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Abstract

For single delay systems, since the state transition function is consecutively obtained by integrating interval
by interval and hence the response constructed by the state transition function is only piecewise differen-
tiable. On the other hand, the response of single delay system will be differentiable one if it is constructed
via the Lambert W function. In this work, we construct the state transition function by Lambert W func-
tion with the aid of Laplace transform together with Laurent series. Afterall the time response function for
multiple delay systems is then constructed. This function can be further applied to the stability analysis
and controller synthesis:

Keywords: time-delay system, Lambert W function, state transition function, Laplace transform
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2.1 Lambert W Function

Lambert W function £ 17 tic# Lambert fl Euler &% [3]  HEEEBHE
W (2)e"®) = 2 (2.1)

WO W B 2 € CERERE R LI W WEB (1) = te! WRES > RILE [—e~!,0) LERMEM > #
FHRMEBAL —1 (A branch 0 - HERETHSE branch —1 » Et Wo(—e=b) = W_i(—e~ 1) = —1[10l. %%
ERE C k9 W RERE C FRHEEEAI UG EEE (4] » Rt W FET#E branch - 588 Wy, - Vk € Z >
HA&IE branch BEEE 78R ME BRI,

Lambert W function BY#2

1 (2.1) ¥ 2 515
W (2)eW @ £ W (E)Wi(2)eW & =1

S]]

T _ 1 —W(z)
Wi(z) = =W W(z)e
_ W)
=Wy A0
WAL EREH (2.1) M5 ESIRES
(n) _ pn(w) —nw
W@ = e

Hbtw=W(z) B p, B w B%EN > RELEKX p, HTFRHN
Pri1(w) = —(nw + 3n — V)p,(w) + (w + 1)p, (w)

¥ n>1H pi1(w) = l.Lambert W function FHEHAMEELE [3] F 0] LABE,

2.2 FEPEEEIREME
AR AR B rh AR e 2 AR A I B B R AR B B H DRI BRI R
T = 1
e = Z El‘k
k=0



WEHMTE A A € M, » EEHEEEAIEH
A __ = 1 k
k=0

FR e € M, BILE: A SRR E S EEATEENE THIEE [10]
ME 2.1. & A Be M,(C).I,0 € M,, 55 EE{isE1p T,

1. e =1

2. HEE A 1 A BEARKEZIRMWE At =4 A,

3. % A, B BARKZHRMD e el FABRLAEARERBIDE A8 = e4el,

J. Tk A RTHETEERIEE A ¥ TR (e4) = e A,

%EpER! Lambert W Function

DHENESNESE—F EZFEEIL Lambert W function > ¥ A RN n xn FEFE A S
W:A— M,(C) #a@
W(A)eW W =4 (2.2)

RIfg It W S4EEA Lambert W function. Yi #£H Pease A I B &I branch R Lambert W function
[6, 9] - B#& A € M,,(C) HEU# Jordan FHkE

J =diag(Ji (A1), -+ 5 Ip(Ap))

A& T (\) BREIE N 19 n, B Jordan block » #eft r € {1,2,-+-;p} 1 <p<n A 7 n, = nMA
A=2ZJZ7" @ Wi = Wi(de (M) - BlIE

Wi(A) = Zdiag(Wy, - - - Wip)Z "

Her W, fER® Jordan block B

Wi (M) Wk()\r) ——(nrlq)!Wk(nr_l)()\r)
WkT: Wk()\"")
Wk(/\r)
Wk()‘r)

FHEFHEER Lambert W function i MILEREIE - W, WEREREEHRER E—/INEHE K.

2.3 Hi%Etia
RERE f:RY - R E& f WAL KBRS
LIf(t);s) = / f(t)etdt

B LHET [ WEHEHE s BEE & |L[f(t);s]| < oo BIfE f BFTH KBREH,
hr REHAE REREREE ¢

L BHMEEHE o TR REBEEH [, g

Llaf(t) +g(t);s] = aL[f(t); s] + LIg(t); ]
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3.9 h >0 f TR KB

L[f(t—h);s] =e*"L[f Sh/ f(t)e stdt

(o)t /ft—T

LI g)(8); s] = L1 (1); s1L[g(t); 5]

4. 4 f, g BAEREHEHHESR

ES)iid

T E I S OB A R

TE 2.2. 4 f:Rt 5 R Ay BREGIEHEAE M > 00sp € R #4F
|f(t)] < Me™*, Vi=0
B f R ERBEEEE Rels) > s00
HI SR TE BRIE M 2B, FEfR EEE]
FE A REHE (vector-valued function)
F@) = (f1(®), f2(2), -+, ful®))T
HP&HE f;: RT — R EANETH B AT O
LIf(#); 8] = (L[f1(); sl,%- <, £lfn(t); s)T
SR PRt 2 b B R A R IR M E AR E K B (matrix-valued function)
FO =15 ®);
HPEE f; : RT — R ERETRREHE - RIERE R ALREHA R
LIf#); 8] = (LIfi5(1);81)
M 2.3. #% A€ M,(R)E4sMERH At TATE
I+ At+ %A%Q + %A3t3 +
£ T B nxn BEEHER e K EHE
Lle;s] = (sI — A)~!

% s BAEIR A BHBUAE B e 891 KR ARAT,
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2.1: Lambert W function 2 f(z) = ze” BIRKE > BE [—e !,0) WEBRAEMBIE » AEEBEIAR —1 &7
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4 h>00a,a1, - ,ap,To € R > FEHIERERSHE

M
(t) = ax(t) + Zarﬂc(t =rh) +u(t), t>0
e (3.1)
z(0) = zg
x(t) = é(t), t € [-Mh,0)

Het u BRMIRA - ¢ BATERE £ [~ Mh, 0] =if » AMAE ¢ = 0 BTLEE > Bl 6(0) TRER xo. RHRE
KRR R RO ERIR A /M 00 LR - HEOTENIREERHA mrY £+ H.

3.1 EBE-lFEoniE

Tay=a3=---=ay =0 H (3.1) RE—FHHD LR > FiTEEETE . AFERHE
&(t). = ax(t) + a1z (t — h) + u(t) (3.2)
BEEWAR 0 AWAEREAER
s =a = are*" =0 (3.3)
FEREHREE
(s — a)he®=Vh = g, he=" (3.4)

K _ERAEF#HE Lambert W function BB - WitR (s — a)h = W(a he™ ") » RS Lambert W function
A RE{E branch » Kt EXE#E )
Sk::EjW@QMhE*MHA%a, VkeZ

B4l Lambert W function #J{ESER4 branch 8RN EE T » WIELE Wi (a1he ") BIERAIAER branch HIER -
RIEIE S, BHERE  AINEEERME R R RN Rm B SRR B B &

x(t) = Z eSOy,

k=—o0

AR O, TR 2(0) = zo.x(t) = ¢(t) B ¢ € [—h,0) BE [7, 8],

3.1.1 ARREERZEE
EHEE =0 () =1 Kz 6(t) = 0 RHQF THEES.



EE 3.1, waRHK U RL
a¥(t) + a1 ¥(t —h), t>0

&l
&
S
SN~—
I

(t) = d(t), t<0
AR U BAL (3.2) HIREEEISEEL
& X(s) = Llxz(t); s]U(s) = Llu(t); s] » ¥ (3.2) #ATHIR Bt
sX(s) —xo = aX(s) + are "X (s) + are " ®(s) + U(s)
Heh & WEED O(s) = [°, o) dtol FREHBRIGT
(s —a—are M X (s) = 2o +are *'®(s) + U(s)
BREAE U W

1

L[W(t);s] = Pl e

AR FMEAE U () = o(t) BHFE ¢t <05 fl
(sC[®(t);s] —U(0)) —allL(t); s] —are "L[T(t); 5]

=(s—a—ae *ML[U(t);s] -1
=0

Rl
SL[W(t); 8] — U(0) = al[W(t); 5] + are " L[U(t); 5]

i EABIEIREE & >0 1
&\I/(t) =a¥(t)+a,¥(t —rh)

HEE t <0 R (1) = d(t) Bl U & (3.2) HYREHEB KB,

3.1.2 HFINEMRE

B U R (3.7) B U(s) B W(t) ARisNg e » W (3.6) 52
X(8)=U(s)zo+ U(s)are *"d(s)+ T(s)U(s)

B% (3.10) BB —IH > SERTHIRE ¢ (ERBILER

¢(t)v le [—h,O]

0, otherwise

be (t) =

HEEB [y Ut~ 7)arde(r — h)dr WAL

L[/O U(t — 7)arpe(T — h)dr;s| = /000 /0 U(t — T)ayde (T — h)e Stdrdt

HERALEONIER - BE

/OO /DO U(t — 7)a1¢e(T — h)e Stdtdr = /00 {/OO U(t— T)e_Stdt} a1¢e (T — h)dr
7=0Jt=T1 7=0 t=1

|
=

(s) /(: e Taype(T — h)dr

= TU(s)aje " /OO e T (T)dT

—h

(3.10)



Ge 1 [—h, 0] ISR 0 AL ©(s) = fi)h P(r)eTdr = [ ¢e(T)eTdr - BtR1FE
t
L[/ U(t — T)arde(T — h)dr;s] = T(s)aje " ®(s)
0
XA [Tt - m)arde(r — h)dr = [OTM (@ — 7 — h)ayg(r)dr - RikERE
min{0,t—h} .
E[/ U(t— 71— h)ard(r)dr; s| = U(s)are *"®(s)
0
fF BRI R (3.2) TERFER LA ZEER
min{0,t—h} t
2(t) = U()z0 + / W=7 — harg(r)dr + / W(t - 7yu(r)dr
0 0
Her U £ (3.2) ARRERER K E.
T 3.1. 4 U A (3.2) épREHA X TR (3.2) 69uR 5 EA

min{0,t—h} t
2(#) = U(t)zg + /0 Bt~ 7 — B)aye(r)dr +/O W(t = T)u(r)dr

3.1.3 Bl Lambert W Function R
EF (3.10) » (3.2) EEB EERER
X(s) = U(s)zg + U(s)are *"®(s) + W(s)U(s)

Heft
1

s—a—aje=sh

5 (3.2) ARAEEERS B B hr = B 4,
S| 3.2. 4 h > 0.a, a; € R#HEE s C

1 a7 1
—_—— T — C Rl
s—a—aesh Z s— S5’ ko L7 a1 he=Skh

£

Vk € Z.
Proof. CHEFE k€ Z - Sy Wi

Sp—a—aje =0

HE kE#08

Sk # Se
RUEETE (€ Z » BB
> —sh —sh
i Z s—a—ae _ o S—a—ame _ _S.h
sli}Ige S — Sk sliggg S — Sk 1+ Cllhe

EYEE‘%:\KEZ’”%S—)SE

lim (s — a — aje™*") Z Gk _

s—Sy




& f(s)=s—a—ae" FEEE S, (€7 %5 f WEIR - B [f(s)] ") 7 s = S 8 Laurent BB

1 a_1

= -5 —S)2+...
s—a—ajesh s—SngaOJral(S o) +azls =S50+

S}z

. s — 5
_1 = 1 _—_——- =
a1 sinée S—a— ale*Sh CZ
HER kAL
1 1 1 1

Sk—S:Sk—Sg—(S—SZ):Sk_Sél_;k_jé[
1

S—Sg (S—S@)Q
= 1
Sk—Sl|: i 2

Sk — Se (Sk—Se)z—Fm

1 .
= 4(Sk_— Se)jJrl (8 = SZ)J

=0

e

oo

Cr Cy = 1
Z S—Sk:S—S[_'_ Z CkS—Sk

k=—0o0 k=—oc0

ke

_ G S o U P Y
S +jz=<:) Lzz_:oo (Sk—Se)j“](S %)
ot

73 DA S?—gk £ s = S¢ B Laurent #% > A Laurent #37ER—&5r0RHEHE—H - FIt

fai

1 = 8. 1
- 6 NN A
s—a—ae sk s — Sy 1+ arhe=Skh

BEER s # S, Vk € Z B,

O
HE[3 3.218 (3.2) KIREEREHHS
()= Y ey (3.11)
k=—o00
Her ), 8 C), 1518 3.2 5 & (3.10) WEZIE » BFEE {C] € C | Vk € Z} #R
b7 —shd(s) = S 3.12
(s)aie (s) = ;OO 5 S, (3.12)
% h Skh
1. (8= Sk)aie™*"®(s)  aje 7" P(S)
Ch = Slgglk s—a—aje~sh 14 a he Skt
BEE O FILEK (3.12) BRERE L - 53
> el (3.13)

k=—o0



#H Lambert W function #& (3.2) WEHRZEGEE

0o t oo
x(t) = Z eskt(ckxo +C';£) +/ Z BSk(tiT)Ckbu(T)dT (3.14)
k=—o00 0 pr=—oo
HR# Cy, C,;’ Bt
EEREHE > RUESMAN N #5
N t N
o(t) = Z eskt(ckmo +C,;’) +/ Z eSk(t*T)Ckbu(T)dT
k=—N 0 p—_nN

Lambert W function 7ERSE etk T BOH 300 - SIIEME EUEBL SRS O, 8 C] > RILFVERHE N /2 Fisk
(N — 1)/2 HERAHENZE N EFRERIEE,

3.1.4 &ERIERAT

z(t) = —x(t) — x(t — 1) + cost, t>0

z(0)=1 te]=1,0]
BE S,
Sy = Wo (=€) — 1~ =0.6050+ 1.7882;
READ branch # S), EIELL Sy /N » FZARMIEE » B branch k = —3,-2,-1,0,1,2

So,=1 = —0.6050 = 1.78827 Co,—1 = 0.2712F 0.3477¢
S1,—o = —2.0528 £ 7.7184 Ci,—2 = —0.0009 F 0.1296%
So, L3 = —2.6474 = 14.0202¢ Cy,—3 = —0.0033 F 0.0712¢

A
—Skh

1 aie D(Sk)

BT 1+ agheSkh (1= Cr)P(Sk)
R R UE S

2 -,
x(t) = Z eskt(C;ivmoJrcéN)Jr/ Z eSH=7) N by ()
k=-3 0 pi—

b B(s) = [0, et HISFHEIERER 3.1,

3.2 MIBIEERGHMDTSE

W TR AE SR i T R RV R G IR RS

s—a—ae " —age " =0 (3.15)

S REE Lambert W function B3R > SEHKES
(s — a)heC~ V" = g he™ % 4 aghe= e 5" (3.16)

HEREAAR > DUERRA

1 e
S = EWk(mhe_“h + aghe=he=5"TVhy 4 g

1
Sk(o) = EWk(alhe_ah) +a
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3.1: 60 3.1.4 #BR

HFTE n € NEEBERILARE (Sl E8Pm LB E# 5E) - RIRGRIIE R E

x(t) = Z ekt Oy,

k=—0c0

S Oy B AT 2(0) = o b @(1) — B(1) B 1€ [<2h,0) P& FMER BRI BB R &
H s R |F/(s)] < 1 3t

F(s)= %W(alhe_“h +aghe="e 75" 4 a

B W SBfER branch # Lambert W function » B W S RRERIEE - BIlL |F/(s)| < 1 AIRER

aghe e~k W(aghe=" +ashe=e=5")

arhe=" + aghe=%e—sh 1 + W (ayhe™ ¥+ ashe="e=sh)

3.2.1 IREEBEH
% B W E I B R 5

HAMBI TS,

EE 3.2, ¥R U HL

<1

z(t) = az(t) + a1z(t = h) + asz(t — 2h) + u(t)

&
~+
s
=
~
I
S
S
—
~
~
+
S
—
S
—~
~
|
S
+
S
[ V)
S
~
|
[\
=

t>0

t<0

AlFE U BA (3.17) HIREIERSREL,

#(3.17) #ETA AR

5X(s) —xo = aX(s) +are " X (s) + ase 2" X (s) + a1e *"®(s) + age 2" Py(s) + U(s)

HPEER O1(s) = [0, ¢(t)e*tdt B @o(s) = [°,, d(t)e "' dtoi L REEHEF

(s—a—aje™?

" aye7 M X (s) = g + a1e” @ (s) + age B Dy(s) + U(s)

(3.17)

(3.18)

(3.19)



BREERE U #HE )
L[U(t);s] = P ————— (3.20)

W EREEELE U() — (1) HFE £ <0

(sC[T(t); 8] — ¥(0)) — alT(t);s] — are” " L[W(t); 8] — ase " L[W(t); 5]
=(s—a—ae " —aye M L[W(t);s] — 1

—0
RS
SL[W(t); 5] — U(0) = al[T(t); s] + are MLV (t); 5] + age 2N L[W(t); 5] (3.21)
Eis EARERE > E ¢ >0 .
d
a\If(t) = a¥(t) + ; a,U(t —rh) (3.22)

HE t <O BRRGRE U(t) = o(t) - Wit W £ (3.17) BIRREER 58,

3.2.2 Ll Lambert W Function RR#FTLIEE
4 W(s) B (3.17) MREEERKE U(t) BRINEE > Jit (3.19) AlkER
X (5) =V(s)zo +¥(s) (a16_3h<1>1(s) + age_QShq)g(s)) 4+ U(s)U(s) (3.23)

Hift @y (s) = [0, d(t)e "t B Bo(s) = [ o) G(t)e dbe BHRAFE AR BTG AHIE - 81 {S), € C | Vk €
7} > it

_ o C
T(s)= Y. s—ksk (3.24)
k=—oc
HiAH —
Ut)= Y MGy (3.25)
k=—c0
e
S—Sk 1

5—S, s —a — aje=sh —aoe=2h 1 4+ a he =3P + 2a9he—25h

K (3.23) WE_H  BREFE CLeC | Vhk e Z MR

— 0 cl
N 7sh(I) —2sh(I) _ k
(s)(are 1(s) + age 2(8)) k;w Py
Hr
ol — ale_skh¢>1(5k) + CLQ@_QS""h(I)Q(Sk)
k 1+ ajhe=Skh 4+ 2a9he—25kh
EEE (3.23) HFEREES
(o] t o0
2(t) = Y (Crwo+ Ch)e + / > eI Cu(r)dr (3.26)
k=—o00 0 k=—o0

Hp(R% Cp, 8 O] M AL EREER L RUEAHKH N #15

N

t N
x(t) ~ Z eskt(Ck.[L‘O‘i—C]g)“r/ Z S =N Chu(r)dr
k=—N 0 k=—n

A Lambert W function ZERFE Bl T A HE0Y: - M EEESL RGN O, 8 O RILIUESE N/2 H
B (N — 1)/2 ERAHEEIZT N EABERAEE.



3.2.3 &3fIERMA

% e R AT 8 R
() = —z(t) —x(t — 1) — 0.5z(t — 2) + cost, t>0
z(t) =1, te[-2,0]

Vn € N> Lambert W function BJEE branch k> S, BERAMT

S ™ = Wi ([-1 =055+ Ve) —1
Sl = Wi(—e) -1

B4 Sk > AR Cy 8 CF
1

1—e 5k —e=25%

—e‘5k<I>1(Sk) = 0.56_25k(1)2(5k)
1T—e= Sk —e 25k

Cp. =

Ci =
Hip &4(s) = fi)l e stdt > Po(s) = f_02 e Stdt. Bl No= 5 » &8

So = —0.2750 + 1.4752i  Cy = 0.2763 = 0.1759% G = 0.0961 + 0.5746i

Siy = —1.1468 + 7.2401i Cy = 0.0170 F0.0804i - CL, = 0.0110 % 0.0818i
Sip = —1.5075 + 13.4657i Cp = 0.0050 F0.0421i  CL, = 0.0028 +0.0422i
Sis = —1.7229 +19.7226i Cis — 0.0025 F0.0282i CL, = 0.0011 = 0.0282i
Sy = — 18759+ 25.9973i Ciy = 0.0016 F0.0211i €L, = 0.0005 +0.0212i
Sis = —1.9944 + 32.2723i  Cas = 0.0011 F0.016% CL; = 0.0002 4 0.0169;

RAETERIDER

5 t D
z(t) =~ Z eskt(C,ivmo + C,gN) +/ Z eSk(t_T)CéVbu(T)dT
0

k=-5 k=-5

He By(s) = [°, e tdt B Bo(s)= [0 e tdt s BIEHIHRERAR 3.2,
1 2
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B —IFiw o RiR

T h>0A, Aj € M,(R).B € M,,,(R).zq € R" > #a7E B—RaHHS R

&(t) = Ax(t) + Aqx(t — h) + Bu(t), t>0
z2(0) = xg (4.1)
z(t) = ¢(t), t€[—h,0)

fh ¢ € C(|—h, 0], R") SHEESu < C((0, 00), RP) BABEA - AL ¢ = 0 BRLIEE - BAER - 6(0)
AR 200 RHTREE HIBE R SRR EEERE /NG 0+ Bl FRHEE G i AR T 7 25T

4.1 FEETSIE

4 (4.1) WRABE » BIHEEAES
S—A—Age St =0 (4.2)

Hh O 8 n x n FHEE, FXEER
(S — AYheSh = Agh (4.3)

Yi EHM SRS (9]0 B A B A, AIASH |
(S = A)heS=Ah —(§ — AYhe te AP = Aghe A"

H & ;
S = EW(Adhe_Ah) + A

E—MERT A B Ay TR RREREE Q € M, (C) #E
(S — Ahe =DM = A hQ
P4EMA Lambert W function WA SE branch » FEETTEIE Sy WE LRAE FHIRIRE
Sy = %Wk(Athk) +A (4.4)
HEH Qp E Sy HFTE k € ZEWH (4.4) A (4.3) 5 5%
Wi (AghQy)etah@u)+Ar — 4 p, (4.5)

BHRE A A, IR B Q, BWLUE e B A Ay TR & H, = AghQy > BRIEEHR 4.5 DL
Matlab 84 fsolve



% Initial Condition: A, Ad, Xini, k, h

F=0(k,H) lambertd(k,H)*expm(lambertd(k,H)+Axh) - Adxh;
H_k=fsolve(@(H) F(k,H), Xini);

S_k=A+lambertd (k,H_k) /h;

function y=lambertd(k,X)
% HEERTET A nAERE

[V,D]l=eig(X);
d=diag(D);
y=Vxdiag(lambertw(k,d))/V;

4.2 IRREEERSRERE

ERAGERIE Sy, - B BEMHEEA Lambert W function ## &5 HA INARER AEE,
TE 4.1. 2% U:R - M, (R) #L

%W@:AW@+Aﬂm—th>0
W(t) = I6(t), t<0
A U A (4.1) B AREEIETSRERE,
BREFE U RE
L[W(t);s] = (s — A— Age )71 (4.6)

W ERTE AR W(0) = T B W) = O - #TE ¢ < 0.3 4.1 TH KBk
(sLIT()ss] = W(0)]) = (AL[T(t); 8] + Age"L[T(2); 5])
= (sT — A =Age™*™L[W(t);s] — [ =0

WS ¥ 2 (4.1) BREER AR » AS=200#R » RS EER

min{0,t—h} t
x(t) = U(t)zo + /0 U(t—7—h)Aqp(T)dT + /0 U(t — 7)Bu(r)dr

EHIZE Sy, » Yi Eilh REHREE (9]
(sT — A= Age") ™ = > (sI = Sk) ' Cy (4.7)
k=—oc0
Ht O € M,(C) BEEERE » VE € ZORHLE (s — A — Age™ ") ™1 & (4.1) REGERS Ak HT B 7
(4.1) ke A U TR TR AR EES

()= Y ey (4.8)
k=—o00
& n > 2 FHE CLBRAEN S, AL it
1 .
(sT — A— Age M)~ = mAclj(sl — A — Age™sh)

Hefr T(s) = det(s] — A — Age™") » Adj(sI — A — Age™3") B sI — A — Age™*" BIPBEIERE. S S\ RIRFEIERS
Akls oo Arp o A p < noRFREMAM [, MEBEREE A\, ERE - A S, THAL > FIUEE Vi € M,(C)
e

1 1
I—8,)"!=Vdi I, L)Vt
(s k) k 1ag(8_)\k1 1 "5 — Ay ») Vi



B4l
(sI—A—Age™™")7h = N~ (sT = S) ' Cy

THESL > ERSTHERTE s — Ay, WEUERR > 53]

— Aor
Vidiag(- -+ , I, - -- )Vk_le = SEI/& ST( ;“ Adj(sI — A— Ade_Sh)

= Adj( A ] — A — Age el
T()\kT)

#HEE re{1,2,--- ,p} B ERDBIHA r=1,2,--- ,p MHHE > BEF

P

1
Ch=> - Adj(Apd — A — Agem "
¢ T(Akzr) J( § < )

r=1

N
w
_LL‘

RIRENE
B U(s) = (s] — A= Age M)~V AEZENFE - RFEAEREES
X (s)=U(s)zg + U(s)Age *"®(s) + U(s)BU(s) (4.9)

Her &(s f o(t)eT*tdt.F i (4.9) WHETIE » BREEAREHR {C{ c C" | VE e Z} W2

U(s)Age " d(s) Z eStol (4.10)

k=—o0

Sl el

Adj )\krI A— Age Akrh )Adei)\’”hq)(Akr)

W

B = HR AR REEEINRMEIER

x(t): Z Skt(ckl‘o—i-ck / Z eSklt— T)C’kBu( )dr
k=—o00 k=—o0
EEREHE - BUEHARN N S
N t N
sty ~ S S (Chao+CF) + / S eSO Bu(r)dr
k=—N 0 k=—nN

A Lambert W function fERFE BT BB EEN - HARMEEEER LERRYE C 8 O WILRERE N/2 |
B (N —1)/2 HERREHERI AR N TEFE BATHRE R,

4.4 &BHIEREA
R (L1) S h—1H
. (-1 —3>7 4 (1.66 —0.697)7
2 -5 0.93 —0.330
HAFTEGEER 20 = (1,007 > ¢(t) = (1,0)7.0 N = 3> B Matlab 84 fsolve AL

Fi(X) = Wi (X)W (X+4k 44p,



gl

6.3796 19.1537
Hy =
1.5916  11.1283

<11.3986 F 0.46657 9.3815 F 3.5768i>
Hyy =

2.6881 ¥ 1.6938: 5.3173 F 2.0199:

b _ (10.1386 F0.5348i 9.1198 F 1.5138i
27\ 14792 71.0008i  5.2210 T 0.8456i

Hew— 9.9367 7 0.3573¢  9.1513 F 0.9567¢
7\ 13161 F 0.6475¢ 5.2456 F 0.53444

Hrh W, B branch k BYEER Lambert W function. B Bt Hy, RAMEER Lambert W function 5%
o o (038055 L4150
7 {21317 - =3.3015
(—0.3499 +4.90817i —1.6253+ 0.14591)
Sy =

2.4175 F0.1308:  —5.1048 +4.5592;

g, - —1.1893 £11.01407  —1.6416 F 0.0549¢
=2 =\ 2.2340 F0.1191¢  —5.9012'4 10.87917

[ —1.6528 =17.26177 —1.6392 F 0.03374
| 22017 F0.0800i  —6.3426 £ 17.1805i

BEAERERE C - OF iR

0.3424 ~ —0.0789 . [0.6422
Co = cl=
~0.0563 —0.4855 0.2725
~{0.0767 7 0.1876i  0.0142 = 0.0419 . [—0.0595 + 0.1886:
=17 10,0289 5 0.0013i 0.0196 7 0.1925i 17 | 20,0823 + 0.0598i

o 0.0073 7 0.0922: 0.01024=0.0045¢ al. — —0.0103 £ 0.09221¢
27 10.0026 F 0.00162 - 0.0005 =F 0.08657 27\ —0.0213 £ 0.0110i

Clon — 0.0012 7 0.0584:  0.0045 £ 0.0010z ol — —0.0030 £ 0.05261
=71 0.0007 F 0.0005¢ —0.0012 F 0.05767 37\ ~0.0094 £ 0.0036i

W RIS AR IER

3
I(t) ~ Z eskt(ckﬂfo + C,{)

k=—3
EIMARA Bu(t) » Al

3

t 3
)~ Y S (Crao + Ol + / S SO0, Bu(r)dr
k=-3 .
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BoEx A

MATLAB Xt%

A1l =Ei 3.1.4 K%

clear; clc;

h=1; a=-1; ad=-1; x0=1; tf=15;
u=0(t) cos(t);

xfree=Q(t,x,Z) a*x(1)+ad*Z(1,1);
xtol=0(t,x,Z) xfree(t,x,Z)+u(t);
hist=0(t) 1;

sol_1=dde23(xfree,1,hist, [0 tf]);
sol_2=dde23(xtol,1,hist, [0 tf]);

H=ad*h/exp(a*h) ;

sO=a+lambertw(H) /h;
sl=a+lambertw(1,H)/h;
s2=a+lambertw(2,H) /h;

c0=1/(1+ad*h/exp(s0*h));
cl=1/(1+ad*h/exp(si*h)) ;
c2=1/(1+ad*h/exp(s2*h)) ;

t=linspace(0,tf,720);
pl= exp(sO*t)*cO + exp(sl*t)*cl + exp(s2xt)*c2;
p2= exp(s0*t)*(1-cO)*integral (@(t) exp(-sO*t),-h,0)...
+ exp(sl*t)*(l-cl)*integral (@(t) exp(-sl*t),-h,0)...
+ exp(s2*t)*(1-c2)*integral (@(t) exp(-s2*t),-h,0);
x= 2xreal(pl)*x0 + 2xreal(p2)/h;

plot(t,x), hold on;

% plot(sol_1.x,sol_1.y,'r:")
title('Initial Condition Response')
xlabel('Time, t')

ylabel('Response, x(t)')



z=[];
for i=1:length(t)
temp=integral (@(xi) exp(sO*(t(i)-xi))*c0.*cos(xi),0,t(i))...
+integral (@(xi) exp(si*(t(i)-xi))*cl.*cos(xi),0,t(i))...
+integral (@(xi) exp(s2*(t(i)-xi))*c2.*cos(xi),0,t(i));
z=[z temp];
end

xx=x+2*real (z) ;

figure plot(t,xx), hold on
% plot(sol_2.x,s0l_2.y,'r:")
title('Total Response')
xlabel('Time, t')
ylabel('Response, x(t)"')

A.2 i 3.2.3

h=1; a=-1; al=-1; a2=-1/2; x0=1;
Phi_1=@(s) (exp(s)-1)/s;
Phi_2=0(s) (exp(2*s)-1)/s;
u=0(t) cos(t); phi=@(t) 1;

n=5; tf=15; err=1e-10;

H=alxh/exp(a*h);
t=linspace(0,tf);
xh=zeros(size(t));
xn=zeros(size(t));
% S=[1; c=[1; cI=I[1;
for k=0:n
Sk_old=a+lambertw(k,H)/h;
Serr=1;
while Serr>err
Hi=H+a2*h/exp(a*h)/exp(Sk_old*h);
Sk=a+lambertw(k,H1) /h;
Serr=abs (Sk-Sk_old) ;
Sk_o01d=Sk;
end
Sk=Sk_old;
Ck=1/( 1 + al*h/exp(Sk*h) + 2%a2*h/exp(2*Skxh) );
CIk=( al/exp(Skxh)*Phi_1(Sk) + a2/exp(2*Skxh)*Phi_2(Sk) )*Ck;
% S=cat(1,S,Sk);
%o C=cat(1,C,Ck);
%o CI=cat(1,CI,CIk);
xh=xh+ ( Ck*x0 + CIk )*exp(Sk*t);
f=0(t,xi) exp(Sk*(t-xi))*Ck.*u(xi);
temp=zeros(size(t));
for j=1:length(t)



temp(j)=integral(@(xi) f(t(j),xi), 0,t(j));
end
xn=xn+temp;

end

fun_1=0(t,x,Z) a*x(1)+al*Z(1,1)+a2*Z(1,2);
fun_2=0(t,x,Z) fun_1(t,x,Z)+u(t);
sol_1=dde23(fun_1,[1 2],phi, [0 tf]);
sol_2=dde23(fun_2, [1 2],phi, [0 t£f]);

xh=2%*real (xh) ;

plot(t,xh), hold on
plot(sol_1.x,s0l_1l.y,'r:')
title('Initial Condition Response')
xlabel('Time, t')

ylabel('Response; x(t)')

figure

xn=2*real (xn) ;

xx=xh+xn;

plot(t,xx), hold on
plot(sol_2.x,s0l_2.y,'r:")
title('Total Response')
xlabel('Time, t')
ylabel('Response, x(t)')

A.3 EFE 4.4 K1

clear; clc;

% h=1;

A=[-1 -3; 2 -5];

Ad=[1.66 -0.697; 0.93 -0.330];
x0=[1 0]"';

F=0(k,X) lambertd(k,X)*expm(lambertd(k,X)+A) - Ad;

Xini=-A/expm(A) ;

HO=fsolve(@(X) F(0,X),Xini);
Hi=fsolve(@(X) F(1,X),Xini);
H2=fsolve(@(X) F(2,X),Xini);
H3=fsolve(@(X) F(3,X),Xini);

SO=A+lambertd(0,HO) ;
Si=A+lambertd(1,H1);
S2=A+lambertd(2,H2);
S3=A+lambertd(3,H3);



Adj=0(s) [s-A(2,2)-Ad(2,2)/exp(s) A(1,2)+Ad(1,2)/exp(s);
A(2,1)+Ad(2,1) /exp(s) s-A(1,1)-Ad(1,1)/exp(s) 1;

Us=0(s) det(s*eye(2)-A-Ad/exp(s));

Phi=@(s) [ (exp(s)-1)/s; 0 1;

tf=15; ep=le-4; phi=@(t) [1 0]';

s0=eig(80); s01=s0(1); s02=s0(2);
sl=eig(S1); sl1=s1(1); s12=51(2);
s2=eig(S2); s21=s2(1); s22=s2(2);
s3=eig(83); s31=s3(1); s32=83(2);

c01=(Us(s01+ep)-Us(s01))/ep; c02=(Us(s02+ep)=Us (s02) ) /ep;
c11=(Us(s11+ep)-Us(s1l))/ep; c12=(Us(s12+ep)-Us(s12))/ep;
c21=(Us(s21+ep)-Us(s21)) /ep; c22=(Us (s22+ep) -Us(s22)) /ep;
c31=(Us(s31+ep)-Us(s31)) /ep; c32=(Us(s32+ep) -Us(s32))/ep;

CO=Adj(s01)/c01 + Adj(s02)/c02;
C1=Adj(s11)/c11 + Adj(s12)/c12;
C2=Adj(s21)/c21 + Adj(s22)/c22;
C3=Adj(s31)/c31 + Adj(s32)/c32;

CI0=Adj(s01)/cO1%Ad/exp(s01)*Phi(s01)
CI1=Adj(s11)/c11*Ad/exp(s11)*Phi(s1l)
CI2=Adj(s21)/c21*Ad/exp(s21)*Phi (s21)
CI3=Adj(s31)/c31%Ad/exp(s31) *Phi (s31)

Adj (s02) /c02*Ad/exp(s02) #Phi (s02) ;
Adj(s12) /c12xAd/exp(s12)#Phi(s12);
Adj(s22)/c22%Ad/exp(s22)*Phi (522) ;
Adj(s32)/c32%Ad/exp(s32) *Phi(s32) ;

+ o+ o+ o+

% fun=0(t,x,Z)

% [ AL, D)*x(1) + A(1,2)*x(2) + Ad(1,1)*Z(1,1) + Ad(1,2)*Z(2,1);
% AC2,1D)*x(1) + A(2,2)*x(2) + Ad(2,1)*Z(1,1) + Ad(2,2)*Z(2,1) 1;
% sol=dde23(fun,1,hist, [0 tf]);

t=linspace(0,tf);

xhl=zeros(size(t));

xh2=zeros(size(t));

for i=1:length(t)
term=expm(S0*t (i) )*(CO*x0 + CIO) + 2xreal(expm(S1xt(i))*(Cl*x0 + CI1))

+ 2xreal (expm(S2*t (i))*(C2xx0 + CI2)) + 2*real (expm(S3*t(i))*(C3*x0 + CI3));

xhl(i)=real(term(1));
xh2(i)=real (term(2));

end

plot(t,xhl,t,xh2), hold on

% plot(sol.x,sol.y,':")

title('Initial Condition Response')

xlabel('Time, t')

ylabel('Response, x(t)')

for n=1:2



switch n
case 1
u=0(t) [cos(t); 0];
case 2
u=0@(t) [cos(t); sin(t)];

xfl=zeros(size(t));
xf2=zeros(size(t));
for i=1:length(t)
xi=linspace(0,t(i));
xh=t(i)/length(xi);
tempO=zeros(2,1); templ=zeros(2,1);
temp2=zeros(2,1); temp3=zeros(2,1);
for j=1:length(xi)
tempO=tempO+expm (SO* (t (1) -x1i(j)))*CO*u(xi(j));
templ=templ+expm(S1x(t(i)-xi(j)))*Cl*u(xi(j));
temp2=temp2+expm (S2* (t (1) -xi(j)))*C2*u(xi(j));
temp3=temp3+expm(S3* (t(i)-xi(j)))*C3*u(xi(j));
end
temp=real (temp0)+2* (real (templ)+real (temp2)+real (temp3));
xf1(i)=xh*temp (1) ;
xf2(i)=xh*temp(2);
end
x1=xhl+xf1;
x2=xh2+x£f2;

fun1=0@ fun(t,x,Z)+u(t);
soll=dde23(funi,1,hist, [0 tf]);

figure

plot(t,x1,t,x2), hold on
% plot(soll.x,soll.y,':")

title('Total Response')

xlabel ('Time, t')

ylabel ('Response, x(t)')
end



[9]

Asl, F. M. and Ulsoy, A. G. (2003). Analysis of a system of linear delay differential equations, Journal
of Dynamic Systems, Measurement and Control 125, 2, pp. 215-223.

Bellman, R. E. and Cooke, K. L. (1963). Differential-Difference Equations (Academic Press, New York).

Corless, R. M., Gonnet, G. H., Hare, D. E. G., Jeffrey, D. J. and Knuth, D. E. (1996). On the Lambert
W function, Advances in Computational Mathematics 5,4, pp. 329-359.

Jeffrey, D. J., Hare, D. E. G. and Corless, R. M. (1996). Unwinding the branches of Lambert W function,
Mathematical Scientist, 21, pp. 1-7.

Malek-Zavarei, M. and Jamshidi, M. (1987). Time-Delay Systems: Analysis, Optimization and Applica-
tions (Elserier Science Pub., New York, U.S.A.).

Pease, M.'C. (1965). Methods of Matriz Algebra (Academic Press, New York).

Yi, S. and Ulsoy, A. G.(2006). Solution of a system of linear delay differential equations using the matrix
Lambert function, in Proceedings of 2006 American Control Conference, Minneapolis, MN, 2006 June,
pp. 2433-2438.

Yi, S., Ulsoy, A. G. and Nelson;, P. W. (2006). Solution of systems of linear delay differential equations
via Laplace transformation, in Proceedings of 45th IEEE Conference on Decision and Control, San
Diego, CA, DEC. 2006, pp. 2535-2540.

Yi, S., Nelson, P. W. and Ulsoy, A. G.+(2007). Time-Delay Systems: Analysis and Control using the
Lambert W Function (World Scientific).

[10] PR (2004) : 46H6 Lambert W-S BRI 5 MART £ 52 A # (OBASELHY)



