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Gerretsen 1~ &R 2 & 5 #HH

Abstract

% AABCH1, a, b c BH=BE, sBPAR, AWM ATSRIER R BTG EABRERZMF
B %, H#EEEHE T Gerretsent & =

16Rr —5r2 < 2 < AR + 4Rr + 3r2.

FigF: Gerretsent% =R, £AE.
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FEEEZR, MU BB E Y, BREHRASAWEWE, TELER T, FERMP=AF
B EER ([3], [4], [5], [6]), X&sa( [1], [2]) BU=ARRAEESE R ZARARTESE r, Lk=
ARRARZS sFELE, HFERIHMINRANE, SIFF S ERO/[R,

FERRE( [1], [2]) B9 ER, #HASIA T —EREEEENTEFR, ATz GerretsentF::

16Rr — 5r2 < & < AR + 4Rr + 3r2,

FAFNET RXEDIHEN A G, MFRKETFROER, R, TROXESD, WRIET Gerretsen
TEXRFY, EERHEET, T Yahoo B TR TR GerretsenthEABIAL, R HARR
HIRIEAERUAFANEIE, I, BOEAEARVIFOFE, k& Gerretsen 3 EH.

2 EHBHEE

T FEEY GerretsenhER, MR THERNEE, JKEBIEN.
WH2. 1. H=APN=EREEED IR a b, ¢, A, Al

TEREBERBYEYES
TG ABHER
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1. ()abc=4Rrs,
2. (2)ab+bc+ca= +4Rr +r2,
3. (3)a® +b?+c?=2( —4Rr —r2),
2O BEEAR A =rs= \/S(5—a)(s— b)(s—C), A4

(s—a)(s—b)(s—c)=r%s

K% abc = 4Rrs, ALl abc+ (s—a)(s— b)(s—c) = 4Rrs+r?s, XREE
abc+ (s—a)(s—b)(s—c) = abc+[s*— (a+b+c)s’+ (ab+ bc+ ca)s— abc]
= s°— 28+ (ab+bc+ca)s= (ab+ bc+ca)s— s,
Frl abc+ (s—a)(s—b)(s—c) = 4Rr +rs, i ab+bc+ca= s° +4Rr +r?, AEE (2). HH
(2) AIfRAN
a®4+b?4c® = (a+b+c)?—2(ab+bc+ ca) = 48 — 28> — 8Rr — 22

ALl @+ b? 4 ¢? = 2( — 4Rr —r?), #153 (3).

3 Gerretsen &R 2 T A

TEAEIS7E3HH 16Rr — 5r2 < &, BHARNAMT: & X =s—a,Y =s—b,Z =s—c¢, FE—iH,
BEX>Y > Z, bl

X(X=Y)?+Z(Y-2)?+(X=Y)(Y=2Z)(X-Y+Z)>0.
FH—FiH, A
S(&—16Rr +5r2) = s[(28 —8Rr —2r%) — (S +4Rr 1) +8r2 — 4Rr]

= s[(a®+Db?+c?) — (ab+bc+ca) + 8% 4Rr]

= s(a®4b?4c?) —s(ab+bc+ca)
+(b+c—a)(a+b—c)(a+c—b)—abc

= b?— 2abs+ sa®— ab? + 2a’b— a®+ sc? — 2hcs
+b? — b?c+ 2bc? — ¢+ abs+ 2ab? — a?h + bes
—sb? + 2b%c — bc? + 2ac® — 3abc — b®— acs

= (s—a)(b—a)®+(s—c)(c—b)?
+(bcs— sh? — acs+ abs) — (abc — ab?® — a’c + a’b)
+(b%c — b® — abc + ab?) — (bc? — b%c — ac® + abe),



(s> — 16Rr + 5r?) (s—a)(b—a)*+ (s—c)(c—b)?
+(s—a+b—c)(bc—b?—ac+ ab)
(s—a)(b—a)®+ (s—c)(c—b)?

+(b—a)(c—b)(s—a+b-c),

S(82 — 16Rr +5r%) = X(X = Y)?2+ Z(Y = Z)2+ (X =Y)(Y = Z)(X =Y + Z) > 0,

Bl > — 16Rr +5r2 > 0 1535,

4 Gerretsen ~&ERZ EFREEH

AEEHERH & < AR%+4Rr + 3r2, BEHRNELT:

4’ (AR +4Rr +3r2— &) = a?h?c? + 4abc(s—a)(s—b)(s—c)
+12(s—a)?(s—b)*(s—c)?
—4s*(s—a)(s—b)(s—c)
= (X4Y)2(Y+2)?(X+2)?
HAX+Y)(Y +2Z) (X +Z)XYZ 4 12X?Y?Z72
—4(X+Y+2)3XYZ,

A2L(ARP 4+ 4Rr +3r2— &) = (U+2V)24+4V(U+2V)+12v2
—V(X3+Y34+ 23430 +6V)
= U2-av(x3+Y3+23) —auv
= XYY 4224+ Y4X+2)?+ 24X +Y)?
+2X2Y2(Y 4+ Z) (X +2Z) + 2Y2Z2(X + Z) (X +Y)
+2X2Z2(Y + Z) (X +Y) —4XYZ(X3 + Y3 + Z%)
—AXYZ(X?Y +XY2 4 X?Z 4+ XZ2+Y?Z +-YZ?),
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Hit, U = XY + XY2+ X2Z + XZ2+Y2Z +YZ2,V = XYZ, BB EMFEEA B ER&ITFY
#, BME

XHY +2)2 £ YAHX +2)2+ ZHX 4 Y)? +2X2Y2(Y + 2) (X + 2)
+2Y2Z2(X 4+ Z) (X +Y) +2XPZ2(Y + Z)(X +Y) — 4XYZ(X3 + Y3+ Z23)
—AXYZ(X?Y +XY2 4 X?Z 4+ XZ24+Y?Z +-YZ?)

> AXNZ A AXYAZ +AXYZA 4+ 2X2Y2(Y 4+ 2) (X + 2)
+2Y2Z2(X + Z) (X +Y) +2X2Z2(Y + Z)(X +Y) — 4XYZ(X3 + Y3 1+ Z73)
—AXYZ(X?Y + XY2 4+ X2Z + XZ2+Y?Z2+YZ?),

B
2@ (AR +ARr +3r2 ) = 2[(X?Y2Z% - X?Y3Z — X3Y2Z + X3Y3)
+(X2Y222 - XY372 - XY?Z3 +Y373)
+(X2Y222 - X?vZ% - X372 + X37%)]
= 2X3Y2(Y - 2)(X—=2Z)+Y?Z3(X - Z)(X-Y)

—X2Z3(Y-Z)(X-Y)] > 0.

RS

§? < AR’ +4Rr +3r2,
5 fEEE

EIEEEM% Gerretsent &= - T HRAVER, RIAUEEEAEMNTHERPER LM T BN MEE,
HepM U2 PHTH S REuESE, Hit, RMWERRESE,

[Gerretsent %3] BRZBAT S, HFFRMHAEN A, BEHAEXNAREE GET L EAN
NBEETT, BN ASREE, GerretsentER, &8 ([1], [2]) WXEN R, HERFEHER
WML, ERIENES,

¥ GerretsenNEXMABBARNESE, TUFA—-LRR=AF, AIIIE=AF. BEA=AF
&, ARBEAERNEF,
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A Simple Proof of Gerretsen’s|nequality
Wei-Sin St Hsien-Cheng Chuarig Tao-Ming Wang  Feng-Rung Hii

Abstract

Leta, b, c andsbe the sides and the semiperimeter of a triadtBC, respectively. Our primary
objective is to show the following Gerretsen’s inequalityusing an elementary method:

16Rr —5r2 < 2 < 4AR? + 4Rr + 3r2.
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