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Abstract

The aim of the thesis is to study the stabilization of the system ẋ = f(x) + bu.

Here the linearization system contains a high order controllable mode. First, by

center manifold theory, we can reduce the dynamics of the given system (higher

order system) to the dynamics of the center manifold system(lower order system).

Second, using normal forms or Lyapunov function, we can find a sufficient condi-

tion such that the center manifold system is locally asymptotically stable. That is,

we can control u(x) such that the given system is stabilized.

Keywords: Nonlinear critical system, Nonlinear feedback, Controllable pair, Cen-

ter manifold, Normal forms.

1 Introduction

We are trying to study the stablization of the nonlinear control system

ẋ = f(x) + bu(x), (1.1)

where x ∈ Rn, u ∈ R and b ∈ Rn. Without loss of generality, we assume the

origin is a rest point of (1.1). Our main goal is to find, if possible, a smooth input

u(x) such that system (1.1) is asymptotically stable. To change a basis (1.1) is

transformed into(
ẋ1
ẋ2

)
=

(
A11 A12

0 A22

)(
x1
x2

)
+

(
b1
0

)
u+O(2) (1.2)

with (A11, b1) is a controllable pair. Thus there exists a linear feedback control

u = kx1 + v such that all eigenvalues of A11 + b1k have negative real parts. Hence

the system (1.2) can be written as(
ẏ
η̇

)
=

(
B 0
0 Q

)(
y
η

)
+

(
w(y, η)
g(y, η)

)
, (1.3)

where λ(B) = λ(A11 + b1k), λ(Q) = λ(A22) and w((y, η) = b1v +O(2).

The system (1.3) is stabilizable by a linear feedback if all eigenvalues of Q have

negative real parts. And, if Q has at least one eigenvalue with positive real parts,

then the system (1.3) can not be stabilized at all [5]. Thus we only study the case

which all eigenvalues of Q have non-positive real parts in the thesis.
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In Aeyels [1], the case of a pair of imaginary eigenvalues (that is, λ(Q) = {i,−i})
was treated. In [2], S. Behtash and S. Sastry treated double zero eigenvalues with

nonzero jordan form and pair of imaginary and a simple zero eigenvalues. They

only discuss those systems with one order controllable system (That is, B is scalar).

However, we are trying to study the system with high order controllable system.

(That is, B ∈ Mm×m.) In the thesis, the center manifold theorem is introduced in

the section 2. In section 3, we describe the normal forms. The main result is given

in the section 4.

2 Center manifold theorem

Consider the system

ẏ = By + w(y, η),

η̇ = Qη + g(y, η),
(y, η) ∈ Rm × Rl, (2.1)

where
w(0, 0) = 0, Dw(0, 0) = 0,

g(0, 0) = 0, Dg(0, 0) = 0,

all eigenvalues of B have negative real parts and all eigenvalues of Q have zero

real parts. Before stating the center manifold theorem, we need the following

definitions.

Definition 2.1 [4] Let B have m (generalized) eigenvectors v1, . . . , vm and Q

have l (generalized) eigenvectors w1, . . . , wl. Then the stable and center subspaces,

(denoted Es and Ec), are linear subspaces spanned by {v1, . . . , vm} and {w1, . . . , wl}
respectively; that is

Es = Span{v1, . . . , vm},

Ec = Span{w1, . . . , wl}.

Definition 2.2 [4] A set S is an invariant set for a flow ϕt if S is a subset on

Rn and x ∈ S such that ϕt(x) ∈ S for all t ∈ R.

Definition 2.3 [4] W c(0) is called a center manifold if and only if W c(0) is an

invariant set and tangent to Ec at 0.

We know that the center manifold is defined by

W c = {(y, η)|y = h(η), h(0) = Dh(0) = 0 },

where h is a smooth function defined on some neighborhood U ⊂ Rk of the origin.

Remark 1 W c(0) is not unique.
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The first result on center manifold is an existence theorem.

Theorem 2.4 [3] There exists a Cr center manifold for (2.1). The dynamics of

(2.1) restricted to the center manifold is, for η sufficiently small, given by the

following vector field

η̇ = Qη + g(h(η), η). (2.2)

The dynamics of the system (2.2) near η = 0 determine the dynamics of (2.1) near

(y, η) = (0, 0).

Theorem 2.5 [3] If the origin η = 0 of (2.2) is locally asymptotically stable (un-

stable), then the origin of (2.1) is local asymptotically stable (unstable).

We now introduce how h(η) can be calculated, or at least approximated. Sub-

stituting y = h(η) in the second component of (2.1) and using the chain rule, we

obtain

N(h(η)) ≡ Dh(η)[Qh(η) + g(h(η), η)]−Bh(η)− w(h(η), η) = 0 (2.3)

with boundary conditions

h(0) = Dh(0) = 0.

Theorem 2.6 [3] If a function ϕ(η), with ϕ(0) = Dϕ(0) = 0, can be found such

that N(ϕ(η)) = O(|η|p) for some p > 1 as |η| → 0 then it follows that

h(η) = ϕ(η) +O(|η|p) as |η| → 0.

Hence the system η̇ = Qη+g(h(η), η) is asymptotically stable whenever the system

η̇ = Qη + g(ϕ(η), η) is asymptotically stable.

3 Normal forms

The center manifold theorem tells us that the dynamics of the system (2.2)

near η = 0 determine the dynamics of (2.1) near (y, η) = (0, 0). Thus it is enough

to understand the dynamics of the system (2.2) whenever we only restrict our

attention to the flow within the center manifold. For the purpose, we are trying to

simplify the vector field on the center manifold such that it is easily to understand

the dynamics of the center manifold system (2.2). The resulting “simplified” vector

field are called normal forms.

Let Hk be the real vector space of vector fields whose coefficients are homoge-

neous polynomials of degree k. Using the transformation

x = y + p(2)(y). (3.1)
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We can transform the system

ẋ = Ax+ f (2)(x) + · · · (3.2)

to

ẏ = Ay + g(2)(y) + · · · , (3.3)

where f (2)(y), p(2)(y) ∈ H2. Equations (3.1), (3.2) and (3.3) tell us that

Ax+ f (2)(x) + · · · = ẋ

= ẏ +D(p(2)(y))ẏ

=
[
I +D(p(2)(y))

]
ẏ.

That is,

ẏ =
(
I +D(p(2)(y))

)−1
ẋ

=

{
I −D(p(2)(y))−

[
D(p(2)(y))

]2
− · · ·

}
ẋ

=

{
I −D(p(2)(y))−

[
D(p(2)(y))

]2
− · · ·

}{
Ay +Ap(2)(y) + f (2)(y) + · · ·

}
= Ay +

[
Ap(2)(y)−D[p(2)(y)]Ay + f (2)(y)

]
+ · · ·

Hence

g(2)(y) = Ap(2)(y)−D[p(2)(y)]Ay + f (2)(y).

Let T
(2)
A : H2 → H2 define by

T
(2)
A

[
p(2)(y)

]
= Ap(2)(y)−D

(
p(2)(y)

)
Ay.

Theorem 3.1 [4] Let ẋ be a Cr system of differential equations with f(0) = 0.

Choose a complement Gk for R(T
(k)
A ) in Hk. Then there is an analytic change of

coordinates in a neighborhood of the origin which transforms the system ẋ = f(x)

to ẏ = g(y) = g(1)(y)+g(2)(y)+ · · ·+g(r)(y)+Rr with A = g(1)(y) and g(k)(y) ∈ Gk

for 2 ≤ k ≤ r and Rr = o(|y|r).

Proof. A proof can be found in [4].

Remark 2 (a) If T
(k)
A is nonsingular, then we can take g(k)(y) = 0.

(b) If T
(k)
A is singular and diagonalizable, then Gk = ker(T

(k)
A ).

(c) If A is diagonalizable with eigenvalues λ1, λ2, . . . , λn, then T
(k)
A is diagonaliz-

able with eigenvalues

{λi −
n∑

j=1

ajλj | for all i and for all a },
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where a = (a1, a2, . . . , an) is a vector of non-negative integers with a1 + a2 +

· · ·+ an = k.

Example 3.1 In equation (3.2), let A =

(
0 −1
1 0

)
. That is,(

ẋ1
ẋ2

)
=

(
0 −1
1 0

)(
x1
x2

)
+

(
f1
f2

)
, (3.4)

where λ1 = i, λ2 = −i are eigenvalues of A and A is diagonalizable. By Remark

2(c), T
(2)
A is diagonalizable with eigenvalues {3i,−i,−i,−3i, i,−i}. Hence T

(2)
A is

nonsingular. Thus we can take g(2)(y) = 0 by Remark 2(a). That is, we can

transform (3.4) to (
ẏ1
ẏ2

)
=

(
0 −1
1 0

)(
y1
y2

)
+O(3). (3.5)

Furthermore, T
(3)
A is diagonalizable with eigenvalues {4i, 2i,−2i, 4i, 2i, 0, 0, −2i}.

Hence T
(3)
A is singular. We know

H3 = span

{(
z31
0

)
,

(
z21z2
0

)
,

(
z1z

2
2

0

)
,

(
z32
0

)
,

(
0
z31

)
,

(
0

z21z2

)
,(

0
z1z

2
2

)
,

(
0
z32

)}
and we can show that

ker(T
(3)
A ) = span

{(
z1
z2

)
(z21 + z22),

(
−z2
z1

)
(z21 + z22)

}
.

That is,(
ż1
ż2

)
=

(
0 −1
1 0

)(
z1
z2

)
+

(
(az1 − bz2)(z

2
1 + z22)

(az2 + bz1)(z
2
1 + z22)

)
+O(4). (3.6)

In fact, a is satisfied with the following equation [4]

a =
1

16

[
D3

z1f1 +D3
z1z2z2f1 +D3

z1z1z2f2 +D3
z2f2 +D2

z1z2f1(D
2
z1f1 +D2

z2f1)

− D2
z1z2f2(D

2
z1f2 +D2

z2f2)−D2
z1f1D

2
z1f2 +D2

z2f1D
2
z2f2

]
.

4 Main results

Consider the system

ẋ = f(x) + bu, (4.1)

where x ∈ Rn, u ∈ R, f : Rn → Rn is smooth, b ∈ Rn and 0 is a rest point of the

system (4.1) (that is, f(0) = 0). we can rewrite the system (4.1), by changing a

basis, into (
ẋ1
ẋ2

)
=

(
A11 A12

0 A22

)(
x1
x2

)
+

(
b1
0

)
u+O(2) (4.2)
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with (A11, b1) is a controllable pair. Thus there exists a linear feedback control

u = kx1+ v such that all eigenvalues of A11+ b1k are negative and distinct. Hence

the system (4.2) can be written as(
ẏ
η̇

)
=

(
B 0
0 Q

)(
y
η

)
+

(
b̄
0

)
v +

(
f̄(y, η)
g(y, η)

)
(4.3)

=


−k1 0 · · · 0 0
0 −k2 · · · 0 0
...

...
. . .

...
...

0 0 · · · −km 0
0 0 · · · 0 Q




y1
y2
...
ym
η

+


b̄1
b̄2
...
b̄m
0

 v +


f̄1
f̄2
...
f̄m
g

 ,

where −ki ∈ λ(A11 + b̄1k) and λ(Q) = λ(A22). Hence by the Hartman-Grobman

theorem, the system (4.1) is stabilizable by taking a suitable linear feedback if all

eigenvalues of B have negative real parts. And, if B has eigenvalue with positive

real part, then the system (4.1) can not be stabilized at all. Hence we only study

the case with all eigenvalues of Q have non-positive real parts.

(Notation : In this thesis
∂kf

∂ηk
=

∂kf

∂ηk
(0) = Dk

ηf)

Case I. Q = 01×1

In the case the system (4.3) become
ẏ1
ẏ2
...
ẏm
η̇

 =


−k1 0 · · · 0 0
0 −k2 · · · 0 0
...

...
. . .

...
...

0 0 · · · −km 0
0 0 · · · 0 0




y1
y2
...
ym
η

+


w1

w2
...

wm

g

 , (4.4)

where w1 = b̄1v + f̄1 and wi =
b̄i
b̄1
(w1 − f̄1) + f̄i for i = 2, 3, · · · ,m. Let

Y =


y1
y2
...
ym

 =


h1(η)
h2(η)

...
hm(η)

 ,

where hi(η) = aiη
2 +O(3) and w1 = αη2. By (2.3) we have


2a1η +O(2)
2a2η +O(2)

...
2amη +O(2)

 · g =



−k1a1η
2 + αη2 +O(3)

−k2a2η
2 +

b̄2
b̄1
(α− 1

2

∂2f̄1
∂η2

)η2 +
1

2

∂2f̄2
∂η2

η2 +O(3)

...

−kmamη2 +
b̄m
b̄1

(α− 1

2

∂2f̄1
∂η2

)η2 +
1

2

∂2f̄m
∂η2

η2 +O(3)


.
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That is,

α = k1a1

and

ai =
k1b̄i
kib̄1

a1 + ci,

where

ci =
1

2ki
(
b̄i
b̄1

∂2f̄1
∂η2

+
∂2f̄i
∂η2

) i = 2, 3, · · · ,m.

Theorem 4.1 The system (4.4) is stabilizable by a control law w1 = αη2 if
∂2g

∂η2
=

0 and

m∑
i=1

k1b̄i
kib̄1

∂2g

∂η∂yi
̸= 0.

Proof. By theorem 2.5 and theorem 2.6, we want to show that there exists a

control law w1 = αη2 such that the system

η̇ = Qη + g(h1(η), h2(η), · · · , hm(η), η)

is asymptotically stable. Let V = 1
2η

2, then

V̇ = ηη̇

=
1

2

∂2g

∂η2
η3 + (

m∑
i=1

ai
∂2g

∂η∂yi
+

1

3!

∂3g

∂η3
)η4 +O(5)

=
1

2

∂2g

∂η2
η3 + a1(

m∑
i=1

k1b̄i
kib̄1

∂2g

∂η∂yi
)η4 + Cη4 +O(5),

where

C = c2 + c3 + · · ·+ cm +
1

3!

∂3g

∂η3
.

Thus the system (4.4) is unstable whenever
∂2g

∂η2
η3 ̸= 0. On the other hand, if

∂2g

∂η2
η3 = 0,

m∑
i=1

k1b̄i
kib̄1

∂2g

∂η∂yi
̸= 0,

then there exists real number a1 such that

a1(

m∑
i=1

k1b̄i
kib̄1

∂2g

∂η∂yi
) + C < 0

(that is, V̇ < 0) for all η ∈ Nδ(0)−{0} and some neighborhood Nδ(0) at the origin.

Hence the system (4.4) is asymptotically stable whenever w1 = αη2 = −k1a1η
2,

that is, the system (4.4) is stabilizable by a control law w1 = −k1a1η
2.
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Corollary 4.2 Suppose Q is a Jordan form with only one zero eigenvalue and the

other has negative real part. Then the same result as the above theorem is obtained.

Proof. If Q is a Jordan form with only one zero eigenvalue and the other has

negative real part, then (4.3) can be written

ẏ1
ẏ2
...
ẏm
ζ̇
η̇


=



−k1 0 · · · 0 0 0
0 −k2 · · · 0 0 0
...

...
. . .

...
...

...
0 0 · · · −km 0 0
0 0 · · · 0 Q∗ 0
0 0 · · · 0 0 0





y1
y2
...
ym
ζ
η


+



w1

w2
...

wm

Ψ
g


,

where ζ ∈ Rl−1 and

Q∗ =

 D1

. . .

Dl


with

Dj =


λ 1 0 · · · 0
0 λ 1 · · · 0

. . .

0 0 · · · λ 1
0 0 · · · 0 λ

 , λ < 0

or

Dj =


D∗

j I 0 · · · 0

0 D∗
j I · · · 0

. . .

0 0 · · · D∗
j I

0 0 · · · 0 D∗
j

 ,

where

D∗
j =

(
s −t
t s

)
, s < 0.

Let

Y =



y1)
...
ym
ζ1
...

ζl−1


=



h1(η)
...

hm(η)
hm+1(η)

...
hm+l−1(η)


,

where

hi(η) = aiη
2 +O(3) i = 1, 2, . . . ,m+ k − 1.
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By (2.3) we have

α = k1a1

and

ai =
k1b̄i
kib̄1

a1 + ci,

where

ci =
1

2ki
(
b̄i
b̄1

∂2f̄1
∂η2

+
∂2f̄i
∂η2

) i = 2, 3, · · · ,m

and am+j is a linear combination of

∂2Ψ1

∂η2
,
∂2Ψ2

∂η2
, . . . ,

∂2Ψk−1

∂η2
.

Hence am+j is constant for j = 1, 2, . . . , k − 1. Let V = 1
2η

2, then

V̇ = ηη̇

=
1

2

∂2g

∂η2
η3 + (

m∑
i=1

ai
∂2g

∂η∂yi
+

k−1∑
j=1

am+j
∂2g

∂η∂ζi
+

1

3!

∂3g

∂η3
)η4 +O(5)

=
1

2

∂2g

∂η2
η3 + a1(

m∑
i=1

k1b̄i
kib̄1

∂2g

∂η∂yi
)η4 + Cη4 +O(5),

where

C =

m∑
i=2

ci +

k−1∑
j=1

am+j
∂2g

∂η∂ζi
+

1

3!

∂3g

∂η3
.

Hence we have the same result as the above theorem.

Case II. Q =

(
0 1
0 0

)
For the case the system (4.3) can be written

ẏ1
...
ẏm
η̇1
η̇2

 =


−k1 · · · 0 0 0
...

. . .
...

...
...

0 · · · −km 0 0
0 · · · 0 0 1
0 · · · 0 0 0




y1
y2
...
ym
η

+


w1
...

wm

g1
g2

 , (4.5)

where w1 = b̄1v + f̄1 and wi =
b̄i
b̄1
(w1 − f̄1) + f̄i for i = 2, 3, · · · ,m. Let

Y =


y1
y2
...
ym

 =


h1(η1, η2)
h2(η1, η2)

...
hm(η1, η2)

 ,
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where hi(η1, η2) = ai1η
2
1 + ai2η1η2 + ai3η

2
2 + O(3) and define a control law w1 =

αη21 + βη1η2 + γη22. By (2.3) we have

−k1(a11η
2
1 + a12η1η2 + a13η

2
2) + αη21 + βη1η2 + γη22 +O(3)

−k1(a21η
2
1 + a22η1η2 + a23η

2
2) +

b̄2
b̄1
(αη21 + βη1η2 + γη22 − f̄1) + f̄2 +O(3)

...

−k1(am1η
2
1 + am2η1η2 + am3η

2
2) +

b̄m
b̄1

(αη21 + βη1η2 + γη22 − f̄1) + f̄m +O(3)



=


2a11η1η2 + a12η

2
2 +O(3)

2a21η1η2 + a22η
2
2 +O(3)

...
2am1η1η

2 + am2η
2
2 +O(3)

 .

Hence  α
β
γ

 =

 k1 0 0
2 k1 0
0 1 k1

 a11
a12
a13


and  ki 0 0

2 ki 0
0 1 ki

 ai1
ai2
ai3

 =
b̄i
b̄1

 α
β
γ

+

 ti1
ti2
ti3

 ,

where

ti1 = − b̄i
2b̄1

∂2f̄1
∂η21

+
1

2

∂2f̄i
∂η21

,

ti2 = − b̄i
b̄1

∂2f̄1
∂η1η2

+
∂2f̄i
∂η1η2

,

ti3 = − b̄i
2b̄1

∂2f̄1
∂η22

+
1

2

∂2f̄i
∂η22

.

Thus ai1
ai2
ai3

 =
b̄i

b̄1k3i

 k2i 0 0
−2ki k2i 0
2 −ki k2i

 α
β
γ

+

 ci1
ci2
ci3


=

b̄i
b̄1k3i

 k1k
2
i 0 0

−2k1ki + 2k2i k1k
2
i 0

2k1 − 2ki k2i − k1ki k1k
2
i

 a11
a12
a13

+

 ci1
ci2
ci3

 ,

where  ci1
ci2
ci3

 =
1

k3i

 k2i 0 0
−2ki k2i 0
2 −ki k2i

 ti1
ti2
ti3

 .

Theorem 4.3 If

∂2g2
∂η21

= 0 ,
∂2g2

∂η1∂y2
+

∂2g1
∂η21

= 0
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and
n∑

i=1

b̄ik1
b̄1ki

∂2g2
∂η1∂yi

̸= 0,

then the system (4.5) can be stabilizable by a control law w1 = a11η
2
1 + a12η1η2 +

a13η
2
2.

Theorem 4.4 (Invariant Set Theorem) [6] Consider a system ẋ = f(x), with

f continuous, and let V ∈ C1. Assume that for some l > 0, the region Ωl =

{x|V (x) < l} and V̇ ≤ 0 for all x in Ωl. Let R be the set of all points within Ωl,

where V̇ = 0, and M be the largest invariant set in R. Then, every solution x(t)

originating in Ωl tends to M as t → ∞.

Proof of Theorem 4.3. We want to show that the center manifold system(
η̇1
η̇2

)
=

(
0 1
0 0

)(
η1
η2

)
+

(
g̃1
g̃2

)
(4.6)

is asymptotically stable, where

g̃i = g̃i(η1, η2) ≡ gi(h1(η1, η2), . . . , hm(η1, η2), η1, η2).

Using normal form, we have

H2 = span

{(
η21
0

)
,

(
η22
0

)
,

(
η1η2
0

)
,

(
0
η21

)
,

(
0
η22

)
,

(
0

η1η2

)}
and

T (2)
(
p(2)(η)

)
=

(
0 1
0 0

)
p(2)(η)−D

[
p(2)(η)

]( 0 1
0 0

)
η,

where p(2)(η) ∈ H2. Then

R
(
T (2)

)
= span

{(
−η1η2

0

)
,

(
0
0

)
,

(
η22
0

)
,

(
η21

−2η1η2

)
,

(
η22
0

)
,

(
η1η2
−η22

)}
.

Since H2 = R
(
T (2)

)
⊕G2, we can choose

G2 = span

{(
0
η21

)
,

(
0

η1η2

)}
.

Hence the system (4.6) can be written as(
ṡ1
ṡ2

)
=

(
s2

δs21 + εs1s2

)
+O(3), (4.7)

where

δ =
1

2

∂2g̃2
∂η21

,

ε =
∂2g̃2

∂η1∂η2
+

∂2g̃1
∂η21

.
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If δ ̸= 0 or ε ̸= 0 then the system (4.7) is unstable. Hence we assume δ = ε = 0

and using the same method, the system (4.7) can be written as(
ż1
ż2

)
=

(
z2

λz31 + µz21z2

)
+O(4), (4.8)

where

λ =
1

6

∂3g̃2
∂η31

+
1

2

(
∂2g̃1
∂η21

)2

,

µ =
1

2

(
∂3g̃2

∂η21∂η2
+

∂3g̃1
∂η31

)
− 1

2

∂2g̃1
∂η21

(
∂2g̃1

∂η1∂η2
+

∂2g̃2
∂η22

)
.

If λ < 0 and µ < 0, then we can choose a Lyapunov function

V = −1

4
λz41 +

1

2
z22 ≥ 0

such that
V̇ = −λz31 ż1 + z2ż2

= −λz31z2 + λz31z2 + µz21z
2
2

= µz21z
2
2

≤ 0.

And by theorem 4.4, we have Ωl is bounded, R = {(z1, z2) | z1 = 0 or z2 = 0} and

M = {(0, 0)}. Hence the system (4.8) is locally asymptotically stable whenever

λ < 0 and µ < 0. Therefore we must show that there exists a control law w1 such

that λ < 0 and µ < 0 whenever

n∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η1∂yi

̸= 0. Since

g̃j(η1, η2) =
1

2

∂2gj
∂η21

η21 +
∂2gj

∂η1∂η2
η1η2 +

1

2

∂2gj
∂η22

η22

+
1

6

∂3gj
∂η31

η31 +
1

2

∂3gj
∂η21∂η2

η21η2 +
1

2

∂3gj
∂η1∂η22

η1η
2
2 +

1

6

∂3gj
∂η32

η32

+

m∑
i=1

∂2gj
∂η1∂yj

η1hj(η1, η2) +

m∑
i=1

∂2gj
∂η2∂yj

η2hj(η1, η2) + · · ·

=
1

2

∂2gj
∂η21

η21 +
∂2gj

∂η1∂η2
η1η2 +

1

2

∂2gj
∂η22

η22 +

(
1

6

∂3gj
∂η31

+
m∑
i=1

ai1
∂2gj

∂η1∂yi

)
η31

+

(
1

2

∂3gj
∂η21∂η2

+

m∑
i=1

ai2
∂2gj

∂η1∂yi
+

m∑
i=1

ai1
∂2gj

∂η2∂yi

)
η21η2

+

(
1

2

∂3gj
∂η1∂η22

+

m∑
i=1

ai3
∂2gj

∂η1∂yi
+

m∑
i=1

ai2
∂2gj

∂η2∂yi

)
η1η

2
2

+

(
1

6

∂3gj
∂η32

+
m∑
i=1

ai3
∂2gj

∂η2∂yi

)
η32 + · · · (4.9)

Thus

λ =
1

6

∂3g̃2
∂η31

+
1

2

(
∂2g̃1
∂η21

)2
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=
1

6

∂3g2
∂η31

+
m∑
i=1

ai1
∂2g2
∂η1∂yi

+
1

2

(
∂2g1
∂η21

)2

=
1

6

∂3g2
∂η31

+ a11

m∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η1∂yi

+
m∑
i=1

ci1
∂2g2
∂η1∂yi

+
1

2

(
∂2g1
∂η21

)2

= a11

m∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η1∂yi

+ C1.

Hence we can choose a11 such λ < 0 whenever
m∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η1∂yi

̸= 0. And

µ =
1

2

(
∂3g̃2

∂η21∂η2
+

∂3g̃1
∂η31

)
− 1

2

∂2g̃1
∂η21

(
∂2g̃1

∂η1∂η2
+

∂2g̃2
∂η22

)
=

(
1

2

∂3g2
∂η21∂η2

+

m∑
i=1

ai2
∂2g2
∂η1∂yi

+

m∑
i=1

ai1
∂2g2
∂η2∂yi

)

+

(
1

6

∂3g1
∂η31

η31 +
m∑
i=1

ai1
∂2g1
∂η1∂yi

)
η41 − n

1

2

∂2g1
∂η21

(
∂2g1

∂η1∂η2
+

∂2g2
∂η22

)

= a12

m∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η1∂yi

+ a11

m∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η2∂yi

+ C2.

Since a11 has been fixed, hence we can find a12 such that µ < 0. That is, there

exists a control law w1 = αη2+βη1η2+γη22 such that system (4.5) is asymptotically

stable when it is satisfied with the assumption of theorem 4.3.

Corollary 4.5 If Q =

 Q∗ 0 0
0 0 1
0 0 0

 , where Q∗ is a Jordan form with all eigen-

values have negative real parts. Then we have the same result as theorem 4.3.

Proof. Using the proofs of corollary 4.2 and theorem 4.3, we can easily prove the

corollary.

Case III. Q =

(
0 −1
1 0

)
For the case, equation (4.3) become

ẏ1
...
ẏm
η̇1
η̇2

 =


−k1 · · · 0 0 0
...

. . .
...

...
...

0 · · · −km 0 0
0 · · · 0 0 −1
0 · · · 0 1 0




y1
y2
...
ym
η

+


w1
...

wm

g1
g2

 , (4.10)
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where w1 = b̄1v + f̄1 and wi =
b̄i
b̄1
(w1 − f̄1) + f̄i for i = 2, 3, . . . ,m. Let

Y =


y1
y2
...
ym

 =


h1(η1, η2)
h2(η1, η2)

...
hm(η1, η2)

 ,

where hi(η1, η2) = ai1η
2
1 + ai2η1η2 + ai3η

2
2 + O(3) and define a control law w1 =

αη21 + βη1η2 + γη22. By (2.3) we have

−k1(a11η
2
1 + a12η1η2 + a13η

2
2) + αη21 + βη1η2 + γη22 +O(3)

−k1(a21η
2
1 + a22η1η2 + a23η

2
2) +

b̄2
b̄1
(αη21 + βη1η2 + γη22 − f̄1) + f̄2 +O(3)

...

−k1(am1η
2
1 + am2η1η2 + am3η

2
2) +

b̄m
b̄1

(αη21 + βη1η2 + γη22 − f̄1) + f̄m +O(3)



=


a12η

2
1 + 2(a13 − a11)η1η2 − a12η

2
2 +O(3)

a22η
2
1 + 2(a23 − a21)η1η2 − a22η

2
2 +O(3)

...
am2η

2
1 + 2(am3 − am1)η1η2 − am2η

2
2 +O(3)

 .

Hence  α
β
γ

 =

 k1 1 0
−2 k1 2
0 −1 k1

 a11
a12
a13


and  ki 1 0

−2 ki 2
0 −1 ki

 ai1
ai2
ai3

 =
b̄i
b̄1

 α
β
γ

+

 ti1
ti2
ti3

 ,

where

ti1 = − b̄i
2b̄1

∂2f̄1
∂η21

+
1

2

∂2f̄i
∂η21

,

ti2 = − b̄i
b̄1

∂2f̄1
∂η1η2

+
∂2f̄i
∂η1η2

,

ti3 = − b̄i
2b̄1

∂2f̄1
∂η22

+
1

2

∂2f̄i
∂η22

.

Thus ai1
ai2
ai3

−

 c11
c12
c13


=

b̄i
b̄1(k3i + 4ki)

 k2i + 2 −k2 2
2ki k2i −2ki
2 ki k2i + 2

 α
β
γ


=

b̄i
b̄1(k3i + 4ki)

 (2k1 + 2ki + k1k
2
i )a11 + (k2i − k1ki)a12 + (2k1 − 2ki)a13

(2k1ki − 2k2i )a11 + (2k1 + 2ki + k1k
2
i )a12 + (k2i − 2k1ki)a13

(2k1 − 2ki)a11 + (k1ki − k2i )a12 + (2k1 + 2ki + k1k
2
i )a13

 ,
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where  ci1
ci2
ci3

 =
1

k3i + 4ki

 k2i + 2 −k2 2
2ki k2i −2ki
2 ki k2i + 2

 ti1
ti2
ti3

 .

Theorem 4.6 If the system (4.10) satisfies

m∑
i=1

b̄i(k
2
i − k1ki)

b̄1(k3i + 4ki)

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
̸= 0

or
m∑
i=1

b̄i(2k1 + 2ki + k1k
2
i )

b̄1(k3i + 4ki)

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
̸= 0,

then it can be stabilizable by a control law w1 = αη2 + βη1η2 + γη22.

Proof. The center manifold system is(
η̇1
η̇2

)
=

(
0 −1
1 0

)(
η1
η2

)
+

(
g̃1
g̃2

)
, (4.11)

where

g̃i = g̃i(η1, η2) ≡ gi(h1(η1, η2), . . . , hm(η1, η2), η1, η2).

Using the result of example 3.1, the system (4.11) can be reduced to(
ż1
ż2

)
=

(
0 −1
1 0

)(
z1
z2

)
+

(
(dz1 − ez2)(z

2
1 + z22)

(dz2 + ez1)(z
2
1 + z22)

)
+O(4). (4.12)

Let z1 = r cos θ, z2 = r sin θ, then the system (4.12) can be put into the normal

form
ṙ = dr3 +O(4),

θ̇ = −1 + f(r).
(4.13)

We want to show that (4.13) is asymptotically stable. That is, we must find a

control law such that d is negative. Equations (3.7) and (4.9) imply that

D3
η1 g̃1 +D3

η1η2η2 g̃1 +D3
η1η1η2 g̃2 +D3

η2 g̃2

=
1

6

∂3g1
∂η31

+

m∑
i=1

ai1
∂2g1
∂η1∂yi

+
1

2

∂3g1
∂η21∂η2

+

m∑
i=1

ai2
∂2g1
∂η1∂yi

+

m∑
i=1

ai1
∂2g1
∂η2∂yi

+
1

2

∂3g2
∂η1∂η22

+

m∑
i=1

ai3
∂2g2
∂η1∂yi

+

m∑
i=1

ai2
∂2g2
∂η2∂yi

+
1

6

∂3g2
∂η32

+

m∑
i=1

ai3
∂2g2
∂η2∂yi

=
m∑
i=1

(ai1 + ai3)

(
∂2g1
∂η1∂yi

+
∂2g2
∂η2∂yi

)
+

m∑
i=1

ai2

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+
1

6

∂3g1
∂η31

+
1

2

∂3g1
∂η21∂η2

+
1

2

∂3g2
∂η1∂η22

+
1

6

∂3g2
∂η32

, (4.14)
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where

ai1 + ai3 =
b̄i

b̄1(k3i + 4ki)

[
(k1k

2
i + 4k1)(a11 + a13)

]
+ ci1 + ci3,

a12 =
b̄i

b̄1(k3i + 4ki)

[
2(k1ki − k2i )(a11 − a13) + (2k1 + 2ki + k1k

2
i )a12

]
+ ci2.

The equation (4.14) is changed into, by taking a13 = −a11,

m∑
i=1

b̄i
b̄1(k3i + 4ki)

[4(k1ki − k2i )a11 + (2k1 + 2ki + k1k
2
i )a12]

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+

m∑
i=1

(si1 + si3)

(
∂2g1
∂η1∂yi

+
∂2g2
∂η2∂yi

)
+

1

6

∂3g1
∂η31

+
1

2

∂3g1
∂η21∂η2

+
1

2

∂3g2
∂η1∂η22

+
1

6

∂3g2
∂η32

= a11

m∑
i=1

4b̄i(k1ki − k2i )

b̄1(k3i + 4ki)

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+a12

m∑
i=1

b̄i(2k1 + 2ki + k1k
2
i )

b̄1(k3i + 4ki)

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+ C,

whenever
m∑
i=1

b̄i(k1ki − k2i )

b̄1(k3i + 4ki)

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
̸= 0

or
m∑
i=1

b̄i(2k1 + 2ki + k1k
2
i )

b̄1(k3i + 4ki)

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
̸= 0.

We can take suitable a11 and a12 such that d is negative. That is, we can find

a control law w1 = αη21 + βη1η2 + γη22 such that system (4.10) is asymptotically

stable.

Corollary 4.7 We have the same result as theorem 4.5 whenever

Q =

 Q∗ 0 0
0 0 −1
0 1 0

 ,

where Q∗ is a Jordan form with all eigenvalues have negative real parts.

Case IV. Q =

(
0 0
0 0

)
In the case, the system (4.3) become

ẏ1
...
ẏm
η̇1
η̇2

 =


−k1 · · · 0 0 0
...

. . .
...

...
...

0 · · · −km 0 0
0 · · · 0 0 0
0 · · · 0 0 0




y1
y2
...
ym
η

+


w1
...

wm

g1
g2

 , (4.15)
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where w1 = b̄1v + f̄1 and wi =
b̄i
b̄1
(w1 − f̄1) + f̄i for i = 2, 3, . . . ,m. Let

Y =


y1
y2
...
ym

 =


h1(η1, η2)
h2(η1, η2)

...
hm(η1, η2)

 ,

where hi(η1, η2) = ai1η
2
1 + ai2η1η2 + ai3η

2
2 + O(3) and a control law be w1 =

αη21 + βη1η2 + γη22. By (2.3) we have

−k1(a11η
2
1 + a12η1η2 + a13η

2
2) + αη21 + βη1η2 + γη22 +O(3)

−k1(a21η
2
1 + a22η1η2 + a23η

2
2) +

b̄2
b̄1
(αη21 + βη1η2 + γη22 − f̄1) + f̄2 +O(3)

...

−k1(am1η
2
1 + am2η1η2 + am3η

2
2) +

b̄m
b̄1

(αη21 + βη1η2 + γη22 − f̄1) + f̄m +O(3)



=


O(3)
O(3)
...

O(3)

 .

Hence  α
β
γ

 =

 k1 0 0
0 k1 0
0 0 k1

 a11
a12
a13


and  ki 0 0

0 ki 0
0 0 ki

 ai1
ai2
ai3

 =
b̄i
b̄1

 α
β
γ

+

 ci1
ci2
ci3

 ,

where

ci1 = − b̄i
2b̄1

∂2f̄1
∂η21

+
1

2

∂2f̄i
∂η21

,

ci2 = − b̄i
b̄1

∂2f̄1
∂η1η2

+
∂2f̄i
∂η1η2

,

ci3 = − b̄i
2b̄1

∂2f̄1
∂η22

+
1

2

∂2f̄i
∂η22

.

Thus  ai1
ai2
ai3

 =
b̄i
b̄1ki

 α
β
γ

+
1

ki

 ci1
ci2
ci3


=

b̄ik1
b̄1ki

 a11
a12
a13

+
1

ki

 c11
c12
c13

 . (4.16)
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Theorem 4.8 If the system (4.15) satisfies

∂2g1
∂η21

= 0,
∂2g1

∂η1∂η2
+

1

2

∂2g2
∂η22

= 0,

1

2

∂2g1
∂η22

+
∂2g2

∂η1∂η2
= 0,

∂2g2
∂η22

= 0

and

2

(
m∑
i=1

b̄ik1
b̄1ki

∂2g2
∂η2∂yi

)(
m∑
i=1

b̄ik1
b̄1ki

∂2g1
∂η1∂yi

)
>

[
m∑
i=1

b̄ik1
b̄1ki

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)]2
(4.17)

then there exists a control law w1 such that the system is asymptotically stable.

Proof. The center manifold system is(
η̇1
η̇2

)
=

(
g̃1(η1, η2)
g̃2(η1, η2)

)
,

where g̃i(η1, η2) ≡ gi(h1(η1, η2), . . . , hm(η1, η2), η1, η2).

Using a Lyapunov function V = 1
2η

2
1 +

1
2η

2
2 and by equations (4.9) and (4.16),

we have

V̇ = η1η̇1 + η2η̇2

=
1

2

∂2g1
∂η21

η31 +

(
∂2g1

∂η1∂η2
+

1

2

∂2g2
∂η22

)
η21η2 +

(
1

2

∂2g1
∂η22

+
∂2g2

∂η1∂η2

)
η1η

2
2

+
1

2

∂2g2
∂η22

η32 +

[
a11

m∑
i=1

b̄ik1
kib̄1

∂2g1
∂η1∂yi

+ C1

]
η41

+

[
a13

m∑
i=1

b̄ik1
kib̄1

∂2g2
∂η2∂yi

+ C2

]
η42

+

[
a11

m∑
i=1

b̄ik1
kib̄1

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+ a12

m∑
i=1

b̄ik1
kib̄1

∂2g1
∂η1∂yi

+ C3

]
η31η2

+

[
a11

m∑
i=1

b̄ik1
kib̄1

∂2g2
∂η2∂yi

+ a12

m∑
i=1

b̄ik1
kib̄1

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+ a13

m∑
i=1

b̄ik1
kib̄1

∂2g1
∂η1∂yi

+ C4

]
η21η

2
2

+

[
a12

m∑
i=1

b̄ik1
kib̄1

∂2g2
∂η2∂yi

+ a12

m∑
i=1

b̄ik1
kib̄1

(
∂2g1
∂η2∂yi

+
∂2g2
∂η1∂yi

)
+ C5

]
η1η

3
2,

where Ci is constant for all i = 1, 2, . . . 5

If the coefficients of η31, η
2
1η2, η1η

2
2, η

3
2, η

3
1η2, η1η

3
2 are zero and the coefficients

of η41, η21η
2
2, η42 are less then zero, then the system is asymptotically stable. If

the system (4.15) satisfies (4.17) then there exists a pair (a11, a12, a13) such that
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the coefficients of η31η2 and η1η
3
2 are zero and the coefficient of η21η

2
2 and η42 are

less than zero. That is, we can find a control law such that the system (4.15) is

asymptotically stable.

Corollary 4.9 If Q =

 Q∗ 0 0
0 0 0
0 0 0

, Q∗ is a Jordan form with all eigenvalues

have negative real parts, then we have the same result as theorem 4.8.

5 Discussion

In the thesis, we study the stabilization problem of the system (4.1). we can

rewrite the system (4.1), by changing a basis, into the system (4.2) with (A11, b)

is a controllable pair. Hence there is a linear feedback control u(x) = kx1 + v such

that all eigenvalues of A11 + b1k have negative real parts and are distinct. Thus

the system (4.2) can be written as the system (4.3). In the thesis, we only study

the case with all eigenvalues of Q have non-positive real parts. In fact, it is enough

to study the case with all eigenvalues of Q have zero real parts.

There are two open questions. One is to find a better Lyapunov function than

one of the proof of theorem 4.8 to improve the sufficient condition of theorem 4.8.

The other one is to study the matrix Q of the system (4.3) whose dimension is

greater than two.
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