT | tmnglesess | €, %G VMT
graphs
For n odd - LG~ . .
K, wmr | e | Gen | owmr PP e, | wmT
e vMmT fon=2 GxC,, | ymp | ¢ Ztresdanver
tree with )
mK, VYMT mzln24 | o internal Not GxK, YMT G 2r+1reguar VMT
vertices and -
more than vMT : ’ G r-regular VM, r add
Pet:
!’F:i? VMT 2n leaves GxH VMT | orrevenand |yodd,
. H25-regular supermagic

Figure 1.5: Mini-Survey on VMTL(vertex magic total labeling)from Gallian[21]

Graph Labeling Notes

P, SVMT if n > 1 is odd
Ch SVMT iff n is odd
Kin SVMT iff n 1

iy SVMT U r and n are odd
Wy not SVMT

ladders not SVMT

friendship graphs not SVMT

Kmn not SVMT

dragons (sec §2.2) SVMT iff order is even
Knddel graphs Wy SVMT T 0 (mod 4)
graphs with minimmum degree 1 | not SVMT

Kan SVMT n>=>1_

Figure 1.6: Mini-Survey on Super VMTL from Gallian[21]

2006 & > Slaminetal.[32] # 7 8/ 7 1@ i€ 0B - 2012 # > Marimuthu etal.[15]
# % E-super vertex magic labeling » §= Harary graphs H,,,, - Wang, T. M.[39] #
7 % #c regular graphs 7 particular 2-factors 7 E-super vertex magic labeling o »
*+ 2013 & [40] > # % disjoint union of sun graphs =7 super vertex magic labeling °
Tao—Ming Wang, Chun—Nan Hung ,Ming—I Chia, Guang—Hui Zhang[47] # 7 7
Chordal RingsCR,,(1,A,n — 1) &_super vertex magic total labeling ¥ & =+ & i it

n=0(mod4) 2 3<A<n-—3:

Definition 1.3.9. n 5 - B® r " n>3, a b cH 3 BPRL T L Fi# n BE
¢ Chordal Rings CR,,(a,b, c) % 7 *74 hib BB i & it a~i+b~i+citpid -
IeZ,-

11



Theorem 1.3.10. Chordal Rings C'R, (1, A, n—1) &_super vertex magic total labeling

¥ magic constant % 2%"—{—2 PR EARE3ISASN—32T 5 B Hfon=0(modd) -

Proof. 24 CR,(1,A,n—1) chg & & 5 {v, 09,03, 0, #EEE {viv:
1 <i<n}U{wwin:1<i<nn=0(mod2)} » Z_F*HR+ gk FIP 52 o
AR R {1,2,3,- - 4dm} > BB RBS dm+ 1,dm +2,--- ,6m} >
EREPAPFT AXIMER LB G A=3(mod4d) v A =1 (mod4)

Casel A =3 (mod4)
AL F) k] e R A T

¢

8m e [8m+1,9m]; 1= 1 (mod 4)
f(vwig) =4 6m + 2" € [5m+1,6m], 1=2 (mod4)
Sm 53t € [dm +.1,5m], 1=3 (mod 4)
6m+Le[6m+1,7m], 1=4 (mod4)

P HEIP 5z T

15m + 1 = f(viga—1vi4a) € [9IM+ 1,10m]; 1=0 (mod 4)
Mm+1— f(vigatVigs) €(Tm +1,8m], 1=2 (mod 4)
BF L wt(v) 5 %3 £ v pad S R oo B{f(w),u € N(v)} » 5B
)

{wt(v;) : 1 <i < n,n=1(mod 4)=[22m + 2,23m + 1]
{wt(v;) : 1 <i<n,n=2(mod4)=[21m + 2,22m + 1]
{wt(v;) : 1 <i<mn,n=3(mod4)=[19m + 2,20m + 1]
{wt(v;) : 1 <i<n,n=0 (mod4)=[20m + 2,21m + 1]

Pl 7 e {wt(v) 1 1 <i <n}=[19m + 2,23m + 1] - (& Figurel.7)

Case2 A =1 (mod4)
2N e L ¥ F) 0 ) b i A B AT

12



6m + 2 € [6m + 1,7m),

5m+ 2 € [4m + 1, 5m),
f(ivigr) = :
6m+ 22 € [5bm+1,6m],

8m+ 1 € [8m +1,9m;
£ B sz 1T

MUm+ 1 — f(Viavizara) € [Tm +1,8m],

f(vivz'-i-A) =

156m + 1 — f(vigsvitata) € [9m + 1,10m],

FE -k APF U E wt(v):

{wt(v;) : 1 <i<n,n=1(mod4)=[22m + 2,23m + 1
{wt(v;):1<i<n,n=2( )=
{wt(v;) : 1 <i<n,n=3(mod4)=|
fwt(v) : 1< i< non =0 (mod )|

mod 4)=120m + 2,21m + 1
19m +2,20m + 1
=[21m +2,22m + 1

I=1 (mod 4)
1= 2 (mod 4)
1=3 (mod 4)
1= 4 (mod 4)

]
]
]
]

Rl e @ e {wt(v) 1 <i<n}=[19m + 2,23m + 1]

s o d A B Case 24 3R iF 11:1 < < dm, f(v;) = 23m + 2 — wt(v;)

13
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gt AP E (o § shsrig f & super vertex magic total labeling > ¥ magic

constant 3 2" 4 2 o (& Figurel.8)

Figure 1.8: CRao(1,9,19)&C Ry5(1,5,11)

]

Conjecture. t B % < & ¢ chordal rings CR, (1, A1;n1 — L)UCR,, (1, Ay,ne — 1)U
- UCR,, (1,Apn—=1)»3<0<n; =32 A; 5% 8T n;, =0(modd) » 1<t <t~

H_% % super vertex magic total labeling.

A T S R

14



Figure 1.9: CR12(1,3,19) U CR12(1,5,11)

iTHp K oen- B TR 5L § 4o Marimuthu et al.[15][14] 2 Wang, T. M.[41] »
# 7 7 E-super vertex magic labeling e— i A & |+ B £238 & 35 E-super vertex

magic labeling e[ A; o ¢ F AP L VT K T

Definition 1.3.11. G £ - # F p B 2 (=| V(G) |) ~q BF (=] E(G) |) 73 2
simple graph > % — & bijection-sh ¥ f : V(G)U E(G) — 1,2,3,--- ,p+q°
Vu € V(G)> # f(u) + Buen)f(w) =k ok &= ¥ SELE - AN PHH
= vertex magic total labeling - * ¥ 3\ P4 L % magic constant - ‘b > 4%
f(E(G)) =1,2,3,--- ,q R P4 5 E-super vertex magic total labeling > G R
Fe¥ 5 E-super vertex-magic °

The cocktail party graph, H,,, ,, (m,n > 2), #%-B& & V : {v1,v9, -+ , Uy} 354 =
Xl Eimem BB EEV {L, L, L} EHEEAT g6 € {1,2,--- ,mn}
i € 1,5 €1,p#q > vvy € E° %R Hy, 25 B aid ok = = oy
% B - Marimuthu ¥ Balakrishnan [15] 2 % 7 &% 50— & A AEF > T EP
7 H,,, %_E-super vertex magic - Wang, T. M.[41] % -7 7 : % #& 1 "8 B8 i #ic
regular Hamiltonian graphs &_E-super magic; d % #cB4pfe ~ /| chd Bl 7 5

15



2-factor 4 #c 78 k1% ¥ regular graphs %_ E-super vertex magic; - B B ¥ 4 = 3
# spanning graphs ¢fe > ¥ H ¢ — B % E-super magic @ ¥ — % regular of even
degree P 7 E-super vertex magic; % #ci# 78 8k circulant graphs #_E-super vertex

magic - Swaminathan £ Jeyanthi[37] Z P 7 & # [ & B mC, &_E-super vertex

magic °
Theorem 1.3.12. 37| G = (V. E) - &3 p BE (=| V(G)|) ~ ¢ B:E (=] E(G) |
) el o & G 5 B E-super vertex magic labeling f > P& ¥ v& & 5 - B

- ¥ - chedge labeling g : E — {1,2,--- ,q} » T BBk & {w) =
Yoenwg(ww) cu €V} & Z 3 ¥ Bk o

Proof. 4o% f 4 - i# E-super vertex magic labeling> | f(E) = {1,2,--- ,q} = ¥
ERueV> f(u)+ Seywf(uw) & F ok P B ER w e E g(uw) =
flu) >, d > (V) ={g+1,0+2,¢+3,-+ g+ p}> BRAHR & 5 {k— (¢ +
D, k=(qg+2)k—(q+3),-+ k=(qg+p)} LRI HEH - F ERW 4ok G128
edge labeling g : £ —{1,2,3-+- ¢} & & {w(v) = Spenwg(uv) : u eV} > R
Bivenf & S K {a,a+1,a+2, - yatp—1} > A PF U E g 7| E-super
vertex magic labeling f ™ & TR HEZF eec E fe) =gle)r #HFALAPRHEIR
u €V f(u)=ptqta—S,enwolww) > #3 f(V)={g+1,9+2,9+3,--- ,q+p} >
f(u) + Epenyf(uv) & - % 8> Fl* f 2~ & E-super vertex magic labeling -

d i 32 ¥ 2 {F 5 B-super vertex magic & § (a,l)-antimagic

Theorem 1.3.13. ¥+ ix & regular graph G » F i & T H e - BRI H B L ¢ 74

« G H_super vertex magic °
* G 4_(a,1)-antimagic -

» G &_E-super vertex magic °

Proof. # G=(V,E)*&— B % p B8 ¢ B rn-reqular B > 4P 7 55 B

16



Case 1 4% f 4 - i supervertex magic labeling » | f : V(G)UE(G) — {1,2,3,--- ,p+
g} > Vu e V(G) > # f(u)+Zuere)f(uww) & ¥ 8k 2 f(V)={1,2,--- ,p}"
Suven()f (u0) # 1 3% s F gt MIE g e b £ B (k= Lk -
2,k —ppo L - Sl g FFHRE 2T B po B g(E) =
{1,2,---,q} A g3 BiT@enfrd &5 {k—1—npk—2—np,--- k-
p—np} it A frkie o 7

5 41 g # (a,1)-antimagic labeling °

3
)
}!E

Case2 G % (a,1)-antimagic # % — #x {4 st @42 85 (1,2, ¢} >
mE g s el T EER {a,a+ 1, atp—1} > ok AL -
Bog BB 2T e bopo Bl g(E) ={p+1.p+2,-- p+q}a TR
i ER{a+nmp,a+1l+np,--a+p—1+np}> NPFUHFE g
7] super vertex magic labeling f » ¥tz 2, e € E f(e) = gle) » & ¥ A~ fie¥tiz
LueV f(u)=p+tnp+a=Yenwglw) #F3 f(V)={1,23, - ,p}"
f(u) + Bpen@ f(uv) & — % B> F]* f E - & super vertex magic labeling -

=2

1

d CaselCase2 ¥ +v regular graph G' &_super vertex magic > #| G ~ € &_(a,1)-

antimagic £ %ﬁ d Theoreml.3.12 G'» ¢ &_E-super vertex magic ° O

Lemma 1.3.14. [37] 4= % -~ @45 p B8 ¢ B OB G &5 - B E-super vertex

. . . . — +1 (gt+1)
magic total labeling Pl magic constant k = q + =~ + %

Theorem 1.3.15. [4]1] G ¥_~ & E-super vertex magic total labeling ®* H % V(G) *

xR, 2-factor » B G U H X &_E-super vertex magic total labeling -
Ip g g

17



Chapter 2

Results of (a,1)-Antimagic Labeling

and Deficiency Problems

2.1 (a, 1)-Antimagic Labeling and Deficiency for Odd
Regular Graphs

H +> Petersen’ s Theorem » & %, evenregular graph ¥ d  2-factors %= o
g grap

Theorem 2.1.1. ( J. Petersen, 1891[24]) & & 2r-regular graph 3 2k-factor ¥+ix &,
rEHEE O<k<r-e

2 % 1. D. Gray[18] #& #1 3 ji- 8: & #ic @ &5 2-regular graph 3 (a, 1)-antimagic
labeling % T C5UC 305U C205UCs ° £ 52 v B % (a, 1)-antimagic
graph *v + = §, 2-factors : &_(a, 1)-antimagic » #7142\ i 4% W] F* 7 9 . 2-regular

4w 3-regular =7 (a > 1) -antimagic #%5.R° 42 -

M ARy WEARY 0 A IR 2 F E-Super Vertex Magic Regular Graphs of Odd
Degree[48] ¥ 7 d145 Byt R-H g 1+ o

18



2.1.1 Quasi-Prism of Type I and Type II

i feig 3-regular graph #&5 ® BB F 8 0 AP 2K - 45 e 3-regular graph
H_d 1-factor v 2-factor .= & i 4p & < -] 13 2-regular + @] > 4= :

Definition 2.1.2. quasi-prism G(U,V) & - B3 2k # B0 3-regular graph > +
7 AP X T B en [-factor fv @ B 2-regular + B U = {uy,us,us, - ,up} vV =
{v1, 09,03, , v} B o (4r Figure2.1)

2—factor l-factor 2—factor

Figure 2.1: A Quasi-Prism Graph

¥ % e generalized Petersen graphs GP(n, k) ,T*‘u‘{* Bd A BFHEUFV o
e quasi-prisms G(U, V') »

Definition 2.1.3. £ k£ 2 - B 1 <k < L"T_lj I Hc® n > 3> generalized Pe-
tersen graph GP(n, k) & V(GP(n,k)) = {u;,v;|1 < i < n} 4= E(GP(n,k)) =
{wittivr, vivigr, w1 < i < n} o B P T AR B modulo n o (Figure 2.2) % i £

Uy, U, Ug, * -+ ,U; T outer cycle ¥ vy, v9,v3, -+ ,v; e inner cycle + o

19



GP(5,1) GP(6,2)

Figure 2.2: Examples of generalized Petersen graphs

B LA fEeE T AR 3E quasi-prisms F

quasi-prisms of type I:

E-super vertex magic total labeling =

Theorem 2.14. G 5 - § 4m & 8 B0 quasi-prisms G(U,V) (d 8284 & UUV »

U= {ui,ug, - ,uom} 3wV = {1, 09, ;v9,} e 3-regular graph) » 4% 2 ¢ -

4y

Rl 5% H_% BB e 2 p) G ¥ - B E-super vertex magic total labeling » 3\ i FH G
quasi-prism of type I -

i

Proof. G % — 3 4m 7§ B¢ quasi-prisms G(U, V) > BI.G #F 6m Bif - 5 i
H = % E-super vertex magic total labeling + % iF* %18 %% {1,2,3,--- ,6m} - %
4 - A AL G, Aot % #cE & 2 i bipartite 2-regular graph U ("F 2k 8k
ni,ng, -+ ,ng) * Gy E4 = B 2-regular graph V> FJgt A ip & 2 G, B G {u)
1<j<m,1<i<t} %75 % 0B BEERDS jBTH > A PRFs 3
354 > 7% 7 perfect matching Ene (E(Gu) = {ujufy, 11 <j <my, 1 <i <t}
@ 2% i3 i perfect matching & & G, gk 5 {v; 1 <j<my, 1 <i<it}o gtok st
PEEETF 2<i1<t 05 =

1yv—1 _
52‘7:1 —_ 0-1 — O °

Casel & P %5 E(G,) 5 1,2,--- ,mUbm+1,bm+2--- 6m 412 T 2> 5%

1<j<n,1<i<t

fluii, ) = 6m+1—(4+0;), j=0(mod?2)

U 4
T 2o, j =1 (mod?2)

20



Case 2 ' * % 5L perfect matching Epor = {uful, 1 < j < ny1 <@ <t} &

{m+1,m+2,---,3m} > (U§ {uématching Hiagk): 1<j<n;,1<i<t

m+%+0i,

o =0 d?2
Fluiet) = j =0 (mod 2)

=1 (mod 2)
w(u

) # 5% AR Bkl 4T MR ehf en L e B w(uh) = f(uhvl) +

flubul ) + flubul_y) » B¢ T 4B modulo n; o B G, 5778 Bk v} 7 B
s {Tm+2,Tm+3,--- ,9Im+ 1}

Case3 # 7T X #F| 7 1 {3m+ L,3m +2,--- ,5m} %o » E(G,) > B L3 L AL

Wi G, e B EERLS B 5 TS R R R e A

1 e (V5) F 75 B 0n » Bht DB ST eou(v)) F T R B 0L i B
(Ui € V(Gy)), 3 ik BB 11T 07 ka5
l<yj<mn,l<i<t

em(v;) =6m+1— f(u;v;)

#

~=h

DRIIGEYE 3
1% 01 (G,) FEAEAE S {9m+2, 9m 43, 1lm+1} o 55 & 553 12 1 e

Case 7 3] #73 w(u}) fow(v)) » @ FEHBA{Tm +2,7m +3,---  1lm + 1} >

%“ﬁf d Theorem 1.3.12 2% i ¥ 12 ¥ 5 G §_E-super vertex magic total labeling °

AT e e LA e w(v)) = F(ulv!) + e, (V) + out(V

(&L Figure2.3)
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)Wi
wmwlg

Figure 2.3: Example of Quasi-Prism of Type I

Corollary 2.1.5. ¢ % it F¥#cn 5 % 3 R quasi-prism tGP(n, k) B> quasi-prism

of type I » A_E-super vertex magic total labeling °

Proof. n % ¥ quasi-prism G P(n, k) P &8 08 > quasi-prism of type I > 2 outer
cycle = — BB o F| tGP(n, k) F E & & FHct & B#on > ¢ > quasi-prism of
typel » ¥ %’ﬁ d Theorem2.1.4 A i 4rig 7+ & E-super vertex magic total labeling - [

Theorem 2.1.6. G 4~ Bd = Bip e B#ic? 7 4p 2 7 quasi-prisms G(U,,V,) and
G(Uy, Vp) fe = e 3-regular graph > Bl G 5 — B E-super vertex magic total labeling -
AP RFEE G 5 quasi-prism of type 1T -

Proof £ G A2 - Bd 3 B4ipk B¥? % 4p % 0 quasi-prisms G, = (U,,V,) and
Gy = G(Uy, Vp) f = en3-regular graph » V(G,)=U, UV, ®* U, = {ug,ug, -+ ,up} >
% = {vlav27"' 7/Um} - 4{3’—\9 V(Gb) = Ub U % = Ub = {um+17um+27"' 7u2m} N

% = {'Um+1,'Um+2,' T 7U2m} o A f]ﬂ/,,\ I'{ G[U] [ ] G[Ub] G[‘/b] Z:t‘ 7T UGJ‘/(17Ub7%
&t 2-regular + B o Fpgt o ¥ g NG dm BB O6m BF o NP R 5

{1,2,3,--- ,6m} > I @ 75 BEeHARIT B Bl e 5 i B e %ﬁé Theorem
1.3.11 ¥ i H = % E-super vertex magic total labeling » 2* P # G (i & & &~ =
ApIne o GUL,GVL], GO, G[Vs] i & & 11 2 G, v G} <1 perfect matching
Fpat = B2, UES = {uw; 0 1 <i<m}U{uw; :m+1<i<2m} o

22



Case 1 1j¥_G, v G} 1 perfect matching B 45 %% > S~ {1,2,--- ,m} U {bm +
L,bm+2,--- ,6m} > > 2407

Wi B2 ={uw; 1 <i<m}
v BC = {uw; cm+1<i<2m}

Case2 B 48t GUL] 4e G[US) %
£ AL GIU e ClU 6% B Bl enshs o 5 WP 42 3
8 RIRK LD e AL e (u) T 5N B F T eou(ui) %

T % oo d1BE uy R S Bh o

o

Foru; e U,,1 <i<m
ein(ug) = dm +1 — f(u;v;)
Foru; e Upym+1 <1 <2m

Cout(Us) ="Tm+1 — f(uv;)

w(u) 27 5 BB € Uy Ul #7F BT enif endn i e 0 Bl w(y;) =
ein (W) + f(wivs) + eoue(t;) o Flpt 2P EF 375 8w, ¢ U, UU, 078 Bhir
$EL i {8m+2,8m+3,- -+, 10m + 1}

Case3 5% G[V,] fr G[V3] #ha¥hdele & = # 302 & P 2%~ G[V,] 4 G[V))
ehi BBl enhii S w LR P A PR AR TR IRR R e A e (v) %

T s~ Bho, B Bl epun (Vi) R T 5 an U BE v, eif S o

Forv, e V,, 1 <i<m
Forv, e V,m+1<1:<2m

Cout(V;) = 6m + 1 — f(u;v;)

wv) %57 5 F8 v € VUV, %73 AT hdhi oo Bl w(y) =
Cin(Vi) + f(ui0;) + out(v;) o F1# 2 2 3] 975 B BLv; € V, UV, 978 Bhfr b
55 {Tm+2,8m+3,--- ,8m+ 1} U{10m+2,10m +3,--- ,1lm+ 1} »

23



d Case2Case3 ¥ N {BwBg{ci @ FFEK{Tm+2,Tm+3,--- ,1lm+1} - =
%ﬁ d Theorem .1.3.12 2% f* &rig ¢ & E-super vertex magic total labeling - (L Figure
2.4) O

1 _
19 30 |\18 8 /l
24 >‘6 —< 29 13 85/<
23 24
2

o)
29 26
20 >‘3 —< 2 1
21 28
4 .

Figure 2.4: Example of Quasi-Prism of Type II

Corollary 2.1.7. G 5 & #ciB® # 48 = & generalized Petersen graphs 2tGP(2m+1,1)

(t 5 %F#H® m>1)> Bl G# & E-super vertex magic total labeling -

Proof. 2GP(2m +1,1) %>t quasi-prism of type IT - %’gr} Theorem 2.1.6 ¢ if* {8 & »
FhAETELIEERLY m>1#& 17 G=2GP(2m+ 1,1) #+ & E-super vertex magic

total labeling ° U

Harary graph H,,, # - @ # 3 & | if % n B B m-connected graph 57|
+ °2012 # > G. Marimuthu 2 M. Balakrishnan [15] # ! 7 ## > H,,, 7 E-super
vertex magic labeling > 4v% 2 & n >4 n=0(mod4) M2 m I FHc- A3 1

P RE R Hyyp § 304 1 £ type I o type 1T

Theorem 2.1.8. %5 ™ &%

() #+#HEm>5n=0(@mod4) £ n >4 Rl H,, F E-super vertex magic
labeling -

2)F m=3>n=0(mod8) * n>4> Rl Hy, F E-super vertex magic labeling °

Proof. () %8 m>5>n=0(mod4) * n>4 1 Hyp ¢ 3 Hsp o #710 Hyyy 5
#3B o F Hpp, ¢ 7 — 1 3-regular spanning subgraph GP(3,1) £ # % & type
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[-£ %%' d Theorem 1.3.15 ¥ & H,,,, 5 E-super vertex magic labeling °

@2m=3>n=0(mod8) £ n>4> 1 H,, ¢ 7 - i 3-regular spanning subgraph
CIR,(1,%) (Mobius ladder) » # & n i B0 cycle fr$ fEBE 71l chsx e & o 3P
BRERKFE > T g LB dcycles3ng cham P (4 b F Figure 2.5
Hzg fr H316 % g > iz d ihif % & perfect matching » @ £ 2% J chif 4 3 B
¥ IF 1 #i 4-cycles e 2-regular + §]) » F]p* 3-factor CIR,(1,5) #+ & typel > £ %ﬁ

d Theorem 1.3.15 ¥ &+ H,, , 3 E-super vertex magic labeling - (£ Figure 2.5) [

Figure 2.5: H3s & Hj 16
Beeh s AV T G - AR Pl

Theorem 2.1.9. 2% i/ 5 ™ T & %

(DF+HEm>5n=0(mod4) * n>4> Rt BApl 02 @3 H,, 2= tH,,
3 E-super vertex magic labeling -

2)Fm=3"n=0(mod8) £ n>4> Rt Rk 8E H,, 2= tH,, }
E-super vertex magic labeling -

(B)F+Em>5"n=2(mod4d) X n>4> P2t BAPF N R Hp,, o=

2tH,,, 3 E-super vertex magic labeling -

Proof. (1) ##m>5>n=0(mod4) * n>4>Fd t BApF 3 @3 H,, 7
oA ihtHy,, ¢ 7 - B spanning 3-regular subgraph (3-factor) tGP(3,1) {# & type
I £ %%'E’ Theorem 1.3.15 ¥ & tH,,, 7 E-super vertex magic labeling e

@2m=3>n=0(mod8) F n>4>Td t Bipk A gd H,, *TextH,,

25



¢ % — ¥ spanning 3-regular subgraph (3-factor) tCI1R, (1, 5)(Mdbius ladder) #+ &
typel > £ %%—' d Theorem 1.3.15 ¥ &+ ¢tH,,, 7 E-super vertex magic labeling °
B)e+HEm>5n=2(modd) ¥ n>4> 4 2t BApk chH @i 2tH,,, “Tie
= 1 2tH,,, ¢ 7 — 1 spanning 3-regular subgraph (3-factor)2tGP(3,1) » ¥ 4L 5 d
@ AP 2 7 B3l chquasi-prisms B e 2 0 2tGP(5,1)=tGP(5,1)UtGP(3,1) >
Mmigid & typell - £ %’g d Theorem 1.3.15 ¥ 4 2tH,,, 3 E-super vertex magic
labeling °

O]

Problem 2.1.10. 2_% it { - #x ek 7= quasi-prism of type [ > e 7 * - i#3 B F
T BB A AN RS BL AR B #order s B e

2.1.2 (a, 1)-Antimagic Deficiency for /<,

Bodendiek £ Walther[8] %R 7 2T BlF5i2 3 (a, d)-antimagic: & [&]; ¥ #c8 20
paths;stars;C?(,k);Cik); % d=1 ¥ &> & i layers 0 n-ary trees;the Petersen graph; K 4;
K33 @ m ¥ B % 7 47 (a,d)-antimagic > 2% 7 R -8 7 45 i Bl fio s
R He g 0 @ A& 5 (ad)-antimagic © @ 3% B 42 & T £ (a, d)-antimagic

deficiency(#* #c) °

Definition 2.1.11. 5 %+ G & - ® (p, q)-graph > (a,s)-antimagic deficiency(%* #c) >
do(G) =k > M T HEAF b | ELBICET7 * LA FEFRRI T g+ k>
f:EG) = {1,2,3,---,q+ k} > # 2 & &_(a,s)-antimagic labeling i i+ - H

¢ LG * hiE A 5 missing value ©

Definition 2.1.12. 5 & G .~ B (p, ¢)-graph > (a, 1)-antimagic deficiency(%* #c) >
(G)=k HITESFhEE | ELBOTTT R BT FER I g+kh
f:EG) —{1,2,3,--- ,qg+ k} > #& 2% & (a,1)-antimagic labeling i i+ -

Note 2.1.13. :
di(G)=0" B2~ & T E_(a,]1)-antimagic
di(G) =00 > WA F4eiw x4 3 &_(a,1)-antimagic -

Lemma 2.1.14. K, % 4_(a, 1)-antimagic
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Proof. 3% Ky % (a,1)-antimagic » # % — S e84 r 1 ~ 6 e4p B 1
Fic{abcde f} > k- B- -3k 1 E(G) = {ab, -, f}
=2(142+34+4+5+6)=42

£ - B- ¥ hddcg: {9,10,11,12} > {a+d+e,a+ f+b,d+ f+c,c+e+b}
do% a+d+e=9,a+f+b=10,d+ f+c=1l,c+et+b= 12" Pl a+d+2e+c+b =
2l=a+b+2f+d+c

= [ =e(—+)= K, 2 %_(a,1)-antimagic O

1w gdy(K,) = 6o

Lemma 2.1.15. d;(K,) =

Proof. B3k di(Ky) =k * % — Spehl i ® 8 1 ~ K hip B & B #k? B~ 6
3%~ B85 {a,b,c,d,e, f} » = B- - chadie f: E(G) — {a,b,--- , f}
=2(a+b+c+d+e+f)=4t+6

£ - - - g {t,t+1,1+2,t4+3} = {a+d+e, a+ f+b,d+ f+c,c+e+b}
=a+d+e=1

atf+b=t+1

d+f+c=t+2

cte+b=t+3

Rl PFTgdiatdt2etctb=2t+3=a+b+2f+d+c

= f=e(—=+)

= dl(k4) =0 O
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2.2 (a,1)-Antimagic Deficiency for Even Regular Graphs

Lemma 2.2.1. ( Bodendiek & Walther, 1998 )
+ 8B Co, 1 2 (a,1)-antimagic * n > 1 (di(G) = 0) o ( & Figure 2.6 )

Figure 2.6: ('3,C5 is (a, 1)-antimagic

Lemma 2.2.2. 4v% B] G c02L B i P = 2(mod 4) > B d1(G) = o »

Proof. Vi B3R F &5 58] t BF 5 (a, 1)-antimagic labeling:
20e1+er+--te)=at(a+1)+---+(a+4n+1)

=4n+2)a+ (4An+1)2n+1)

2(e1+ea+ - Fe) 2 (An+2) 5Bk A dn+1)2n+1) 2d k() O

Lemma 2.2.3. d;(Cy,) =1

Proof. %% f— missingvaluexr > 2 1<z <4n
20+2+ - +4n+1-2)=a+(a+ 1)+ -+ (a+ 4n-1)
= (4n+1)(2n + 1)—z = 2na + n(4n—1),
==t _9p 4342tz e N

Tﬁ;&%:kEZ* Bl x =n+ 12nk
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cl< e <4n o —n < 2nk < 3n-1,

Plk=0or—1 >@a x=n+1lor3n+1- (L Figure2.7) ]

Figure 2.7: Cs(the missing value x = 3, 7)

Theorem 2.2.4. G &_— ¥ p & B8t 2r-regular (r > 2) <03 Hamiltonian graph > R

0, p=1,3(mod 4)
di(G) =14 1, p = 0(mod 4)
o0y p=2(mod 4)

Definition 2.2.5. mC,, . m B 7 p R 0 C, B A = o

Theorem 2.2.6. ( Swaminathan, V.[37] ) 4o% m & n 3% & % & > Bl mC, F (a,1)-
antimagic labeling - ( %L Figure 2.8)

A AR A A
o od it b o

Figure 2.8: Example for (a,1)-antimagic of 5C’5
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Theorem 2.2.7. ( Swaminathan, V.[37] ) mC, B om & n g A5 o BARERLT

(a, 1)-antimagic labeling -

Proof. £ mC, &4 m B2 4p2enC, i mn =

20+2434+---+mn)=(a+(a+1)+(a+2)+ -+ (a+mn—1))

(mn+1)mn _ (2a+mn—1)(mn)
=2 3 = 5

=2(mn+1)=2a+mn—1
= q = "

PMlmen'yid#c —

Theorem 2.2.8. 7 i Cy, OB & 2 = 2Cy, » d1(2Cy,) = 1 2 missingvalue % 2n+1
&on+1-

Proof. £ G 3@ B 4p I £ Cly 9% 08 20, » # Sn R 8 Sn ik » V(G):{vlil <
i<21<j<An} A7 5 %0 BESH G BB E(G)He  vivi, . mod 4n)}w(v)
AT 8 oA PR LR w(v)) = f(e)) + fle) 0 Bk di(G) =10 F A

i7" L J&_missing value 35 42:

% missing value & x> 2 1 <z <8n> PTG F 5L A # missing value

z § % % (a,1)-antimagic » P #ZH5LI0E 2 (S 44 R 2§ F 20T B it

2042+ +8n+Bn+1))—2r=a+(a+1)+(a+2)+---+(a+8n—1)

(1+(8n+1))(8n+1) ~ (a+(a+8n—1))(8n)
= gUtEnHL)ERLY Ty, £ (ot (atSn=1)(En)

= 8an = 32n° + 28n + 2 = 2x
= q = 32n2 +2§;L+2 2 __ — 4n + 28n—§2 2x c N

®OBE _ e 7 B o= 14n+ 1 — dnk
cl<zx<8n . —1ldn < —4nk < —6n-—1

Plk=2o0r3 »@m x=6n-+1o0r2n-+1. ;ﬁ pLAipE T o a-H A 2 2 B Case A %] EL
missing value % 2n+ 1 ® # s B35 {dn+3,4n+4,--- ,12n + 2} & missing

value 5 6n+1 % ® &S B5L5 {dn+2,4n+3,--- , 12n + 1}:

Case 1 missing value:2n + 1 % i (& B 12 T 97 j&:
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Subcasel 1 =1,1 <75 <4n

3 j
fe)=q am+14+3&
J

dn+1+ 52 +1,

0 (mod 2),1 < j <4n
1 (mod2),1 <j<2n

1 (mod2)2n+1<j<4n

EHRA P 0@ R w(vl):

dn+147, 2<j<2n
wl) =13 4n+2+4j 2n+1<j<d4n
6n + 2, J=1
g {w)) i =1,1<j <4n}={4n+3,4n +4,--- ,6n+ 1} U {6n +
3,6n+4, - 180+ 2} U{6n+2}

Subcase2 1 =21 < j < 4n

4

2n4+1+22 j=1(mod2),l <j<dn
i 6n+2+% | j=0(mod2)2<j<2n-1
T dn+2+1%  j=0(mod2),j=2n
6n+1+21 j=0(mod2)2n+2<j<dn

\

AR T 28 aw(v)):

8n+3+7, 2<5<2n—1
6n+3+7, 2n<jg<2n+1
Sn+2+9,2n+2<9<4n
10n + 3, =1

\

g {w@)) i =2,1<j<4n,}={8n+538n+6,---,10n + 2} U {8n +
3,80+ 4} U{10n + 4,100 +5,--- ,12n + 2} U {100 + 3}

d Subcase 1,2 7 12 5 31 {w(V)} = {4n+3,4n+4, -+, 12n+2} ¥ 4 missing
value % 2n+ 1 BF di(G) = 1.

Case 2 missing value:6n + 1 % i & fg 12 T e &
g
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Subcasel 1 =1,1 <75 <4n

1+8n+1—1, 7 =0 (mod2),1 <j<dn
flef) =19 14+8n+1—(4n+1+ 1) j=1(mod2),1 <j<2n
J

1+8n+1—(dn+1+2141), j=1(mod2)2n+1<j<4dn

AP T E D] w(v):

204+8n+1)—(Un+147), 2<j<2n
wl) =< 2(14+8n+1)—(dn+2+j), 2n<j<4n
2(1+8n+1) —(6n+2), j=1
M {w(v) i =11 <7 <4n, }={8n +2,8n+3,--- ,12n + 1}

-

"."E)l"\

Subcase2 1 =21 <35 <4n

( .

1+8n+1—(2n+ 1+ 22 j=1(mod2),1 <j<4n
fe) l+8n+1—(6n+2+71), j=0(mod2),2<j<2n-1
e.) = ‘
’ I+8n+1—(4n+2+%), 35=0(mod2),j=2n

k1+8n+1—(6n+1+§), j=0(mod?2),2n +2<j < 4n

AP T @R w(v):

(

204+8n+1)—@8n+3+j), 2<j<2n-1
; 20 +8n+1)=(6n+3+4+j), 2n<j<2n+1
w(v;) = 4
20+ 8n+1)—8n+247), 2n+2<j<4n
2(1+8n+1) (10m + 3), j=1

¥t {w(v)) =21 <j <dnj={dn £ 2,4n £33, 8n + 1}

d Subcase 1,27 1 5 N {w(V)} = {4n+2,4n+3, -+, 12n+1} ¥ 5~ missing
value 5 6n+ 1 P dy(G) = 1.

d Case 1,2 ¥ ¥ &o missing value % 2n+1 & 6n+1 ‘]‘a’fiﬂ@rﬂtp 1> di(G) =
1> &2 P AP w J'JLF} dt missing value % 2n+1 8 6n+1+¥ 3 4pd ¢+ 2

3 R A B3] 0 d P8 missing value 3 2n+ 12 6n+ 1 cnBE_7 4p
%W ehe (A Figure 2.9 ~ 2.10)
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o oo o0 o o 00 0O O
o 0o o o 0 00 0O O
O—0 O30 —=0=-<0 OO0

Figure 2.9: (a,1)-antimagic deficiency of 2Cs n = 2,missing value:2n+1 = 5&6n+1 =

13
o OO 0] <> ol o o
15@ <> 0 O 0 S o
zo o 0 ) O <> 0 o
lo 59 o O O S o

Figure 2.10: (a,1)-antimagic deficiency of 2C'5 n = 3,missing value:2n + 1 = 7&6n +
1=19
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Chapter 3

Concluding Remarks

3.1 Further Studies for Odd Regular Graphs

TG N F A a0 n > 4,n = 0 (mod 8) ¢ Mobius ladder B CIR,(1,%)
i* & typel s #73 (a,1)-antimagic » % i { 37— H 0 fi .

Conjecture. n = 4 (mod 8) * n > 4 » P Mébius ladder ¥ CIR,(1,%) F (a,1)-

antimagic labeling °

Figure 3.1: Labeling of C'I R15(1,6)

% n = 4 PF Harary graph Hy, = Ky 0P o« 27 1 Ky i 5 (al)-
antimagic labeling > X @ % t > 1tH; (= tK,) 7 (a,1)-antimagic labeling &~ &

T enft AE o ¥ %ﬁ d T hat B AP E2<t<9 73 (al)-antimagic labeling o
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Conjecture. 5 ¢t > 1>t BApF Ky B & @ = 0t Ky (= tHs4) 7 (a,1)-antimagic

labeling °

P e eni % o 3-regular grapht K, BAHINE B LT (a,])-antimagic £
E b B 35— 03 SR

Conjecture. ' 7 K b r5 3% B |V =0 (mod 4) 7 3-regular grapht G = (V, E)

rb A

i (a,1)-antimagic labeling -

m ¥ FAe 3-regular grapht 3 (a,l)-antimagic labeling ¢ & if i+ & 77 gk
B 4 N> F L ohgeneralized Petersen graph GP(n, k) & n » B #icpr 3 &
type I 3 (a,1)-antimagic labeling » 2% if* $& 1) 2 ek’ A2

Problem 3.1.1. #|%7n 5 % % generalized Petersengraph GP(n, k) £1(a, 1)-antimagic
deficiency -

3.2 Further Studies for Even Regular Graphs

¥ % #&73 (a, 1)-antimagic deficiency s, E Rt » A2 ¢ AP EF
120N kB s 1o A A LT - H 2 G A BB 1 7
At A B Cdn o 25 Figure3.2 (b + > i m 2 ROiR o

Conjecture. 7 4p < e B ¥ 4 e b Bl 5 205, ¥ B H5 % 1 € 4 (a,1)-
antimagic > d1(2Cy,) = 1.

35



(20 OO 11 5 7
3 . , O O 0O O
O 00 O 6 oo O
QTO Q1—Q 1§> <>19 1§> <>14

Figure 3.2: Labeling of 2C, and 2C

L. D. Gray[18] #& 4} 7 ji-#: % #ic@k < 2-regular graph § (a, 1)-antimagic labeling
K,Z]’-T K 03 U 04 ] 303 U 04 ’ 203 U 05 o )L 3\ fpedE B B %/{'H_FFB %E*%?;‘]l Cg U 04 ’
3C3UCy 0 203 U Cs 22 i BBl eh 2-regular graph &4 #c '

Problem 3.2.1. 2|4 C3UC, » 3C3UCy » 2C3 U O &2 % B Bhei1 2-regular graph 0

(a, 1)-antimagic deficiency -
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