Tunghai Science Vol. 8: 3361 33
July, 2006

Local and Global Stability for a Predator-Prey
Model of Modified Leslie-Gower and Holling-Type Il
with Time-Delay
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Abstract

In this paper, we analyze the dynamic behavior of a predatey-model of modified Leslie-Gower and
Holling-Type Il with time delay. Firstly, we discuss the &and global stability for this system without
time delay. Secondly, we find out some sufficient conditiamsldcal and global stability of the unique
positive equilibrium point of this system with time delay bgnstructing different Lyapunov function,
respectively. Finally, we illustrate our results by somareples.
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1 Introduction

Predator-prey model has been studied by many authors. Masém are interesting in the
stability of the unique positive equilibrium point of thegolator-prey systems. The global sta-
bility for the unique positive equilibrium point of predatprey system without time delay has
been done by some authors. They usually employ followinghous to analyze the stability
of a predator-prey system without time delay. The first oneoisstructing a Lyapunov func-
tion [1,2,7,8,10,13,17,18,25,28,33]. The second oneiiguke Dulac’s criterion plus Poincaré
Bendixson Theorem to analyze the global stability of thequgipositive equilibrium point of
the predator-prey system [6,12,23,24,30,31,32,35,36F fhird one is the limit cycle stability
analysis [4,5,13,14,16,21]. The fourth one is the comparieethod [5,13,14,21,26].

Many researchers neglect the delay in the predator-preyehwlden they study them. But
more realistic models should include some of the past stdttee population systems. In other
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words, real systems should be modified by time delays. 1i2[@3,24,30,31,32,35,36], authors
analyzed the global stability of the system with time delgygbnstructing a Lyapunov functional.

In this paper, we concern the Leslie-Gower predator-preyesy with a single delay and the
functional response of the predatp(x) in Holling-Type II. For this system without time delay,
reference [2] analyzes the global stability of the uniqusifpee equilibrium point by constructing
a Lyapunov function. In [15], authors analyze the globab#ity for Leslie-Gower system with
a single delay and the functional response of the predpfaf,in Holling-Type | by the same
method. In the Lotka-Volterra Model, the carrying capacityhe predator population is indepen-
dent of the prey population, but in the Leslie-Gower Modeg tarrying capacity of the predator
population is dependent on the prey population. The maipgse of this paper is to establish
local and global stability of the Leslie-Gower Holling-Tepl predator-prey system with a single
delay. In section 2, we analyze the local and global stghilitthe Leslie-Gower Holling-Type
Il system without time delay by using Dulac’s Criterion pRsincaré- Bendixson Theorem and
stable limit cycle analysis. And in section 3, we analyzddioal and global stability of the Leslie-
Gower Holling-Type Il system with a single delay by constiug different Lyapunov functional,
respectively. In section 4, we illustrate our results by s@xamples.

2 The Model without Time Delay

Consider the Holling-Type Il Leslie-Gower predator-prggtem without time delay modelled
by

qt) = x(t) {rl ~byxe(t) — %ﬁtu = xq f1(x1, X2) = G1(X, o),
2.1)
%) = Xft) {fz - %] = X2 f2(x1,%2) = ga(X1,X2),
with the initial conditions
x1(0) > 0, x(0) > O. 2.2)

Hereay, by, r1, k1, az, r2 andkp, are all positive constants; andx, represent the population
densities of prey and predator populations, respectively.

In this chapter, firstly, we use Hartman-Grobman Theorenm&dyae the local stability of the
equilibrium pointsE* of the system (2.1); secondly, we analyze the global stglfithe unique
positive equilibrium poinE* of the system (2.1). This completes the analysis of the heha
the system (2.1).
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Lemma 2.1 All solutions(xy(t),x2(t)) of the system (2.1) with the initial condition (2.2) are
positive, ie., x1(t) > 0, x2(t) > 0, forallt > 0.

Proof : We will show that all solutiongx;(t),x2(t)) of the system (2.1) with the initial condi-
tion (2.2) are positive. That is, if the initial poiiik; (0),x2(0)) is in the first quadrant, then the
solution (x1(t),x2(t)) is also in the first quadrant for &ll> 0. Sincex;-axis andxz-axis are the
solutions of the system (2.1), then the trajectory of thetimhs(xy (t), x2(t)) with the initial point
(x1(0),x2(0)) in the first quadrant can not cross withaxis andxz-axis by the uniqueness of the
solution. Therefore, we know that all solutiofg (t),x2(t)) of the system (2.1) with the initial
condition (2.2) are positive.

Lemma 2.2 All solutions(xa(t),x2(t)) of the system (2.1) with the initial condition (2.2) are
bounded.

Now, we want to show that all solutiorig: (t),x2(t)) of the system (2.1) with the initial condition
(2.2) are bounded. From (2.1), it follows that

%a(t) xa(t) [fl —byxg(t) — Lz(t)]

X1(t)+|(1

< xa(t)[re — baxa (t)]
= |’1X1(t) ll_ Xlrgt)] )
by
therefore,
xa(t) < max{{,—}m(O)} =Ke.
Similarly,
. a2X2(t)
kot) = ) [fz— m]
< () [ra- 220
= ra%(t) {1— &] )

therefore, we have

xa(t) < max{rz('t%kz),xz(m} =Ko.
2

Hence, by above discussion, we know that the solufia(t),xx(t)) of the system (2.1) with the
initial condition (2.2) are bounded.
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2.1 Local Stability
Clearly,E = (0,0), E = ({)—1,0) andE = (0, %) are the equilibrium points arf&* = (x7,X;)
is the unique positive equilibrium point in the first quadrahthe system (2.1) with the initial

condition (2.2) satisfying the following condition:

riki  roks

_— 0 2.3
a a0 (2.3)
where
AY2 (all’z —aor,+ azblkl) rz(Xéf_ + kz)
= y = 2T 2.4
and
A= (alrz —apl + azblkl)z — 4a2b1(a1r2k2 — a2r1k1). (2.5)

A andx; are nonnegative if (2.3) holds.

Now let us start to discuss the local behavior of the systef) (& those equilibrium points
E=(0,0), E= ({)—1,0), E=(0, %) andE* = (x;j,x5). The Jacobian matrix of the system (2.1)
takes the form

agkixo arxy
ri —2bixg — —
= 1 171 |:(X1—|—|(1)2] X1+ kg
= X3 289X
(Xl + kz) X1 + ko

The Jacobian matrix of the system (2.1Jat (0,0) is

and the eigenvalugs, = r; andA, = r; of J are positive. Thus, the equilibrium poiBtof the
system (2.1) is unstable.
The Jacobian matrix of the system (2.1t (r1/by,0) is

L an
J= Tt bik ,
0 I

and the eigenvalues dfarer; = —rq , A2 =r2. SinceA; < 0 andA; > 0, the equilibrium point
E of the system (2.1) is a saddle point. And we know that

M = {(X]_,Xz) | X1 > 0,X2 = O}

is the stable manifold of the equilibrium poiBt
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The Jacobian matrix of the system (2.1}?&& (0,r2ky/ap) is

airako
agky
2

2

a

j:
—I9

and the eigenvalues dfarer; =r1 — ayraka/agks andAz = —rz. From (2.3), we know1 > O,
and since\, < 0, the equilibrium poinE of the system (2.1) is a saddle point. We know that

M2 = {(x1,%2) | X2 =0,x2 > O}
is the stable manifold of the equilibrium poiﬁt

Lemma 2.3 Let E* be the unique positive equilibrium point of the system (art) If

ax;

by %2
YT ko2

0 (2.6)

then the unique positive equilibrium point Bf the system (2.1) is locally asymptotically stable.

Proof : The Jacobian matrix of the system (2.1}Eitis

{ aix; —b}x* A
y— | Log+koz X+ ki
3 _rz
a
If (2.6) holds, then
* * 2
* a1Xo « ax; r;
Det(J*) = |bi——==|raxq+ - =
) {1 (Xia‘i"il)z} ? 1a;<1+k1 a
X 112
= |bp——22 4 }r X;
VT k)2 A k)| 2t
> 0
and
a, .
TracgJ") = |—==5—-bi|xg—r
“) [(xﬁkl)z l] P
< 0.

Hence, the unique positive equilibrium polt of the system (2.1) is locally asymptotically sta-
ble.
2.2 Global Stability

Now, we want to analyze the global stability of the uniqueiasequilibrium pointe* of the
system (2.1) by the following two methods:

(i) Dulac’s criterion plus Poincaré- Bendixson theorem;
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(i) Stable limit cycle analysis.

Theorem 2.4 Let E* be the unique positive equilibrium point of the system (@nt) if

al S a27 (27)
ko < ki, (2.8)

and (2.6) hold, then the unique positive equilibrium poihtEthe system (2.1) is globally asymp-
totically stable.

Proof : Firstly, we use the method (i) to analyze the system (2.1hsiter

1
H(xy,x2) = - X1 >0, Xo > 0.

Then

0 azx
O-(Hg) = a—)q{H {<r1—b1X1—X1:_2k )X1:|}

1
0 apX2
Ba i (w4}
0 0

B rn bixg a r apXp
o 0X1 | X2 X2 X1+ ki oxo | X1 Xl(Xl + kz)

_ b a &
X2 (xa+ki)?  xi(x1+ko)
_ b 1@ ax
- Xo X1 |X1+ko (Xl + kl)z
b1 1 ap al
< —_— e
X2 Xp |X1+k xi+k
_ b 1 [(@—a)x+ak— alkZ]
Xo X1 (Xl + kl) (X1 + kz)
< 0

Hence by the Dulac’s criterion, there is no closed orbit mfibst quadrant. From Lemma 2.2, we
know that the unique positive equilibrium poiat is locally asymptotically stable. By the Lemma
2.3 and the Poincaré-Bendixson theorem, it suffices to ghatthe unique positive equilibrium
pointE* is globally asymptotically stable in the first quadrant.

Secondly, we analyze the global stability of the system)@ytthe method (ii). Now, we want
to show that the system (2.1) has no closed orbit in the firaticant. Suppose on the contrary that
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there is ar -periodic orbitl = {(x1(t),x2(t)) | 0 < t < T} in the first quadrant. Compute

o - [ (o)
b Lo (o535 )

+aix2 Krz - %) Xz(t)] }dt

_ [T arkpx(t) 2agXa(t)
- /o[ ~ 20l (1<t>+k1>2“2‘xl<t>+—kz}‘“

/OT Krl_blxl Lz(t)) —b1X1(t)+L2(t)

(t)—i—kl Xl(t)—i—kl
a1|(1X2( ) a2X2(t) axxa(t)
C(xa(t) + k)2 * (r B 1(t)—|—k2) _Xl(t)+k2:| a
_ / baxa( a1|(1X2() axxo(t) _ a1X2(t) :|dt
- O+ O k2 TR ke ) +k

t Xz(t)
/ x(D)° / ()"
_ alk1X2( ) X2(t) [(a2 — a1)x1(t) + agky — azky]
= {blxl 0207 e

x1(T) 1 X2 (T
+/ = X1+/ —dX2
Jx(0) X1

Sincerl is aT-periodic,

x1(T) 1 x(T) 1
/ —dx; = 0 and —dx = 0.
x1(0) X1 %(0) X2

Hence we obtain that

o T arkixz(t) X2(t) [(a2 — a1)x1(t) + agky — azky]
A= / {blx Ot ) + k)2 (%1 + k1) (X1 + k2) }dt
< 0.

So all closed orbits of the system (2.1) in the first quadrembabitally stable. Since every closed
orbit is orbitally stable and then there is a unique stalohét Icycle in the first quadrant, the unique
positive equilibrium poinE* is unstable. HoweveE* is locally asymptotically stable by Lemma
2.3, thus there is no periodic orbit in the first quadrant. nfrloemma 2.3 and the Poincaré-

Bendixson theorem, it suffices to show that the unique peséguilibrium pointE* is globally
asymptotically stable in the first quadrant.
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Remark 2.5 ([2]) The system (2.1) satisfies the following condition:

rik
(Bera(ra+4) + (1 +2%(re +bike) < 2
1

k]_ < 2|(2;
4(I’1+b1|(1) < a.

4a2b1

Then by the Lyapunov functional

V(Xj_,Xz)
= (Xj+k) [xl—xj—x’{ln (%)] +M {xz—xg—xﬁln (%)},

1 a

theorem 2.1 also holds.

3 The Model with Time Delay

Consider the Holling-Type Il Leslie-Gower predator-prggtem with time delay modelled
by

x(t) = xu(t) {rl_blxl(t_T)_%zit)kl]’
kt) = ) {rz_%} (3.1)
with the initial conditions
x1(0) = @©)>0, 8e[-1,0], peC([-T,0,,R)

(3.2)
x1(00 > 0, x(0) >0

Hereas, by, r1, ki, ag, ro andky are all positive constantg; andx, denote the densities of prey
and predator population, respectively.

3.1 Uniform Persistence

Lemma 3.1 Every solutions of the system (3.1) with the initial cordisi (3.2) remains positive,
i.e, x1(t) >0,x(t) >0,forallt >0.
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Proof : Itis true because

x1(t) = xl(O)exp{/Ot [rl— bixi(s—1)— %ﬁ} ds}

Xo(t) = xz(O)exp{/Ot [rz— %Zﬁ(z] ds}

andx;(0) > 0 fori = 1,2. Therefore, we obtain that all solutiofrg (t),x2(t)) of the system (3.1)
with the initial conditions (3.2) are positive.

Lemma 3.2 Let(x1(t),X2(t)) denote the solution of (3.1) with the initial conditions2B then

0 < x() <M, i=12 (3.3)

eventually for all large t, where
My = L—ie (3.4)
My = %;:_kz), (3.5)

Proof : Now we want to show that there exist§a> 0 such thak;(t) < Mjfort > T. By
Lemma 3.1, we know the solution of the system (3.1) with thiggilhconditions (3.2) are positive,
by (3.1)

< Xt [ra—bxa(t—1)]. (3.6)

TakingM; = %IB), 0 < B < €T — 1. Suppose that is not oscillatory aboutl;. That is, there

exists alp > 0 such that either

x1(t)>M7 for t>To, (3.7)
or

x1(t) <M7  for t>To. (3.8)
If (3.8) holds, then fot > Ty

Xl(t) < Mi — M < r_lerlT — Ml-
by by
That is, (3.3) holds. Suppose (3.7) holds. Equation (3.@)igs that for
t>To+T,
x1(t) < xq(t)[r1 —bixg(t —1)]
< x(t)[r1— blMI]

—I‘j_BXl(t).
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It follows that

t X'l(s) t
——ds < / —Brids = —Bry(t—Tg—T1).
./l‘—OJr'[ Xl(s) JTo+T ! 1( 0 )

Then 0< xq(t) < x1(To+1)e B1t=T-0 _, 0 ast — . By the Squeeze Theorem, we have
tler;) x1(t) = 0. It contradicts to (3.7). Therefore, there must exi$t & To such thaik; (Ty) < Mj.

If x(t) <Mj forallt > Ty, then (3.3) follows. If not, then there must exisTa> Ty such that
T, be first time whichxy (T2) > Mj. Therefore, there existsT > T, such thaflz be the first time
whichxq(Tz) < Mj by above discussion. By above, we know thgfT1) < M, x1(T2) > Mj and
x1(T3) < Mj whereT; < T, < Tz. Then, by the Intermediate Value Theorem, there eXigsnd

Ts such that

X1(T4) =M] , Ti<Ta< Ty,

X1(Ts) =M] , T <Ts < T,

andxy (t) > M; for T4 <t < Ts. Hence there is & < (T4, Ts) such thaki (Ts) is a local maximum,
and hence it follows from (3.6) that

0= Xj_(Te) < Xj_(Te) [I’l - b1X1(T5 — T)]
and this implies
r
x1(Te—1) < —.
b1

Integrating both side of (3.6) on the intervag |- 1, Tg], we have

To ¥ T
" [%] - /Te—r Z—gdsg /T67T[r1— bixi(s—1))ds< rqT.

It follows that
xa(Te) < x(To— D)™ < 2t =My,
1

Similarly, if there exists other local maxima ®i(t) for t > Tg, then they are also less or equal to
M3 by above argument. So we can conclude that there exikts 8 such that

x1(t) <My  for t>T. (3.9)

Suppose (1) is oscillatory aboulMs, for this case, the proof is similarly to above one. Now we
want to show thaxy(t) is bounded above byl; eventually for all largé. By (3.9), it follows that
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fort >T
%) = %) [rz—%]
< Xt 1_%]
= rax(t) 1‘&(%(3@) '

a

Casel : Iix(0) < ra(M1+kp)/az, thenxa(t) <ra(M1+kp)/ag <Mz fort >T.
Case2 : Ifx2(0) > ra(M1+kz) /ag, then

limsupxz(t) < M
t—o0 az

So, for larget, xa(t) < 3ra(M1 + ko) /2a; = M2. This completes the proof.

Lemma 3.3 Suppose that the system (3.1) satisfies

aMo
k1

ri— > 0. (3.10)
where M defined by (3.5). Then the system (3.1) is uniformly perdist€hat is, there exists
m > 0,my > 0and T" > 0 such that m< xi(t) < M; fori=1,2,t >T* Where

uM
rl - % e(rlfbllei]kTiz)T
b)
by
ra2(my+ ko)

™S Ty

m =

Proof: By Lemma 3.2, equation (3.1) follows that for T + 1T

Mo
ke

X (t) > xa(t) [r1—biMg — (3.11)

Integrating both of sides of (3.11) on t,t], wheret > T + 1, then we have

_ _aMp
X1 (t) > xl(t—t)e(rl oMy~ 5432 )1

)

that is,

aM
xo(t—1) < e (oM 2 )T 4 (3.12)
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By (3.1) and (3.12), fot > T +T,

x(t) = x(t) rl_blxl(t_T)_%Zj_t)kl
= x(t) r1—%—blxl(t—r)

1

aM
r My
aM b ef( 1-biMy - 52 )t
= (rl— ﬁ) xp(t) |[1— = X1 (t)

ki ry— &M
= (rl— alk_|\1/|2> X1 (t) |1— (r17a1M2> 4t a My
i 7;(1_ e(rrberT)T
It follows that
liminf xa (t) > ﬁe(”*bﬂ"rﬂ*ﬁ = .

by

By (3.10), we havén; > 0. So, for large, x; > M /2=my; > 0. It follows that

) aXo(t
Xo(t) = xo(t) rz_Wj—)kJ
aXo(t
2 %) Ir2_m1+(k)z
_ __ax(t)
= r2X2(t) 1 rz(m1+k2):|
Xa2(t)
= T2x(t) 1_r2(m1+k2)
a
Then
liminfxo(t) > 2K

So, for largd, x(t) > M/2=mp > 0. Let
D = {(X1,%2)[m < x1 < Mg, mp < x2 < M2}

ThenD is a bounded compact regionmﬁ that has positive distance from coordinate hyperplanes.
Hence we obtain that there existsTa > 0 such that ift > T*, then every positive solution of
system (3.1) with the initial conditions (3.2) eventualhters and remains in the regi@n that is,
system (3.1) is uniformly persistent.
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3.2 Local Stability
Sequentially, we will analyze the local stability of the &y (3.1).

Theorem 3.4 Let E* be the unique positive equilibrium point of the system (arl if the pa-
rameters satisfy

Odr+0az—01 > O, (3.13)
[2(0(3—0(1) — ((12—|—20(3—20(1)C(3T] > 0, (3.14)
—0az2(2B2+a3fit) > O, (3.15)
where
a1k1x§ arx; "
O1=r—bixX——=5 dx= 03 = biX
1 1 1 (Xi‘f’kl)z’ 2 Xi"‘kl’ 3 121,
2 (3.16)
B1= 2ele) Ba=r2— 229
(X5 + k2)?’ X;+ ko

then the unique positive equilibrium point Bf the system (3.1) is locally asymptotically stable.
Proof : Definey(t) = (yi(t),y2(t)) by
xa(t) =yi(t) +x1, Xa(t) = ya(t) + .

Linearizing (3.1) a(x;,X;), we obtain

a1|(1X§ B a]_Xi B " B
(X’{-l—kl)z} ya(t) x’{+k1y2(t) bixyya(t — 1)

. az(XE)Z ( 2a2x§ >
t) = —==y(t - t).
y2( ) (X;F_+k2)2y1( )+ rz X;F_+k2 Y2( )

yi(t) = [Fl —bixj —
(3.17)

Itis noticed that local asymptotical stability Bf of (3.1) is determined by the asymptotic stability
of the zero solution of the system (3.17) and which can beit@nras

yi(t) = aya(t) —azyz(t) —asys(t —1),

! (3.18)
ya(t) Bayi(t) + Bay(t),

whereay > 0,03 > 0 andf; > 0 from (3.16). Define

2
Whs(y(0) = ()~ [ (9] (3.19)
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from (3.17) and (3.19), we have

V) < 2|yt as t;ms)ds_ {¥a(t) — asfya(t) — ya(t 1))}
= 2 -Y1(t)—0(3/t;y1(5)d9: -[azys(t) — o2y2(t) —ozys(t—1)
~ aaya(t) + agy(t - r>1'
~ 2lyat)—as / ya(s)ds| - (a1 — az)ya(t) — oay2(t)]
< <a3—al>as.[;2|yl< lys(9/dst asas [ 230)a(s)es
+2(01 — 03)Y7(t) — 20y1 (t)ya(t)
<

(a3—01)03 {Ty2 +/ y2(9) 5}4-0(20(3 {Ty%(t)f/ttry%(s)ds}

+2(a — az)yi(t) — 20y1(t)ya(t)
= [2(a1—agz) + (a3 — a1)osT] y2(t) + a203Ty3(t) — 200y1 (t)y2(t)
t
+(a2+a3—a1)a3/Hy§ s)ds

Let
Weay(1) = (a2 + 05 ~as)as | [ Ve(p)dpds
Then
Wio = (02 + 03 — 01)a3 [ry%(t) - /ttry%(s)ds}
Now, we letWi (y(t)) be defined by
WA((0) = B W (y(t)) -+ Wazy(D)].
Then

[2(011 — O3) + (03 — 1) 03T + (A2 4 03 — A1) 3T] Bry2 (t)

WA (y(t)) (

+0203B1Ty5(t) — 2a2B1y1 (t)ya(t)
(
(t)—

IN

IN

[2(0(1 0(3) + (02 + 203 — 20(1 C(3T Blyz
+0203B1Ty3(t) — 202Bay1 (£)ya(t).

Next we define

VL (y(t)) = ozy3(t).

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Then
Wo(y(t)) = 200ya(t)ya(t)
= 202y>(t) [Baya(t) 4 Bayz(t)]
= 202Bay3(t) + 202Bay1 (t)ya(t). (3.25)
We take
W(t) =W(y(t)) = Wa(y(t)) +Wa(y(t)). (3.26)

Combine (3.23) and (3.25). Then we obtain

t) < —nwyi(t) —n2y3(t), (3.27)
where
n = [2((13 — (Xl) — (C(2+ 203 — 2(11)(13'[] B1
N2 = —02(2B2+0a3Pa1).

Clearly, (3.13) and (3.14) imply tha, > 0 andnz > 0. Letn = min{n1,n2} and integrate both
sides of (3.27) on the intervél ,t], we have

+n/ §]ds<W(T) fort>T (3.28)

and which implies thay3(t) + y5(t) € L1[T,). One can show?(t) + y5(t) is uniformly continu-
ous by (3.17) and the boundednesg(@f = (yi(t),y2(t)). Using Barlalat's Lemma (see [9]), we
can conclude that

Jim (1) +3(0)] =

Therefore the zero solution of (3.17) is asymptoticallypktaand this completes the proof.

Remark 3.5 LetE* be the unique positive equilibrium point of the system (3Fkpm Theorem
3.1 we know that ifa, + a3 — a1 > 0 and the delay satisfies 0< T < T = min{11, 12}, where

_ 2((13 — Gl)

T, = >0,
! [C(2+2(C(3—(Xl)]0(3

_ 2B,

o = ——>0,

2 asPy

and those parameters are the same as (3.16), then the uoigjtiegpequilibrium poinE* of the
system (3.1) is locally asymptotically stable.
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3.3 Global Stability
Now we want to show that, under some assumptions, the unogitve equilibrium poing*

of the system (3.1) is globally asymptotically stable.

Theorem 3.6 Let E* = (X, X5) be the unique positive equilibrium point of the system (&) if
the parameters satisfy

oMz (3.29)
kg

rzx’{(m1+k1)—a1x§(M1+k2) >0, (3.30)

bixj(2x; + ki) a1x5 — 2rix; — 2b1x; (X +M1) roX;

M1+ kg 2(my + k) - 2(my+ ko)
_Mibi0G HRUT 5+ 2b1x: (3¢ 1 ka = My)] > 0 (3.31)
2(my + kg )2 e e ‘

arxs aX; roX; M1aghxs (X3 + ki)t
Smtk) Mtk Zmik)  2mik)? > (3:32)

where m, M1 and M defined in Lemmas 3.2 and 3.3, then the unique positive bquith point
E* of the system (3.1) is globally asymptotically stable.

Proof : Definez(t) = (z1(t),z(t)) by

z(t)= L(t))q_ % , ()= L(t))(;— &
From (3.1), we have
. - (ri—bix))xize(t)  bi(x)?z(t)z(t — 1)
al) = [Hzl(t)]{ 1+ zl(t)l]leJr ki [1i21(t)]Xi+k1
b1x; (G + ki1)z(t — 1) axszo(t)

B [i+lzl(t)]xj+k1 B [1+zl(i)]x’{+k1}’ (3.33)
. - roxX;za(t) — axxsza(t)
) = [1+22(t)]{ [11+Zl(t)]xiik2 } (3.34)

Let

Vi(z) = {zu(t) = In[1+z1(t)]} + {z(t) — In[1+2(t)]}. (3.35)
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Then by (3.33) and (3.34), we have

il(t)Zl(t) iz(t)Zz(t)

Vi(a) = 1+z1(t)  1+z(t)
_ (m=b)xZEWM)  bi(x)*Z )zt -1
[+ z®))X + ke 142z (t)]X} + ke

_bixixi+k)at)znt-1  axszt)z(t)
14+ z1(t)]x; + ke 14+ z1(t)]x; + ke
rzx*l‘zl(t)zz(t) azxgzg(t)

L+zl)+ke [L1+zl)x+k
{ rox {[1+ 22 (0)]X; + ke } — apxg {[1+ z1 (V)] + ko)

IN

(M4 z0)]% + k) {1+ z)]X + ko) z1(t)z(t)
(r1— b)) Z(t) ax;z5(t) b1(x)22 (1) 21t —1)]

L+z)p+k  [1+z®))X +k [1+2z(t)]x; + ke
b +k)zat)zat -1 '

[1+z1(t)]x] + ke

(3.36)

If rox;(m + ki) —aix;(M1+kz) > 0, and by Lemma 3.3, there existga > 0 such thatm <
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[1+z1(t)]x; <My, andmp < [1+42(1)]x5 < M2 fort > T*. Then (3.36) implies that

X  bi(xj)? by (x})? B
[m1+k1 M1+ ki Zi+f711+|<12%(t)|21(t vl

I‘2X’£ a1x§ I’zxi a1x§
* [2(m1+ k) 2(m+ kl)] A+ [2(m1+ k) 2(m+ kl)} %)

Vl(Zt) <

b1 (X5 + ki) { /t ) ] aX;
——= 7t 1) — ds| — 22t
[1+21(t)]XI+k121() a(t) .Hzl(s) S M1+ ko 2(0)
{ rlx’i B blx*i(2x*1‘+k1) I‘2X’£ B a1x§ } (t)
my + kg M1 + k1 2(my+ ko) 2(my+ky) |t
I‘2X’£ B a1x§ B a2x§ 22 t bl(Xi)zzz t t_
+[2<m1+k2) 2(m + ko) M1+k2} 2Ot T a1
b1 (X5 + ki) /t {(rl—blx’{)x’{zl(t)zl(s)
—_— = 1+2z(s
T+ aOm+k e T 2O T i aex ke
asat)z(s) b)) *z(dzat)z(s-1)
1+z(9]X +k 1+ 2z2(9]%; + ki
B b1x; (X; +k1)z1(t)z2(s—T1) }d
[1+21(S)]Xi+k1
rix; b1t (2x: + k roX; arxs
{ 11_11(1 1) 2" 172 }zf(t)

IN

my + kg M1+ kg 2(mi+ko)  2(my+kq)
[ roxq _ arx; _ axs :| Z%(t)—i— bl(x’i)z
2(mi+ko) 2(m+k) Mi+ko my + kg
b1 (X + k t ri+bix)x;|zi(t)||z(s
~rata i | e e e
a|zi(t)[|z2(s)| | baxi(Xi +ki)lz(t)[|za(s— 1) }ds
1+z(9]x +k 1+ 2z(9]%; + ki
b (xg+ka) / t b))zt z(s—1)
14+ z(t))x; + ke Jir [1+z(9))X + ke
baxj (X + k1) /t ba(x})?|z1(t)[|z(s— 1)
L+z(t)x; +ki St [1+z(9))X + ke

IN

Z(t)[z(t-1)|

t—1

[1+z(s))?ds

[1+z(s)]ds

(3.37)



Then by (3.37), we have, for> T*+1= T

. blx*i(Zx*i + kj_) a1x§ I’1XI I’2X’j‘_ }
Vi(z) < — - - t
@) < { M1 + kg 2(m+ky) m+ke  2(m+ko) ®
[ ax axy X 2 by (x})2 (1 ﬂ)zzt
[2<m1+k1>+M1+k2 2(m1+k2>} O i
o Mabs (0 +ka) /‘ {(fﬁblxi)xi|21(t)||21(5)|+31X§|21(t)||22(5)|
my + kg t-1 my + kg my + kg
blxl(X1+k1)|21( )||21(S—T)|]d
s
my + kg
MEbi o) 1 b= g,
(M +k)x; Jit my + Ky
Ml o) 1 b (e )
+ ds
my + kg t-t my + kg
- _{blxj(2xj+k1) ax;  rq g baxj(xi+My)
- M1+ kg 2(m+k) m+ke 2(m+ko) my + kg
B M1b1(X] + ki)t {(r1+blx*l‘)xi+a1x§+b1x’i(2x’{+kl)]
(m1+k1)2 2
M2Zb2x; (X; +ka)T X E 4 ]
i kz  (ab- + - 5(t)
2(my +kq) (m1+k1) Mi+ko  2(mi+ko)

Mlbl(X —|—|(1)(I’1—|—b1X )X Mlbl(x*+k1)alx* t
1(m1+k1) 11 22() 2(mil+k1)2 Z'tiTZ%(S)dS
[Mlbz(x1+k1) x1+M2b2x1(x1+k1)+|v|1b§(x;)2(x§+k1)] ' 2
1(s—1)
(ml—l-kl)z Jt—
b1x§(2x1 + k]_) alx’g — 2I’1X’j‘_ — 2b1XI (XI + Ml) I‘2X’j‘_
a { M1+ k1 2(my + k) C2(m+ ko)
Mlbl(Xi—i-kl)T
o 2(my+kg)?
3 { aix} aX; 3 roX; } ®)
2(m+ki) Mi+ke 2(m+ko)
M1b1x (X5 +kq ) (r1+byxt t Miagbyxs (X +ky) [t
| l(<r1nl+)k(1>2 U e 2(m i(kbz [ Aas

[F1X; + a1xs + by (3x; + kg + My)] }zf(t)

Mlblxl (Xl + kj_) /‘t
—_— T4+ ki+M Z(s—1)d
2 1 k)2 (231 + ki +My) - (s—1)ds
Let
M1b1x; (5 + ki) (r1+ b1xg)
via) = NPT [ [ Avaas
M1a1b1X2 Xl + kj_ / /
+ 2(y)dyds
m1+k1 t—1 )dvd

Mlblxl(x1+k1) (2X§+k1—|— M1 /' /'
+ Z(y—1)dyds
2(my +ky)? t-1 (y=mjivd
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(3.38)

(3.39)
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Then
. Mlblxj(xj—kkl)(rﬁ—blxj)r M1byx¢ (x*+k1)(r1+b1x*) t
V. = Z(t)— 11 1 / Z(s)ds
Z(Zt) 2(m1+k1)2 1( ) 2(m1+k1)2 Jt—t 1( )
M1a1b1X§(X3F_ + kl)T Mlalb1X§(X3F_ + kl) /'t
2(my +kyp)? Z() 2(my +kyp)? 'tqz%(s)ds
M1b2x; (X5 +Ka) (2X; + k1 +M1) T
+ 2 k)2 Z(t—1)
M1b2x; (X5 +Kq) (2X; + kg + My) /t 2
— s—T1)d 3.40
2(m1+ k1)2 Jit 1( T) S ( )
and then we have from (3.38) and (3.40) thattfor T,
Vi(z) +Va(z)
- _ { b (24 +ki)  a1xt — 2rix; — 2bx; (X} + My)
- M1 + kg 2(my + k)
_ I'2X3F_ _ Mlbl(xi + kl)'[ . . .
S k) 2 k)2 [2r 1% + a1%5 4 b1 (4%, + ki +M1)] p 2 (1)
_ [ a1x§ a2X§ _ I‘2X’j‘_ B Mlalblxé(xi—i-kl)T] 22( )
2(m+k)  Mit+ky 2(m+ko) 2(my + ky)? 2
Mlb%XI(XI + k]_) (2X3F_ + kg + Ml) T
+ 2 ko 2 Z(t—1). (3.41)
Let
M1b2x (X5 +Kp) (2% + ke +M1)T [t
vV Z(s)ds 3.42
3(21) 2(m1—|—k1)2 Jit 1( ) ( )
Then
: _ MabEX;(x; + k) (26 + Ko+ M) T
M1b2x; (X + K1) (2X; + kg + M1) T
_ S+ K2 Z(t—1). (3.43)
Now define a Lyapunov functiov(z(t)) as
V(z)) =Vi(z) +Va(z) +Va(z). (3.44)
Then by (3.44) and (3.45), we have thatfor T,
Viz) < - { bixi(2x) +ki) | anx;—2rixg —2bixj(x; +M1)  roxg
- M1+ kg 2(m + k1) 2(m + ko)
Mlbl X5+ kl T " " " "
_ W [2r1X1 +aiXo+ 2b1X1(3X1 + kl + Ml)] }ij_(t)
B |: a1x§ a2x§ B I’2X3F_ _ Mlaj_leE(Xj_—i— kl)T:| Zz(t)
2(m+k)  Mit+ke 2(my+ko) 2(my + ky)2 z

~&1Z(t) - E5(1). (3.45)
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Then it follows from (3.31) and (3.32) th& > 0 and&, > 0. Let w(s) = &s* where& =
min{&1, &2}, thenw is nonnegative continuous dA, ), w(0) = 0 andw(s) > 0 for s> 0. It
follows from (3.45) that fot > T

V(z) < —E[Z(t) +B(t)] = —&[z(t)* = —w([z(t))). (3.46)

Now, we want to find a functiom such tha¥/(z) > u(|z(t)|). It follows from (3.35), (3.39) and
(3.42) that

V(z) > {z(t) — In[1+2z(t)]} + {z(t) — In[1+ 2(t)]}. (3.47)
By the Taylor Theorem, we have that
2(t) ~InfL+2(0)] = % (3.48)

whereg;(t) € (0,z(t)) or (z(t),0) fori=1,2.
Casel: If0< Bi(t) < z(t) fori = 1,2, then

Z(t) 2(t)
Tra@OP ~Eramp <30 (3.49)

By Lemma 3.3, it follows that fot > T*,
m<x[1+zM)]=xt) <M fori=12 (3.50)

Then (3.49) implies that

k 2 ’
<,\)j|—|> Z(t) < [14?29% <2Zt) ,i=12 (3.51)

It follows that (3.47), (3.48) and (3.51) that for T*,

1 2 1 A1)
V@) = 3 [1+1elg)]2+§'[1+292tg]2
> (5 z%(tz+§- ) 30

2
1% 1/%)\?
> mm{i((ﬂ—ll) 3 (%) }[z%<t>+z%<t>]
= Lz
Case2: If-1<z(t) < 6i(t) <0fori=1,2, then

20 _ 2
&) < TR 0F < ErzoR 852

By (3.50) and (3.52) implies that

%\ 2
2(t) < ufze(it()t)]zg (%) 24 ,i=12 (3.53)
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It follows that (3.47), (3.48) and (3.51) that fob T,

V(z) = = +3
2 1+61(1))7 2 [1+62(1)]?
> 2R3 B0
0\ 2 %\ 2
> 5() d0+3 () 30
> L[Z0 +30)
— ZjanP

Case3: If 0< 61(t) < z(t) and—1 < z(t) < B2(t) < O, then it follows from (3.47), (3.48), (3.51)
and (3.53) that fot > T*,

1 21 z(t)
Viz) =z E'[1+1elgt)]2+§ [1+262(t)]2
> 5o (m) Z0+530
%\ 2 %\ 2
(e (e
> LA +3()]
— L)

Case4d: If-1 < z(t) < 01(t) < 0and 0< B2(t) < z(t), then it follows from (3.47), (3.48), (3.51)
and (3.53) that for all > T*,

1 A1) 1 B
Va) = 5 are 0 +§'£1+292(t)]2
> 5A0+5 (32) 30
% 2 % 2
k@)
> L[A@t)+B(t)]
= T|zt)

Let u(s) = {s?, thenu is nonnegative continuous d, ), u(0) = 0, u(s) > 0 for s > 0, and

éiin u(s) = 4. So, by Caset- Case4, we have

V(z) > u(lzt))), forall t>T* (3.54)

Thus, the unique positive equilibrium poiBt of the system (3.1) is globally asymptotically sta-
ble.
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4 Examples

We present some simple examples to illustrate the proceadi@gplying our results.

Theorem 4.1
Consider the follow system:
. 0.4x2(t)
t) = t) |1.5—2.9%(t) - ——~
) = ) )~ o .
. 4X2(t) :|
Xo(t) = Xo(t)|1.4— ,
2( ) 2( ) Xl(t) +3
wherer;1 =15,r1r,=14,a,=04,a =4, ki =16, kn =3, andb; = 2.9. Since
ki 12K _ 589500~ 0,
al ap

by (2.3), (2.4), and (2.5), the system (4.1) has the uniquéipe equilibrium pointE* andE* =
(0.507Q01.2274) . Then

a1x§
b — ——=—-=2.8982>0
LGt k)2
ag=04<a=4
ko =3< k=16

By theorem 2.1, the unique positive equilibrium pdiit of the system (4.1) is globally asymp-
totically stab

2 T T T T T T T T T

(0.1,1.8) (1.8,1.8)

E°=(0.5070,1.2274)

X2(t)
T

08

06

(1.8,02)

0.2
(0.1,1.2)




56

Figure 4.1: The global trajectory of the system (4.1).

Example 4.2

Sequentially, we consider the system (4.1) with time de&.3

qat) = x(t) 1.5—2.9x1(t—o.3)_%],
%) = Xt) 1.4_Xf(’§2)(23}_

Alike, the parameters; =15, r, =14, a1 =04, a, =4,k =16, kx=3, by =29 and
the system (4.2) has the same unique positive equilibriuimt g5 = (x;,x5) = (0.507Q1.2274).
Then

az+o03—03 = 14816>0,
[2(a3—0a1) — (02 + 203 — 207)asT] = 1.6371> 0,
—02(2B2+03P1T) = 0.0317>0,
where
a = r—bX*—ﬂ O» = alxi G_bx*
Y Tk T kg T T
aZ(XE)Z 2a2x§
Tox 1 L\2 =TIy— .
P (X +ko)? Pa=r2 X; + ko

By theorem 3.1, the unique positive equilibrium pdiitof the system (4.2) is locally asymptoti-
cally stable. The local trajectory of the system (4.2) with 0.3 is depicted in Figure 4.2.



1.35F b

(0.3,1.3)
131

(0.6,1.28)

E*=(0.5070,1.2274)

(0.3,1.2)

1145

(0.3,1.1) (0.55,1.1)

1.05F 1

1 1 1 1 1 1 1
0.2 03 0.4 05 0.6 0.7 0.8
X1(1)

Figure 4.2: The local trajectory of the system (4.2) with 0.3.
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Now, we illustrate the global stability of the system (4.2)ike, the parameters; = 1.5, r, =
14, a0=04, a,=4, ky =16, ko =3, by = 2.9 and the system (4.2) has the same unique positive

equilibrium pointE* = (x3,X5) = (0.50701.2274). Then

M
r— alk 2 _ 1.4500> 0,
1

roxg (M + ki) — a1 (Mg + ko) = 9.7389> 0,
bixi (2 +k1) | @G —2rxg — 200G +M1) 1

Mi+ke 2(my + ky) 2(my + ko)

Mibi(X{+k))t o s B

T o k)E | 2T aUet2006(3q +ku+My)] = 0.0150> 0,

ax ax; rax; Maaghy x5 (% + kg)T

- - =1.1869> 0,

2(m+ki) Mi+ke 2(m+kp) 2(my + ky)2

whenevert = 0.3. By theorem 3.2, we conclude that unique positive equilirpoint E*

(X3,%3) of the system (4.2) is globally asymptotically stable. Thebgl trajectory of the system

(4.2) witht = 0.3 is depicted in Figure 4.3.
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2 T I T i i 1 1 T T

(0.1,1.8) (1.8,1.8)

E*=(0.5070,1.2274)

Xxa(t)

08

0.6

0.4

0.2}
(0.1,0.2) (1.8.0.2)
0 1 L L 1 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
X1(1)

Figure 4.3: The global trajectory of the system (4.2) with 0.3.
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