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Stability Analysison Nonselective Harvesting of a
Predator-Prey Fishery System with Time Delays
Pei-Yu Tu and Chao-Pao Ho*

Abstract

In this thesis, we are interested in studying the stability of the unique positive equilibrium point
of a nonselective harvesting of a predator-prey fishery system with time delay. Firstly, we state the
formulation of the model. Secondly, we drive different conditions for local and globa stability of the
positive equilibrium of the system, respectively. Finaly, we illustrate our results by some examples.
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1 Introduction

Bioeconomic modelling is concerned with exploitation of renewable resources like fisheries
and forestries. In recent years, the problems related to harvesting of multispecies fisheries have
been investigated by many authors. Clark [6] studied the problem of combined harvesting of two
independent fish species governed by the logistic law of growth. Brauer and Soudack [2][3], Dai
and Tang[ 7], Myerscough et al.[18] discussed the effects of constant rate harvesting and stocking
in predator-prey systems. Chaudhuri [4] studied the effect of harvesting both species in Gause's
model. Purohit and Chaudhuri [19] studied the dynamical behavior of a harvesting predator-
prey system. In recent years, time delays of one type or another have been incorporated into
biological models by many reserchers. For example, Gopalsamy[8][9] , Kuang[16], He[10], Ho
and Liang[11] and Ho and Tsai[12] studied on delayed predator-prey systems. Kar[15], Martin and
Ruan[17] studied predator-prey harvesting model with time delay. In general, delay differential
equations exhibit much more complicated dynamics than ordinary differential equations since
a time delay could case a stable equilibrium to become unstable and cause the populations to

fluctuate.
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Chaudhuri and SahaRay [5] have considered the problem of exploiting a predator-prey com-
munity in which the growth of both predator and prey obey the logistic law of growth. And Kar
and Chaudhuri[14] have studied the problem of exploiting a predator-prey community in which
the growth of both predator and pre obeysthelogistic law of growth, and each predatorsfunctional
response to Holling type I1. In this paper, we consider the problem of exploiting a predator-prey
community in which both prey and predator obey the logistic law of growth with time delay, and
each predators functional response to Holling type I1. The main purpose of this paper isto analyze
the stability of the unique positive equilibrium point of the system. Of course those results of
reference[ 14] are special cases of our results. In section 2, we state the model, and the equilibrium
point of the system. In section 3, we analyze uniform persistence of the system. In section 4, we
analyzethelocal and global stability by constructing different Lyapunov function, respectively. In
section 5, we illustrate our results by some examples.

2 Formulation and Equilibrium Points of the M odel
The combined harvesting of predator-pre system with time delaysis of the form

X1 (t - ’Cl) le(t)

X1(t) = rixa(t) 1—T _Xz(t)a+x1(t) —grex(t)
. X2 (t —T2) bxq (t) (21)
Xa(t) =raxo(t) [1— T +CX2(t)a+Xl(t) —gpexo(t)

with theinitial conditions

X|(9):¢|(9)>0; 96[_T70] ) ¢i€C([_TaO]:R)

. (2.2
T=max{11,72} , 1=1,2

where ry, I, k1, ko, ¢, @, b, 1, g2 and eare al positive constants. Herer; and r, denote the
natural growth rates, k; and k» are the environmental carrying capacity of the two species, and ¢
is conversion factor (c < 1). The natural growth of x4 and x, species obey the time delay growth.
The delay t1 and 12 are constants representing the prey’s and predator’s growth are affected by
population density only after afixed period of time. In addition, we have taken the predation term
asbxy(t)/[a+xi(t)] duetoHolling [13] . And e denote the combined harvesting effort, g1 and g2
are catchability coefficients of the species. The catch-rate function giex; and gzexe are based on
the CPUE(catch-per-unit-effort) hypothesis [6] . All we want to discuss is biological population,
so wejust consider the first quadrant in the x1-x2 plane.

Clearly, E = (0,0) is an equilibrium point of the system (2.1). And all possible equilibrium
points of the system (2.1) are



and

where x; and x; satisfy

X bx5
ri(l—=2)- —2 _ =0
l( kl) a+X* o1
Xy, cbxg
"2 kz) a+xj =0
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(2.3)

The ratio r1/q1 of the biotic potential r1 to the catchability coefficient g1 is known as the
biotechnical productivity (BTP) of the species [6]. It is easy to see that the equilibrium point E
exists if e < ry/qy, i.e. the harvesting effort is less than the biotechinical productivity (BT Py,).
Similarly, E existsif e < r2/qz ,1.e. the harvesting effort isless than the biotechinical productivity

(BTPy,).

Remark 2.1 Let x; and x5 satisfy the equation (2.3), and B, C and D satisfy xf + Bx’{2 +Cx; +

D =0, where
B B o iy
r
bk k:
C= ; 1r 2 (I’z +bc— qu) + rlrga(a— 2k1) +
12
abkqk a?k
D=2 — o) — —2 (1 — que).
rirz r

If one of the following holds

B>O,C—%>O,andD<0
B>O,C—%<O,andD<0

D
B<0,C——

0,andD < 0
5 <0andD <

and



*

bex;
%
a+xj

then E* = (X;,%5) is the unique positive equilibrium point of the system (2.1).

o — Qe+ >0

3 Uniform Persistence

System (2.1) has a unique positive equilibrium point if Remark 2.1 holds. In the following, we
always assume that such a positive equilibrium exists and denote it by E *(x;,x5). The following
lemmas are elementary concerned with the qualitative nature of solutions of the system (2.1).

Lemma3.1 All solutions of the system (2.1) with the initial conditions (2.2) are positive for
alt>0.

Proof : Itistrue because

t X1 (S— ‘Cl) bXZ(S)

xi(t) = x1(0)ex / ro{1- — —qQie|ds
1(t) 1(0)exp 0 1 (kl | agxl((‘;’) o o
X2 (S— T2 chx1(s ’
x2(t) = x2(0)ex / ro1— —0pe| ds
2(t) 2(0)exp ) |2 i arx P
andx;(0) > O(i = 1,2). Therefore, weabtain that all solutions (x1(t),xx(t)) of thesystem (2.1)
with the initial conditions (2.2) are positive. [ ]

Lemma3.2 Let (x1(t),x(t)) denote the solution of (2.1) with the initial conditions (2.2), then

0<x(t) <M, for i=1,2 (3.2

eventually for all larget, where
My = kpg1%t (3.3)
Mz = (ko + M) (1 + W) 2], My = M (34)

ra a+Mg
Proof : By Lemma 3.1, we know that solutions of the system (2.1) are positive, and hence,
by first equation of the system (2.1)

dxy (t)
dt

= ) [1‘ e m] g

< raxa(t) |:1— %:Tl)]

—grex(t)

= x(t) {fl— %Xl(t _Tl):| . (3.9)
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Taking M; = ki(1+b1), 0< by < €1 —1. Suppose x1(t) is not oscillatory about M. That is,
there existsa Tp > 0 such that either

x1(t) < M3 for t>To (3.6)
or
x1(t) > Mj for t>To. 3.7

If (3.6) holds, then fort > To

xq(t) < M7 =ki(1+by) < ke€1™ = My.

Thatis, (3.2) holdsfor i = 1. Suppose (3.7) holds, equation (3.5) impliesthat, fort > To+ 11

. X1 (t—7
x(t) < rix(t) {1—1(711)]
M3
< rle(t)|: —k—l:|
= —blrlxl(t).
It follows that
t Xl(s) t
——=ds < / —byrids
/ToJrTl Xl(s) Tot1a v
= —biri(t—To—11).
Then

0< xi(t) < xq(To+11)e 2t=To-®) 5 0 ast — . That is, limx(t) = 0 by the Squeeze
Theorem. It contradics to (3.7). Therefore, there must exist a Ty > To such that x1(T1) < Mj. If
x1(t) < Mj for al t > Ty, then (3.2) follows. If not, then there must existsa T, > Ty such that T»
be the first time which x1(T2) > M]. Therefore, there exists a Tz > T, such that x1(T3) < Mj by
above discussion. By above, we know that x1(T1) < Mj, x1(T2) > M3, and x1(T3) < Mj where
T1 < T2 < Ts. Then, by the Intermediate Value Theorem, there exists T4 and Ts such that

X1(T4) = MI , MT<Ty4<T
x1(Ts) =M; , T2<T5<Ts



and xq(t) > Mj for T4 <t < Ts. HencethereisaTg € (T4, Ts) such that x,(Tg) islocal maxi-

mum, and it follows from (3.5) that

0=kl = Ty [1- U] PR
< ra(Te) {1_ Xl(Te;(: Tl)]

and thisimplies

X1(T5 - Tl) < kKj.

Integrating both sides of (3.8) on the interval
[Te — T1, Te), we have

T ¥ T _
/6 Xl—(s)dsg/6 r [1—M] ds<ry11.
-

s—11 X1(9) To-T1 ky
By (3.9) and (3.10) imply

x1(Te) < Xxa(Te — 1) exp(rit1) < ki exp(rita) = Mz.
Thus
x1(t) <My, te[Ty,Ts).

Since any local maximum is less than or equal to M1, thus there exist

x1(t) <My, fort>Ts.

— quex1(Te)

(3.9)

(3.9)

(3.10)

(3.12)

That is, (3.2) holds. Suppose x;(t) is oscillatory about M, for this case, the proof is similarly to
above one. And we can conclude that thereexistsa T > Tg, such that x¢(t) < My, forall t > T.

Now, we want to show that x»(t) is bounded above by M2 eventualy for all larget. We have
directly from second equation of the system (2.1) and x1(t) < My (fort > T) that

%olt) = o) |1- %;TZ) +ch(t>atle(1‘()t) _ peo(t)
< raxe(t) 1—%;2) +c z(t)%
< rxe(t) :1—%;@)- +ch(t)a2Ml\;l
= X(t) (f2+%l\:/lll)—lr(—zx2 (t—12)

(3.12)
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By a similar argument, we can verify that there exists a
T > T + 1, such that

ko cbM1 cbM,
< =
Xz(t) I ) ( 2+ a+ M1> exp[(r2+ a+ Ml)Tz]
kocbM4 cbM1
= r
{ ra(a-+ Mi) ] ((r2+ 2, )
koM
= (s M l)exp[(r2+M1)rz]
= M for t>T. (3.13)
Thus
0<x(t) <M, i=12 for t > T. (3.14)
This compl etes the proof.
Theorem 3.1 Suppose that the system (2.1) satisfy
bM
r—ue— TZ > 0 (3.15)
and
rh—ge > 0 (3.16)

where M;(i = 1,2) defined by (3.3) and (3.4). Then the system (2.1) is uniformly persistent.
That is, thereexist m, mp and T* > 0 suchthat m; < x3 < Mjgand mp < xp <My fort > T%,
where

k bM> M bM

Moo= 5en- =7 —aeep{in(l- 10 - == —adu}
ko M2

m = SZ(r2— cpe)exp{[ra(1- +2) - cpelta}.
2rp ko

Proof : By Lemma3.2, equation (2.1) followsthat fort > T + 11

x1(t —11)

)q(t) = xl(t){rl[l— (kl

bxo(t)
Catx(t) qle} 317

(3.18)

V
X
X
—
—
=
| —|
-~
=
VS
H
|
z|
N——
|
|
o)
=
@
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Integrating both sides of (3.18) on [t — t1,t] ,wheret > T + 11, then we have

(t) 2 xa(t ~ s)exp[ra(1 - 12) — o e}
1 a
Thatis
xa(t — 1) < xa(t)exp{—[r1(1— '\I:'—ll) _ bf'\:z ). (3.19)
From (3.17) and (3.19), fort > T+ 11
90 > (0 {ra{1- Saep(-In- ) - 2 - ) - 220~ g
oM a0
> Xl(t){(rl 01€) fia(p{[rl(l—“f—f)—%—%e]ﬁ}}
_ _ M2 _ xa(t)
= (rl Q16> xa(t) {1 %(rl_ b%z —aeepir(l_ '}f—ll) — b%g ") }
It follows that
Iitminfxl(t) > ?(rl _ Mz _ gie)exp{[r1(1— w) _ Mz _ gi€jt1}
—roo ra a 1 a
= M

and my > 0 by (3.15). So, for larget, x1(t) > m /2= m > 0. It follows from (2.1) that for

t>T+1

X(t) =

~—

raxo(t

{1— %;Tz)} +cxa(t)

bx (t)
a+xy
bx (t)

0 goexa(t)

ra 1—X2(t_T2)] +c
ko

ko

ra 1—&} —qze}.

> Xt) i

v
&
=
N
—N N N
=
N

Integrating both sides of (3.21

~—

M2

X(t) 2 xlt—t)ep{lra(1- -

a+xa(t

:1— M] - qu}

) — 02€]T2}.

) qze}

(3.20)

(3.22)

on [t —to,t], wheret > T + 15 ,then we have

(3.22)
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Thatis
Xo(t —T3) < xo(t)exp{ —[ra(1 - “f—j) — elTo} (3.23)
From (3.20) and (3.23)
i 1 1 1 Mo
%) > xZ<t>{rz{ - ]~z —k—z)—CI2e]T2}}—CI2e}
B B B Xa(t)
= Xt) l(fz 02€) f—:a(p{[rz(l—'\lf—;)—qze]rz}]
_ _ Xz(t)
> (r2—0g2e)xo(t) [1 Ir(—;(rz—qZE)@(p{[rz(l—'\lf—:)—ChE]‘Cz}] )
It follows that

M2

i ) — O€lT2} = My

liminfxa(t) > Q(rz— gze)exp{[r2(1—
t—oo 5
and my > 0 by (3.16). So, for large t, X2(t) > mp/2 = mp > 0. Hence, fort > T + t where
T=max{11,T2}, and tislarge enough. Let
D = {(xa(t),%a(t))|my < Xa(t) < M1,mz < Xa(t) < M2}

Then D isbounded compact regionin Ri that positive distance from coordinate hyperplancds.
Henceweobtainthat thereexistsaT * > Osuchthatif t > T*, then every positive solution of system
(2.1) withtheinitial conditions(2.2) eventually entersand remainsin theregion D, that is, system
(2.1) isuniformly persistent. [ |

4 Stability

In this chapter, we discuss the local stability and the global stability of the equilibrium point
E* of the system (2.1).
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4.1 Local Stability

To investigate the local stability of the equilibrium point E* we linearize the system (2.1). Let
y1(t) = xa(t) — X, yo(t) = X2(t) — X; be the perturbed variables. After removing nonlinear terms,
we obtain the linear variational system, by using equilibria conditions as

dya(t)  bxixs bx; rix
=~ O - g -

1y, (t—

dt (a+x;) yi(t-m)
IoX:
2 2y2 (t —‘Cz) .

dy,(t)  cabx; (4.1)

& - a2tV

It is noticed that the asymptotical stability of E* of the system (2.1) is determined by the
asymptotical stability of the zero solution of the system (4.1)(seg[1]).

Theorem 4.1 Let E* = (x7,X;) be the unique equilibrium point of the system (2.1) and the
delayst; and 1 satisfy

01 — Ol2T1 — 03T >0 (4.2)
and
B1—P2t1—P3t2>0 (4.3)
where
S 2rix;  2bxpx;+cabxs;  bxy B — 2%, bxg cabx;
VT Tk (a+x;)? arx; Tt T Tk arx (atx)?
2 2 2 2
o 2r1bx;"x;  2r2x; ribx; 5, ribx;
ki(a+x;)? k2 ki(a+x;) ki(a+x;)
S rocabx;” By — rpcabx;” 23
T kelarx)? PP T ka2 K

then the unique positive equilibrium point E* of the system (2.1) is locally asymptotically
stable.

Proof :
The equation (4.1) can be written as

*

d rixj /‘ ] [ bxiX5 rlxi} bx;
— t)— s)ds| = - t)— t
dt [yl( i t—rlyl( ) (@+x))? ki - a+xiy2( ) (4.4)

d r2x; /t ] cabx; (pyes
— |ya(t) — ds| = ——25yi(t) — —=2ys(t).
dt |:y2( ) k2 t—1, yz(s) S (a'i"xi)zyl( ) k2 yz( )
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Let

t

* 2 * 2
)= (5005 [ o) + (- 22 [ vagss) @9

t—14 ko Jir,

then

dW (y(t rix; [t bxix; 1 bxy
() _ ya(t) — =L y1(s)ds 2 — 2 ) yi(t) - —Lys(t)
dt kq t—11 ki

(a+xy) a+xy
roxs [t
-2

2bx3X5 2rlx§} (1) — 2bx;

(@a+x)2 ki a+x;

*

X5 X
@rgt i 2

Ly1(t)ya(t)

2r1bx;’ x2 2r 2xl /
+
kl (a+ Xl YO

2r1bx’{ t
kl(a+ Xi) t—11
[ 2cabx; 2%

+| s o - S20)

L (a+X3)

—2rzcabx§2
kz(a + X?Ik_)2

+ ya(t)y1(s)ds

2 * t

k2 t—12

t 2r5
) - y1(t)y2(s)ds+ y2(t)y2(s)ds

IN

2bxixs  2rixg bx]

- t t
et RO+ 2|
rbx’xs 12
kia+x;)? k8

l /tt 2ly1(t)]|ya(s)/ds

l’1bX*2 t
m /7 2]y2(t)||y1(s)|ds
(acib X;)? } 2y1(t)lly2(t)] - Zrkzxzyga)

rocabx 5% [
+<¥> [ 2nlesis: 7, 20l
—12

ko(a+ X1
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2bxyx;  2rixg | bxg cabx; ()
= l@+x)?2 ko atx  (a+xp)?|7t
bx; cabx; 21X,
- t
* [a+x§ (@a+x))? ke vt

kl(a+ XI) t—11

%2k 22
ribxy x5 - roxy
2
ki(a+x;)?2 k2

" RO

t—11

" DA +y2(9]ds

2
*
rlbxl

L T LY TS TS

k2(a+ Xi)z t—12

rZX*z t
22 [Y3(t) +Y5(s)]ds
k2 t—1o
2bxixs +cabx;  2rix;  bxg
< — t
- [ (a+x3)? k1 + a+x; ay
[ bx; cabx 2rox
* a+§< (a+x*2)2 - Z]yzt
1 1
rlbxl X5 lxl
T lka@rx)z " uyi(t)
[ rabx®xs 2xl /
+
kl(f:H—Xl t lez
rlbx1 rlbxj t
+——L _nys5(t) + ——L—
@) O g b
B 2 2
rocabx; rocabx; /t
—t t —t s)ds
+ kz(a—{—X?i)z TzY%( )+ kz(a+XI)2 ,[_sz%( )
rZ * 2X
2 1Y5(t) + 22 / y3(9)
2bx1x2 + cabxj 2r 17 bxg
= - t
(a+x3)? ki Tar X; A0
bx; cabx; 2r2x§]
- t
+ [a+ X; (a+x)? ko V2t

g

ki(a+x7)

£2 ok 2 %2
ribxg x5 rix;
ki@+x;)2 ' K2

- Tz] y3(t)

rpcabxs’
1+ 2 erz}yf(t)

ka(a+x])

2
*
rlbxl

k2

robx;’
k]_(a+ X?D

%2k 22
ribxy x5 - rexy
2

ki(a+x;)? k2

2 242 t
5(s)ds.
t—1o

/t ;1 y2(s)ds

k(@a+x)2 " K

(4.6)
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Now, we let
rabx:’xs rfxl rlbxl
¢ _ p)dpds
I'zCabXZ rzxz / /
)dpds 4.7
ko(a+x;)? t-12 Yalp)dp 0
then
2 242 %2
M B ribx; x5 rXxy ribxy

Tyi(t)

/t ;l y2(s)ds

dt

ki@a+x))2 k& ki(a+x)
[ b et rghx”
_kl(a+ )2 ke ki(a+xp)

rocabxs’ r2x:
CL S A
kz(a+Xl)

(4.8

rgcabxg rzxg
s)ds
k2(8.+ X’i)2 k% t szz )

Now we define a Lyapunov functional W(y(t)) as

W(yt) = Wa(y(t)) +Wa(y(t)) (4.9)
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then we have from (4.6) and (4.8) that

dw(y())

dt -

IN

AW (y(D) | dWe(y(1))
dt dt

[be’{xg +cabx;  2rixg
(a+x7)? ka

*
bx}

t
a+ X’J M
cabx; 2r2x§]

— t
(a+x))? ke vt
rbxg’x 2’
k@+x)? ' K

bx}
+
a+xp

_'_ {
[ b

kl(a+ Xi)

rzcabx§2 . } yf 0

T
Y ke(at X;)? 2

2 %2
ro%s

T+ % Tz] y3(t)

robx;
kl(a+ X;_)

[ b’ r2x?
k@t+x)? " K
B 2 2

rocabxs 3%
+ + T2ys(t
o@+x)? 13 220
[ [2Zrqg 2bxixg+cabx; by

ki (a+x7)? a+x;

Tuyi(t)

%2 22 2
2ribxy x;  2rixg ribx;

ki(a+x;)? k2 ki(a+x3)
3 { [Zrzxg _bxp cabx; ]
ke a+x; (a+x;)?
2 2 2
ribx; rocabxy  2raxs
- T + T t
ka+x) — |k@+x)? K |7 a

= —Myi(t) —M2y3(t).

racabx;” - } 2O

Y earx))?

(4.10)

Clearly, (4.2) and (4.3) impliesthat n1 > 0 and n2 > 0. Denoten = min{n1,Mm2}, then (4.10)

leads to

w

® +n/Tt[yf(s) FYA(Sds <W(T) for t>T (4.11)

and which implies y2(t) + y3(t) € La[T,e). We can see from (4.1) and the boundedness of
y(t) that y2(t) +y5(t) is uniform continuous and then, using Barbadlat's Lemma(see[9]), we can
conclude that lim_,..[y2(t) + y3(t)] = 0. Therefore the zero solution of (4.1) is asymptotically
stable and this completes the proof.

Remark 4.1 In Theorem 4.1, let 11 = 12 = 0, then the result obtained in Theorem 4.1 is an
extension of the result of [14].
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4.2 Global Stability

In this section, we drive sufficient conditions which guarantee that the positive equilibrium point
E* of the system (2.1) is globally asymptotically stable. Our method in the proof of the global
asymptotic stability of the positive equilibrium E* of the system (2.1) is to construct a suitable
Lyapunov functinal.

Theorem 4.2 Let E* be the unique equilibrium point of the system (2.1) and the delays T, and
Tp satisfy

M
r{—qe— lez >0 and ro,—qe>0 (4.12)

Y1—7Y2T1—Y3T2 >0 and 81— 0211 — 3312 >0 (4.13)

where M; (i = 1,2) defined by (3.3), (3.4), and

- . DS EX(ra+gee+ch)  rixp(Mi+x7)  raxg (M2 +2x5)
= r
= A m [ vat 2 T T e
" rlxj(a+2x’{)}

1
— |quex
+a—I— M1 [Ch L1t ki

_ nMi(a+x)) [, bx; rixj(a+Mi1+3x])

Y= Y m)? Xa(re+0ue) + == + ke
rax;Ma(a+x3) < r2x§>

= V| e+cbh+—=

¥ 2ko(a+my)? 2+ Qe+ Co+ ko
-1 rzx*(M2+2x*)} roXs

8 = —— |X(r e+ cb) + bx; 1 2 2__(a+X;
! 2(a+ m1) |: l( 2+ Q2o+ )+ 2t ko kz(a+ Ml)( + l)
5, — ribx;Ms(a+x;)
2 = 2ks (a+my)?

o on@ExpMz [, . raXs(2a+ 2M1 + 5x;)
o83 = 72k2(a+m1)2 X1 (r2+ g2exj + cb) + K

then the unique positive equilibrium point E* of the system (2.1) is globally asymptotically
stable.

Proof :
Define
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by

From (2.1)

dzi (t)
dt

rga(t)  gqexqz(t)
a+x;(1+z1(t)) a+xj(1+z(t))

= (1+z(t))

nagat-tu) rlx’{zzl(t—rl) 3 rlezl(t)zl(t—rl)
kifa+xj(1+z(t)]  kfa+x;(1+z(t)]  kifa+xp(1+z(t))]
B rlx’le(t) 3 bx5z>(t)

kila+x;(1+z(t))] a+xj(1+z(t))

(4.19)
dz(t)
dt

roX;za(t) 3 aoexjza(t)
a+x;(1+z(t) a+x(1+z(t))

= (1+2z(t))

I’zaXEZZ (t—12) _ I‘2X§X§Zz(t —1T2) _ rzxiXEZl(t)Zz(t —1T2)
kela+x(1+2(t))] kla+x(1+z(t))] kefat+xj(1+z(t))]
rax;Xx5za(t) cbx;zy (t)
kola+x;(1+z(t)]  a+x(1+z(t)) ]|

(4.15)

Let

Vi(z) = {zt)—In1+z(t)]} + {z2(t) — In[1+2»(t)]} (4.16)

then we have from (4.14) and (4.15) that
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di(z) _ al®zl)  ZM)z(1)
dt  1+zt)  1+2z(t)
- T aAY R g At
“lfar ;;1()f+ yA0at - — e xr{(ﬁ AoA®
{_bgisglfiﬁgcmi_bp+zﬁ?aam}AGMﬁ)
T a0
Tl Z)((ﬁ zmy 22tz -)

X;(r1—cue) rix;(a+x;)

S e a2V argaraay2at-w
I'1X*2 r1X*2
a2V T tarearam Ay

bX; + roxq + geexq + cbxj roX; %5
{ a—{—xa‘_(l—}—zl(t)) kz[a-f-Xi(l—{— Zl(t))] } |Zl(t)||22(t)|
raxs(a+xq)
Tkefatx(1+ zi(0)] 2(1)2(t - 72)
roXi X5
_bm+qéjamﬂ“mbmb“—vl (4.17)

By Theorem 3.1, there exist a T* > 0 such that m; < x;[1+z1(t)] < M1, and mp < X3[1+
2(t)] <Mz fort > T*. Then (4.17) implies that



dVi(z) rix; quex;

< =1

dt - a+m a+M; Zzl(t)
rixi(a+xiy)

t .
"k ran) Y [Zl(t) - /t Zl(S)dS}

—y
2 2
r]_Xi rlxi
+ Zt)|z(t —11)| — —L 2t
R RS A0) KA R A PeR VA LA
{bx§+rzx§+qzex’{+cbx’{ raX%5 } "
2(a+m) 2ko(a+my) [t
{bx§+rzx§+q2@q+cbx’; r2X;%5 } "
2(a+m) 2ko(a+my) [ 2
rx3(a+ %) [ /t | }
- 2(t) |z(t) — Z(s)ds
ko[a+x;(1+z(t))] 2(t) | 2(0) - 2(9)
roX1X5
z1(t)||z2(t)||z2(t —
k2[a+xi(1+21(t))]| 1( )|| 2( )|| 2( T2)|
< { rix; e rix(a+2x)
- la+tm a+Mi ki(a+My)
bx5 + rax; + goex; + cbx; F2X;X5 } 20
2(a+my) 2ka(a+my) [ 2
{bx§+rzx§+qux’{+cbx’{ raX%5 —rzxz(a“p}zz(t)
2(a+ ml) 2k2(a+ ml) kz(a_|_ Ml) 2
rixi(a+xj) }/t _
+ 71 (t)Z1(s)ds
{kl[a+x;(1+zl(t))] ., A0AE
roX;(a+Xx3) }/t _
+ 2(t)Z2(s)ds
{kz[a+x§(l+zl(t))] - 2(t)22(9)
rx; [z(t— )| 2(t)+ raXixs|z2(t — 1) 20

kifa+x(1+z ()]t 2kola+ x5 (142 (t)]
roXiX5|22(t — T2)

|
2ko[a+X;(1+2(t))]

B(t). (4.18)

Thenfort > T*+1=T, 1 = max{11,12}, we have from (4.18) that
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dt
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a+m  a+M; ki(a+ Mj) 2(a+m)
roXiX5 rixi(Me+x7)  rax; (M2 +x3)
2ko(a+my)  ki(a+my) 2kz(a+my) } 1t
{ b5 +rox; + gpexi + cbx;  raxs(a+x;)  rax;(Ma+2x3) }

< { rixj qiex;  rixg(a+2xy)  bxs+roxg + goex; + cbxg

2(a+my) "~ ke(a+My) | 2kp(a+m)
rix;(a+x3) t X;(r1 —n1€)z1(s)
A R EEA)) Lm0 EE G(1+2(9)

Crxg@a+xpa(s-t) rlezl(s)zl(s—rl)
kifa+xi(1+z(9)]  kifa+xi(1+2z(s))]
B rlx’le(s) B bx522(s) ds
kifa+x;(1+z(s))] a+x;(1+z(s))
roxs(a+x3) t X;(ro — goe—ch)z(s)
* { ko[a+ §§(1+ le(t))] } /Hz 2(t)(1+2(s) { ; a+x;(1+z(s))
_ @t X)z(s—12)  rXXas)z(s—1) roX;X521(S) }ds
kela+x(1+z(s)] kela+x(1+z(9)] ko[a+x;(1+ z1(9))]

< { rx; ey rixg(@a+2xq) | bxg+rox; + geexg + cbxg
- a+m a+M;  ki(a+My) 2(a+m)
r1ix; (M1 +x;) rzx’{(M2+2x§)}Zz(t)
ki(a+my) 2ko(at+m)
{bx§+ raXq + 026 +cbxy  raxz(a+xy) | raxp(Mz+2x) } ®)
2(a+my) ko(a+My) 2o(a+my) |72
riMa(a+xy) /t {* rix;(a+xj)
O —— X1 (ri+0di€)|z1(t)||ze(s)| + ————|a(t)||za(s—7
ke(at my)2 S, 11+ 1)z (t) ||z (9)] ke |z (t)[|z2(S5— 1)
2
riX;
+= [z b)|za(s— )| |1+ z1(9)] + |z (1) ||z2(s— 7o) ]

k1
2
r1x1 "
+ 1) 2(9) +sz|21(t)||22(S)|}dS

roXs(a+x;)

roMz(a+xj) rt .
rMa(a+x) 1)/t {xl(rg+q2e+cb)|22(t)||zl(s)|+T|Zz(t)||22(5—72)|
5

kz(a+ ml)z

I2X; X5 r2X1%
+ A2 2025~ 2l [L+2(9)] + 2025 1)] + Zk—;ﬂzz(t)nzl(sn}ds
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< { rx; e rixj(@+2xy) | bxy+raxg +geexi + chxy

a+m a+M;  ki(a+My) 2(a+m)
rlxj(Ml+x’{) I’2X§_(M2+2X§) }Zz(t)

k(a+my) 2o(a+m) [

bX5 +rox; +gpexy +cbx;  rox;(a+xy)  raxg(Mz +2x35)
{ 2(a+my)  ke(a+My)  2ke(a+m) } 2(t)

riMa(a+x;) (rix; + aiex; +bxy) - r2x;Ma(a+x;)(a+ Mz + 3x;) 2
uz(t)

2ko(a+my)? 2k2(a+my)2

rax;Ma(a+x;)(r2 +gze+ch)  raxsMa(a+x;)(a+ 3x; + M) 2
275(t)

2k2(a+ ml)z 2k§(a+ ml)2
{rlx’iml(a+x§)(r1+qle) ffxf'\/'l(a“?)}/t 2(s)ds
2ki(a+my)2 2¢(a+m)? [ e

rlbngl(a+ XD t 2
—_— s)ds
2ki(a+m)?  Jioqy 2(9)

2 M * M % t
(a0l ¢,
T1

(4.19)

2k¢(a+my)?
{ raxMa(a+x3) (r2+ gee+cb) | raxixsMa(a+x;) } /t Z(s)ds
2ko(a+my)2 23(a+m)? [ o™
rPMa(a+x;)(a+ M1+2X*)} i
S—12)ds.
{ 2Kk3(a+my)2 t-1p 25 )
Let
rix;Ma(a+xq)(r +die) rfx{Ml(a+x§)}/t /t
v _ Z(p)dpds
Z(Zt) { 2kl(a+ ml)2 + 2k2(a+ m1)2 t—11Js l(p) P
rlbszl a+x1 / /Zz
)dpds
a2 2ki(a+m)? Ji gy P
2 ok
XM (a+xp) (a+ M +2x) } / /
N Z(p —11)dpds
{ 2k2(a+my)? t-m o
{rzxgmz(a+xl)(rz+qze+cb) raxixsMa( a+x1 } / / 2(p)dpds
2kz(a+ my)2 2k (a+ my)? -1
r5xsMa(a+xj) (a+ M1 +2xj) }/ /
N Z(p —12)dpds
{ 23 (a+my)?2 t—12 2)dp

(4.20)
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then

dVo(z)  [rogMai(a+x;)(ri+aqe) | rixiMi(a+x;) 2(t)
dt N 2k (a+my)? 2k2(a+my)2 !
B { rix;Mi(a+x;)(ri+qme)  raéMy(a+ xj)} t 2(s)ds
2ki(a+my)? 2¢(a+m)? | gy

nboMi@+xy) o MboMiatxy 5
ARG T ) —e - U s)ds
2k (a+my)? uz(t) - 2k (a+m)2 Jiq 2(9)

F2¢ .
XiM1(a+x3)(a+ M1+ 2x7) 2
t_

2k2(a+my)2 uz(t-m)

r2 «
XiM1(a+x3)(a+M1+2x; )} 2
S—1

2k2 a+ ml) t—11 ( l)

+

raX;Ma(a+x;)(r2+ cee+ch)  rax;x;Ma(a+ xl)} 0
24

+{°
-{#
R T 23(a+m)?
-
{*
-

raxiMa(a+x3i) (r2 + gge+cb)  rixix;Ma(a+x;) /t Z(s)ds
2ko(a+ ml) 2k§(a+ m1)2 t—12 '
r3x;Ma(a+x;)(@a+ Mg + 2x;)
At -1
2Kk3(a+my)2 } 2t~
raxsMa(a+x;) (a+ My + 2x;
22AoIVI2 5 1( 1 )} Z%(S—TZ)
2k5(a+m)? t-12

+

(4.21)
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and then we have from (4.19) and (4.21) that fort > T

dVi(z) N dVa(z) < Xy ue; rixp(a+2xj) = bxs+roxi + goex; + cbx;
dt dt —la+m a+Mq kl(a+ Ml) 2(a+ ml)
rixi (M1 +x3) rzx’{(M2+2x§)}Zz(t)
ki(a+my) 2ko(a+m) [T
{bx§+r2x’{+q2ex§+cbx§ B roxs(a+xj) — rax;(Ma+2x3) } )
2(a+m) ka(@a+M1) ~ 2ko(at+my) [
riMa(a+x;) (rx; +qex; +bxy)  r2x;Mi(a+x;)(a+ Mz +3x;) uZ(t)
2ky(a+my)2 2Kk2(a+my)2 11
{rzijz(a+ X;)(r2 +gpe+ch)  raxsMa(a+x;)(a+ My +3x3) }T 2(t)
2ky(a+ my)2 22 (a+ my)?2 2%
{rlijl(a+x’{)(r1+q1e) rfxﬁMl(athj)}T 8
2ki(a+my)? 2kG(@a+my)? [
ribxsMy(a+x3)
2kq(a+my)2 uz ()
r2x;Ma(a+x;)(a+ Mg +2x3) 2
t_
{ 2k2(a+my)?2 uat-mn)
raX;Ma(a+x;)(r2+ e+ ch)  raxpx;Ma(a+x;) 2(0)
2kz(a+my)? 2k3(a+m)2 '
rax;Ma(a+x;) (a+ Mg +2x3) } 2
t—10).
{ 2k3(a+my)2 w5t =)
(4.22)
Let
r2xiMz(a+x;)(a+ My + 2x5) t
\Y, = 171 1 Yt / Z(s)ds
3(Zt) { 2kf(a+ m1)2 ! t—1q l( )
2 M * M % t
{r2x2 2@t xq)@t Mot 2q) }‘cz 2(s)ds (4.23)
2k2(a+ ml) t—1o
then
dva(z)  [rdgMi(a+xy)(@+ Mo+ 2x;) 2
- 2 2 T1 1(t)
dt 2kl(a+ m)
r2x;My(a+x;)(a+ M+ 2x)) 2
— t—
{ o wA(t-1)
r3xsMa(a+x;)(a+ Mz + 2x;) } 2
t
{ 2kZ(a+my)? ()
rax;Ma(a+x;)(a+ My + 2x) } 2
— t—1o). 4.24
{ 2k3(a+my)2 w2t —2) (4.24)
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Now define a Lyapunov functional V (z;) as
V(z) = Vi(a)+Va(z)+Vs(z) (4.25)

then we have from (4.22) and (4.24) that fort > T

av(z) _ dvi(z)  dVa(z)  dVs(z)
a dt dt dt
< _ -1 e bx5 + X; (r2 + goe+ cb) N rix; (M1 +x3) N rox; (Ma + 2x5)
a+m 2 ky 2ko
1 . rnx(a+2x)
e
riMa(a+x;)te [, bx; rixj(a+Mi+3x;)
kl(a+ ml)z Xl(rl"‘Qle)"‘ 2 + ky
_ xiMa(a+x)t2 2%
“olat T ro+qze+ch+ o Z(t)
-1 B L Taxg (M2 +2%5)
{2(a+ml) X3 (r2 + g2e+ cb) + bx; + o
r2X; o nbsMi(a+x3)T
—c __(a+x3)—
ko(a+ Ml)( +) 2k (a+ ml)z
_ @+ xp)Mata [, . roXs(2a+ 2My + 5x;) 2
2ko(a+ my)2 X1 (r2 + 02€x1 + cb) + o A0
= —LA0) - LB (4.26)

Then it follows from (4.12) and (4.13) that {1 > 0 and {» > 0. Let w(s) = {&?, where { =
min{{1,C>}, then w is nonnegative continuous on [0,0),w(0) = 0, and w(s) > 0 for s> 0. It
follows from (4.26) that fort > T

V(z) < ~LZ(t) +B(1)] = ~Llzt)|* = —w(|z(t))). (4.27)

Now, we want to find a function u such that V (z;) > u(|z(t)|). It follows from (4.16), (4.20),
and (4.23) that

V) > {z(t) —IL+z)]}+{z0) - In1+20)]} (4.28)

By the Taylor Theorem, we have that

2(t) 1L+ 2 ()] = 20 _ (4.29)
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where 6;(t) € (0,z(t)) or (z(t),0) fori =1,2.
Case 1: If 0 < 6;(t) < z(t) fori =1,2. then

2O 2O a0

[1+z®] " [1+6i(1)]

By Theorem 3.1, it followsthat fort > T*

m <x[1+z]=x() <M, fori=12

Then (4.30) implies that

It followsthat (4.28),(4.29) and (4.32) that fort > T *

a0 . B
2[1+61(t)]7  2[1+62(1)]?

1/%\? 1
§<M—1> 20+ w
1
2

minl)qz
2\ M1/’

= mlz(t)2.

V(z) >

Y%

vV

Case2: If —1< z(t) < 6i(t) < Ofori=1,2 then

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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It followsthat (4.28),(4.29) and (4.35) that fort > T *

Z(t) (1)

1+ 0.0 T 211 0202
> 20+ 530
% 2 " 2
) a3
m[Z(t) + ()]
) z(t) 2. (4.36)

V(z) >

vV

v

Case3: If 0< 01(t) < z1(t) and —1 < z5(t) < 62(t) < O, then it follows that (4.28), (4.29),
(4.32) and (4.35) that fort > T*

20 B0
2[1+01(1)]2  2[1+62(1)]?

> 2 <x_1>225(t)+12%(t)

V(z)

v

2 \ M 2
%\ 2 %\ 2
> (o) 2045 (32) 30
> mZ)+5(1)]
= flz(t)]? (4.37)

Cased : If =1 < z(t) < 01(t) < 0 and O < 02(t) < 2(t), then it follows that
(4.28),(4.29),(4.32) and (4.35) that fort > T *

2 zZ()
V@) > e or T i .02
‘N 2
> 550+5(32) 20
L\ 2 5\
= 3 () A0+ (5) 20
> m[F(1)+2()]
= izt -

Let u(s) = ms?, then u is nonnegative continuous on [0, ), u(0) = 0,u(s) > 0 for s> 0, and
[iMs e U(S) = +eo. SO, by casel ~ cased, we have
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V(z) >u(|z(t)]) for t>T". (4.39)

So the unique equilibrium point E* of the system (2.1) is globally asymptotically stable.l

Remark 4.2 InTheorem4.2, let t1 = 1, = 0, thenthe result obtained in Theorem4.2 isdifferent
with the result of [14].

5 Examples

In this section, we present one simple example to illustrate the procedures of applying our
results.

Example5.1

Consider the following system:

o X1 (t — 0.001) 1004(t) 1
o) = 105%(t) {1— )(Z(t_ligémls)] + o.onm%lx(?(t) - %1000xz(t).

Comparing the system (5.1) with the system (2.1), we get r1 = 100; ro = 105; k; = 100; ko =
105; b= 100; ¢ = 0.01; a=1000; q1 = 0.05; g2 = 0.06; e = 1000; 11 = 0.001; and t2 = 0.0015.
So the system (5.1) has a unique positive equilibrium point E * = (49.57,45)

And

o1 — 0l2T1 — 03T = 93.6852 > 0
Bl - Ble - [33172 =83.4331 > 0.

Then we conclude that the unique positive equilibrium point E * of the system (5.1) is local
asymptotically stable by Theorem 4.1. Thetrajectory of the system (5.1) isdepicted in Figure5.1.
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50

. (46,49) (53,49)
a9

(54,47)
47 -

46 -

<N 45+ E* (49.57,45) B
44 - -
43 - -

(46,43)
42 - -
(54,41)
41 - -
(47,41)
40 Il Il Il Il Il Il Il Il Il
45 46 47 48 49 50 51 52 53 54 55
X
1
Figure5.1: Thetrgectory of the system (5.1).
Example5.2

Consider the following system:

%1 (t —0.001) 100x,(t) 1

. X2 (t —0.0015 100xq (t 3 '

Comparing the system (5.2) with the system (2.1), we get r1 = 100; ro = 105; k3 = 100; ko =
105; b= 100; ¢ = 0.01; a=1000; q1 = 0.05; g2 = 0.06; e = 1000; 11 = 0.001; and T2 = 0.0015.
So the system (5.2) has a unique positive equilibrium point E * = (49.57,45)

And

bM
rl—qle—Tz — 48.7708

rp—oe = 45
Yi—Y2T1—7Y3T2 = 20.5047
01— 0211 — 03T = 8.7389

© oo o
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Then we conclude that the unique positive equilibrium point E * of the system (5.2) is global
asymptotically stable by Theorem 4.2. Thetrajectory of the system (5.2) isdepicted in Figure 5.2.

(1]

(2]

(3]

[4]

(5]

100 T T T

(10,95)
90+

(95,80)
80[-

701

60

& B0k
E* (49.57,45)

40

30

20

101
(95,10)

(20,5)

0 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Figure5.2: Thetrg ector)} of the system (5.2).
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