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Global Stability for the Leslie-Gower Predator-Prey
System with Time-Delay and Holling's Type
Functional Response
Han-Cheng Tsai and Chao-Pao Ho*

Abstract

In this paper, we concerned about the dynamical behavior of the Leslie-Gower predator-prey system
with time delay and different functional response p(x). At first, we discuss the global stability for the
Leslie-Gower predator-prey system with time delay and p(x) = cx. Secondly, with p(X) :%. Thirdly,

with p(x) = 1‘?; . Finaly, weillustrate our results by some examples.

1 Introduction

Predator-prey models have been studied for along time. One of the most important problems
inapredator-prey systemisthe global stability of the unique positive equilibrium point. The global
stability analysisfor predator-prey system without time delay has been done by many researchers.
Most of them use the following methodsto prove global stability of apredator-prey system without
delay. The first method is to construct a Lyapunov function [3,4,5]. The second method is to
employ the Dulac Criterion to eliminate the existence of periodic orbits and then use the Poincaré-
Bendixson Theorem to analyze the global stability of the unique positive equilibrium [3,4,5,6].
Thethird method isthelimit cyclestability analysis[3,6,7,8]. Thefourth method isthe comparison
method [3,7,9].

But morerealistic model s should include some of the past states of the population system; that
is, area system should be modeled with time delays. 1n [9,10,11], authors were to analyze the
global stability of the system with time delay by constructing a Lyapunov functional.

In this paper, we were concerned about the Leslie-Gower predator-prey system. For this sys-
tem without delay as in [12], authors to analyze the global stability by constructing a Lyapunov
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function. And in [14], authors discussed the global stability of this system with asingle delay by
constructing a Lyapunov functional. Now, we are to establish global stability of the Leslie-Gower
predator-prey system with a single delay with the different functional response of the predator
p(x), by constructing a Lyapunov functional. In section 2, we analyze the global stability of
the Leslie-Gower predator-prey system with a single delay with p(x) = cx in the Holling-type I,
P(X) = 13 in the Holling-type 11, and p(x) = 1‘1‘)2(2 in the Holling-type |11 by constructing Lya-
punov functionals. In section 3, we illustrate our results by some examples.

2 TheModed with Time Delay

Consider the Leslie-Gower predator-prey system with time delay T modeled by

0 = x0{r[1- 22| oo

2.1
0 = v 5-p%0]
with theinitial conditions
X(e) = q)(e) Z O: 0¢€ [_Tvtx’) ) ¢ € Cl([_va),]R)
(2.2

x(0) >0, y(0)>0

whered, B, r, and T are positive constants, K is defined asthe prey environmental carrying capacity,
x and y denote the densities of prey and predator population, respectively. Because all we want
to discuss is biological population, we only consider the first quadrant in the x —y plane. The
following assumption is consistent with the system (2.1).
(A) p € CY(]0,%),]0,%)); p(0) = 0 and p'(x) > Ofor al x> 0.

The functional response of the predator, p(x), has been discussed in the literature. Now, we just
concern about the following p(x) of this paper, p(x) = cxin the Holling-type | model, p(x) = %(
in the Holling-type Il model, and p(x) = 1%2(2 in the Holling-type 111 model; where ¢ is encounter
rate.

Lemma?21l Every solution of the system (2.1) with the initial conditions (2.2) exists in the
interval [0,-) and remains positive for all t > 0.
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Proof: It istrue because

Lemma2.2 Let (x(t),y(t)) denotethe solution of (2.1) with theinitial conditions (2.2), then

0<x(t)<M, 0<y(t)<L (2.3)
eventually for all larget, where
M = K¢* (2.4)
M
= — 25
B (2.5)

Proof: Now, we want to show that there exists a T > 0 such that x(t) <M fort > T. By
Lemma 2.1, we know that solutions of the system (2.1) are positive, and hence, by assumption
(A),and (2.1)

X(t —1)

0 = x0{r[1- 22| L peom

< rx(t) {1— X(tK_T)] (2.6)

TakingM* =K (1+ K1), 0 < K1 < €7 — 1. Supposex(t) isnot oscillatory about M*. That is, there
existsaT > 0 such that either

X(t) > M* for t>To (2.7)

or
X(t) < M* for t > To (2.8)

If (2.8) halds, thenfort > To
X(t) <M =K (1+K;) <Ke*=M
That is, (2.3) holds. Suppose (2.7) holds. Equation (2.6) impliesthat fort > To+1

x(tK— t)]

X(t) < orx(t) {1—

< —Kiarx(t)
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It follows that

t v t
/ @ds </ —Kjyrds

To+1 (S) To+71
= —Kir(t—=To—1)

Then 0 < x(t) < x(To+1)e X"=T0—7) 5 0 ast — . That is, limx(t) = 0 by the Squeeze
Theorem. It contradicts to (2.7). Therefore, there must exist a T1 > Tp such that x(T) < M*. If
X(T1) < M* for al t > Ty, then (2.3) follows. If not, then there must exist a T, > Ty such that T,
be the first time which x(T,) > M*. Therefore, there exists a Tz > T, such that Ts be the first time
which x(T3) < M* by above discussion. By above, we know that x(T1) < M*, x(Tz) > M*, and
X(T3) < M* where T; < Tz < T3. Then, by the Intermediate Value Theorem, there exists T4 and Ts
such that

X(T4) = M R T Ta < T
X(T5) = M* , T <Ts < T3

IN

and x(t) > M* for T4 < t < Ts. HencethereisaTg € (Ta, Ts) such that x(Tg) is an arbitrary local
maximum, and hence it follows from (2.6) that

0 = x(Te) < rx(Te) [1—M}

K
and thisimplies
X(Te—1) < K

Integrating both sides of (2.6) on theinterval [Ts — T, Tg], we have

In{ X(Te) } = /T6 @dsg /TTG r{l—x(SK_T)]dsg rt

X(Te — 1) To— X() 6=

It followsthat
X(Tg) < x(TG—t)e” < KE' =M

Since x(Tg) islocal maximum of x(t) and x(Tg) < M, x(t) < M wheret near Ts. Since X(Tg) isan
arbitrary local maximum of x(t), we can conclude that there existsa T > 0 such that

X(t) <M fort>T (2.9

Suppose x(t) is oscillatory about M*, for this case, the proof is similarly to above one. Now, we
want to show that y(t) is bounded above by L eventually for al larget. By (2.9), it followsthat for



47

t>T
0 = v 5-p%d]
< v [5- By

Therefore, y(t) < %’V' =L fort > T. This completesthe proof.

Lemma 2.3 Supposethat the system (2.1) satisfies
r—cL>0 (2.10)

where L defined by (2.5), and c is defined in assumption (A). Then the system (2.1) is uniformly
persistent. That is, thereexistsm, |, and T* > Osuchthat m<x<Mandl <y<Lfort > T".

Proof: By Lemma 2.2, and assumption (A), equation (2.1) followsthat fort > T +1

w > xof(1-) -] "
Integrating both sides of (2.11) on [t — ,t], wheret > T + 1, then we have
xt) > x(t—nel(i-f)-els
That is
Xt—1) < x(t)e@-%)-cl (2.12)

It followsfrom (2.1) that fort > T+t
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and m> 0 by (2.10). So, for larget, x(t) > 7 =m> 0. It follows that

. y(®)
w0 > v [5-p%]
_ p
= &|1- fyo]
= Sy(t) ll—%l
B
Then
liminfy(t) > om =1
—oo B~
So, for larget, y(t) > '§ =1>0. Let
D = {(xy)m<x<M,I<y<L}

Then D is bounded compact region in R%r that has positive distance from coordinate hyperplanes.
Hence we obtain that there exists a T* > 0 such that if t > T*, then every positive solution of
system (2.1) with theinitial conditions (2.2) eventually enters and remainsin theregion D, that is,
system (2.1) is uniformly persistent.

Theorem 2.1  If p(x) = cxinthe Holling-type | model, and the delay T satisfy

r-cL > O (2.13)
rx' oyt & Mr?x*t  Mrey't
K'2 m k= 0 (219

M 2 2m 2K

wherem, M, and L defined in Lemmas 2.2 and 2.3, then the unique positive equilibrium E * of the
system (2.1) is globally asymptotically stable.

by. jor ¥ Mroye 0 (2.15)

Proof: Definez(t) = (z1(t),z(t)) by

a0 =07z =Y

From (2.1),

a) = Wra0]|-fat-0-oz0) (216)

bealy_pra)
X [1+2z(t)]

n(t) = [1+z2<t)1{ (2.17)
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Let
Va(z(t)) ={z(t) = In[1+z1(t)]} + {z(t) — In[1+22(t)]} (218)
then we have from (2.16) and (2.17) that

Zl(t)'Zl(t) Zz(t)'Zz(t)

Vl(z(t)) = 1+z(t) 1+ 2(t)
= —%Zl(t)zl(t—‘t)_Cy*zl(t)ZZ(t)+%Zl(t)zl(t)22(t)
Ay
X [1+z7(t)]
< —%Zl(t)zl(t—T)'f‘%zj_(t?-(t)]zl(t)zz(t)
_ B3 (219)

X [14 z1(t)]

If 0x* —cy*M > 0, and by Lemma 2.3, there existsaT* > 0 such that m < x*[1+ z(t)] <M and
| <y*[1+2z(t)]<Lfort>T*. Then (2.19) impliesthat

*

Vi) < -Teabat-v)

+

2m 2 M
(ke S)ao- (F -5
+%Zl(t)/tir [1+21(9)] {—%zl(s—r)_cy*zz(s) ds
_ koo ¢ By oy &
- _<?+7_2m>zi(t)_<,v| + 5 = o5 ) 20

rxt ot Mot
B S ——zl<t>zl<s—r>—cm(t)zz(s)} @

* * * * Sx*
(g ()

IN

o [ ) | ol 0]+ )| ds
(2.20)
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Thenfort > T*+1=T, we havefrom (2.20) that

e < - (KL -T)z0- (L%

2m

Mr t

K e [% 2 ®)|za(s— )|+CYK|21()||22(S)I} ds
rxe, oy & cy X"
- <? * 2 2m> A(t) - ( 2m>

M * *
i {?—[zﬁ(tﬂ% [ &s-vds+ %Tz%(t)

LY t z%(s)ds}

IN

2 Ji
_ rxs oyt & Mrx*t  Mrey't 2 By*
B _<?+7_%_ e ~x)AU-

* * 24k t K t
+& 81) Z(t) + Mrx? Z(s—1)ds+ Mzrf(y /
t—

2 2m 2K?2 Ji-r

Let
Mr2x*
Vo(z(t)) = 2|<2/ /zzy 1)dyds

M'rcy/”/z2 (y)dyds

then

i M 2% M 2k pt
Vollt) = G A—T) -5 [ Als—vds

M M t
+ 20 -2 [ B

and then we have from (2.21) and (2.23) that fort > T

* * * 2%
rxs oyt ox* Mrex't Mrcy*r)zi(t)

Watt) +Velat) < - (G- e Mot - M

_<B_y* cy  ox* Mrcy*r)zg(t)

M2 2m X

Mr2x*t
WZ%( -1)

Let

2*
() = 5T [ Asds

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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then

V(at) = MXTn M Ty (226)

Now define a Lyapunov functional V (z(t)) as
V(zt) = Va(zt))+Va(z(t)) +Va(z(t)) (2.27)

then we have from (2.24) and (2.26) that fort > T
: rxs oyt & Mrx*t  Mrey't
< (L 2 _ _
V) < <K T T m T ke o)Al

By* cy* O Mrey't
(T )3

= -4t -nz) (2.28)

Thenit followsfrom (2.14) and (2.15) that { > Oandn > 0. Let w(s) = Ns? whereN = min{{,n},
then w is nonnegative continuouson [0, =), w(0) = 0, and w(s) > Ofor s> 0. It followsfrom (2.28)
that fort > T

V) < -N[ZO+30)] = -Nlz20)]® = —w(zt)]) (2.29)

Now, we want to find afunctionu such that V (z(t)) > u(||z(t)]|). It followsfrom (2.18), (2.22),
and (2.25) that

V(D) > {at) -+ z)]}+{z(0) - Inf1+z(0)])} (2.30)

By the Taylor Theorem, we have that

z(t)—In[1+z(t)] = ﬁ (2.31)

where 0; (t) € (0,z(t)) or (z(t),0) fori =1,2.
Casel: If 0< 6i(t) < z(t) fori =1,2, then

2(1) 20
Tr20F © areqp <2V (232

By Lemma2.3, it followsthat fort > T*

m < x[14+z1(t)] = x(t) <M
(2.33)
<y [l+zM)] = yt) <L
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Then (2.32) implies that

V()

>

>

>

V()

(2.34)

IN

Y%

Y%

Y%

(2.35)

(2.36)




Case3: If 0< 01(t) < z(t) and
(2.34), and (2.36) that fort > T*

V()

v

vV

vV
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—1< 2p(t) < 02(t) <0, then it follows that (2.30), (2.31),

1 40 .1 30
2[1+6:(0)°  2[1+62(1)]
N\ 2
5 (3) A0+ 520
N\ 2 w\ 2
3 (3) 20+3 () 30
N[Z(t)+3(1)]
MEBIE

Cased : If —1< z1(t) < 01(t) < 0and 0 < B2(t) < zx(t), then it follows that (2.30), (2.31),

(2.34), and (2.36) that fort > T *

V(y(t)

Y

vV

>

120 1 2w
211+ 011 2[1+65(1))°
%\ 2

320+3 () 30

N4 %\ 2
3 (1) 20+3 () 30
N[Z(t) +B()]
N )|

Let u(s) = N, then u is nonnegative continuous on [0,), u(0) = 0, u(s) > 0 for s> 0, and
éLm u(s) = +-eo. So, by casel ~ cased, we have

V) > u(zt)))  fort>T (237)
So the equilibrium point E* of the system (2.1) is globally asymptotically stable with p(x) =
CX.

Theorem 2.2 If p(x) = 12; in the Holling-type 11 mode!, and the delay T satisfy
r—-cL>0 (2.38)

rx* (1+ 2x*) oy’ X X (1+M) rx'(x'+M)

K(1+M)  2(14+m) 1+m 2m(1+m) K(1+m)
2k * * *

~ Mraxit (14 x7) (K+3x +1+M)_Mrcy*t(1+x)>O (2:39)

K2(14+m)?

2K (14 m)?



By*+ oy’ &' (1+M) Mrey't(1+X)
M " 2(1+m)  2m(1+m) 2K (1+m)?

(2.40)

wherem, M, and L defined in Lemmas 2.2 and 2.3, then the unique positive equilibrium E * of the

system (2.1) is globally asymptotically stable.
Proof: Definez(t) = (z1(t),z(t)) by

z(t) = w =Ty

From (2.1),

rx‘zi(t) X%z (t)
I+x [1+z®)] K{l+x[1+z®)]}

z(t) [1+z(t)] {

rx'z(t — ) X2z, (t — 1)
CK{l+x[1+zn®)] K{l+x[1+zt)]}

zat-valt) ozt }
)

CK{l+x1+zn®)]} 1+x[1+z)]

2(t)

i OB 20)

X [1+ z1(1)]
Let

Vi(z(t)) = {z1(t) — In[14+ z1(t)]} + {z(t) — In[1+ z2(1)]}
then we have from (2.41) and (2.42) that

a®alt) 20z

Vith) = 50 T 1r 2
B rXZ(t) rX2Z(t) rxz(t)z(t — 1)
T 1+x[I4z)] K{+x[1+z0)]} K{l+x[1+z)]}
Xzt -1 XAzt -1  ByB(t)
K{1+x[1+z0)]} K{l+x[1+z®)]} x[1+z)]
S{1+x[1+z O]} —oy [1+zt)], 2
T+xT+aOli+a®] 77
. rX*Z(t) rx2Z(t) X222 (t) |zt —1)|

1+x[1+zt)] K{dl+x[1+z®)]}  K{l+x[1+zl)]}

By Z(t)  S{1+x[1+z(t)]} —cy* [1+z(t)]
XL a0 @exiraonizan 2020

_{K rx + X } ()it 1)
{1+ x[1+z(t)]} K{l+x"[14+z(t)]}

(2.41)

(2.42)

(2.43)

(2.44)
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If 0x*(14+m)—cy"M > 0, and by Lemma 2.3, there exists a T* > 0 such that m <
X[L+z(t)| <Mand| <y"[1+2(t)] <L fort > T*. Then (2.44) impliesthat

AL A 2R |zt —1)

1+m K(1+M) K(1+ )
By orZ(t)  oyB(t) | X (L+M)Z()
M 2(1+m)  2(1+m) 2m(1+m)
X" (1+ M) Z(t) rx* (14 x") t,
amitm  K{iix iraon2® [Zl(t) - /Hzl(s)ds}
B rx* (14 2x*) cy* rx* X (14 M) ¢
B _{ K(1+M) 2(1+m)_1+m_2m(1+m)} ®
By* cy* X" (1+M) rx-2
_{M 2(1+m) 2m(1+m)} 20+ garma® at-ol
rx* (1+x*) t rx*zi(t)zi(s)
K{14+x*[14 z1(t)]} Jt— 1+ 2(9) { 14X [1+4 z1(9)]
rx2zy(t)z(s) rxz(t)z(s—1) X2z (t)z1(s—1)
CK{l+x[1+a@)} K{l+x[1+z@©)} K{l+x[1+z(s)]}
_XPabza(9zs-1)  oyait)z(s) }ds
K{l+x[1+z(9)]} 1+x[1+z(9)]
rx*(1+ 2x") cy* rx  ox*(1+M)
_{ K(1+M) ' 2(1+m) 14+m 2m(l+m)]
_ {By* cy’ _SX*(1+M)} )+
M " 2(1+m) 2m(1+m) |2 K( m)

Va(z(t)

IA

NG

IN

MNo

()

A(t)|z(t — )]
|
]

rx* (1+x*) t rx*|zi(t)||zi(s
K{1+x*[14z(t)]} Ji—c [1+2( )]{1+x* [1+2zi(9)
xa®)llas) | Xz zs—1)

K{1+x*[14+z(9)]} K{l+x'[1+z(9)]}
rx?|zu(t)]|z2(s— )| | oy [z(t)]|z(9)]
KA+ x1ras]) 1 lta®)] }ds
rx* (1+x%) U X2z (t)z(s—1)
CK{l+x 1+ 7n0)]} e K{1+x 1+ 2(9]}
rx* (1+x*) t 2|z (t)| |z (s— 1))
K{1+x [1+z(t)]} o K{1+x[1+z(9]}

[1+2(s)]°ds

[1+z(s)]ds (2.45)
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Thenfort > T*+1=T, we have from (2.45) that

_ rx (1_+_ ZX*) cy* rx* Ox* (1+ M)
vi(zt) < - [ K{I+M) 20+m 1+m 2md+m) } 4

(B - R 2 x? (2+3) 40
+

M 2(1+m) 2m(1+m (14+m)

K
+Mru+wv/tlmﬂamuasn X2 z(0)] ()]
K(@A+m) Ji— 1+m K(1+ m)

X |z ®)]z(s— 1) rX*zlzl(t)llzl(s—f)l+C)’*|21(t)||22(8)|]dS

K(1+m) K(1+m) 14+m
M2r (14+x) 1t rx?|z(t)||z(s—1)|
Kx (11 m) /tf Katm oS
Mr(14+x) [t rx?|a(t)]z(s—1)
K(1+m) /t_r Katm 0
< rx* (14 2x*) cy”* rxs X (1+M)
= _[ K(1+M) ' 2(1+m) 1+m 2m(1+m)

K@l+m  kK@+m? \ 2 2k 2K 2

X (X +M)  Mr(1+x9)t (Xt 3rx? Xt e
IX(CHM) <+)( . +_+£>
M?r2x* (14 x")1
2K2 (14 m)?
Mr2x* (14 x°) (K +x°)
5 2 Z(s)d
2K2(1+m) -
Mr2x* (14 X*) (M + 14 2x*) tzz
2K2 (14 m)? to

Mrey* (1+x") [t
s /t B(ds (2.46)

By o ¢
20— |+ 5 — 3] 2O

Let

Vo(lt) = Mr2x* (1+x) K+x /H/ZZ \dyds

2K2( 1+m
2,
+er(1+x M+1+2x / /zzy )dyds
2K2 1+m t—1
LMroy (14X / /z2 )dyds (2.47)
2K 1+m t—1

then
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Mr2x*t (1+x°) (K +x*)22
1

_Mrzx*(1+x*)(K+x*) t
2K2(1+m)? Hzﬁ(s)ds
Mrzx*r(l+X*)(|V|+21+2X*)Z%(t_r)
2K2(1+m)
M (14 x) (M+142¢) B
2K2(1+m)? /Hzi(s o
* 2K (14 m)? Z() 2K (1+m)? /t—rZZ(S)dS
(2.48)
and then we have from (2.46) and (2.48) that fort > T
_ _ rx* (14 2x%) cy* rxs 8" (1+M)
Vi(z(t)) 4+ Va(z(t)) L K@A+M) T 2(14+m) 14+m 2m(1+m)
XS (X +M)  Mr(1+x9)t [rx* 3rx2 rxt oy
TK@+m  K@em?Z \ 2 2K K2
_MZIrAr(14x)  MrxT(L4x7) (K +x7) 2(1)
2K2(1+m)2 2K2(1+m)2 '
By o X (1+M) Mrey't(1+x") 2t
M " 2(1+m) 2ml+m) 2K (1+m)? 2l)
24k * *
Let
O MrXT(L4X) (M+1+2¢)
Ve(et)) = 2K2 (1+m)? /t;rZZ:L(S)dS (250
then
. M (14 x7) (M + 14 2x7)
Va(z(t)) = 2L Z(t)
AV * 2x*

Now define a Lyapunov functional V (z(t)) as
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V(zt) = Va(zt))+Va(z(t)) +Va(z(t)) (252)

then we have from (2.49) and (2.51) that fort > T

. rx* (1+ 2x*) cy* rxs  ox*(14+M)
Vi) < _[ K(I+M) ' 2(1+m) 1+m 2m(1+m)
XX M) Mt (14X (K4 3¢ +14 M)
K (1+m) K2 (1+ m)?
_ Mrey't(1+x")
2K (14+m)? A
B [3_y*+ oy’ & (1+M) Mrey't(1+X) 2(t)
M ' 2(1+m) 2m(1+m) 2K(1+m? |7
= -Ed0-n3W (2.53)

Then it follows from (2.39) and (2.40) that { > 0 and ny > 0. Let w(s) = Ns? where N =
min{{,n}, then w is nonnegative continuous on [0,<), w(0) = 0, and w(s) > 0 for s> 0. It
follows from (2.53) that fort > T

V@t) < -N[FZO+B0] = -NzOI* = —w(llz)) (254)
Now, we want to find afunction u such that V (z(t)) > u(||z(t)]|). It followsfrom (2.43), (2.47),
and (2.50) that

V(D) > {at) -+ z)]}+{z(0) - In1+z(0)])} (2.55)

then by Theorem 2.1, we have that u(s) = Ns? and V (z(t)) > u(||z(t)||). So the equilibrium point

E* of the system (2.1) is globally asymptotically stable with p(x) = 12;.

Theorem 2.3 If p(x) = 1‘1‘)2(2 in the Holling-type I11 model, and the delay T satisfy

r—cL>0 (2.56)
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rx*(1+ 3x*2) Xy o'yt X (M+3x")  3rx2 (M +xY)
KI+M2) 2(1+m®)  I4M2 ~ 1+m2  K(1+md
X (M+x)° 3 (1+4M?)  ox (L+y")

K(1+nmP) 2m(1+m?) 1+ n?

Mr2x*t (14 x*2) (3Kx* + 9x*2 + MK + 5Mx* + 1+ M?)
- K2(1+m?)2

Mrey*t (1+x*2) (4x* + M)
- 2K (14 m?)?

>0 (2.57)

By .| oXy’ & (1+M?)  Mrey't(14+x?) (¢ +M)

M " 2(1+m)  2m(1+m?) 2K (14 mR)?

>0  (258)

wherem, M, and L defined in Lemmas 2.2 and 2.3, then the unique positive equilibrium E * of the
system (2.1) is globally asymptotically stable.

Proof: Definez(t) = (z1(t),z(t)) by

a() =02 g = MY
From (2.1),
: B 2rx*2z(t) rX2Z(t)
at) = [1+21(t)]{1+X*2[1+Zl(t)]2 1+ x2[1+z(1))?
B 2rx3z7(t) B rx3Z(t)
K{1+X*2[1+Zl(t)]2} K{1+X*2[1+Zl(t)]2}
B Xzt —1) B rx3z(t — 1)
K{1+X*2[1+Zl(t)]2} K{1+X*2[1+Zl(t)]2}
_axPzat-1 xPZMat-1
K{1+x;2[1+zl(t)]2} K{1+x*2[1+21(t)]2}
_ xXy'z(t) 3 X'y 2(t) __Xyz(t)n(t)
1+x2[1+z(0)7  1+x21+z1)]* 1+x2[1+z)7
(2.59)
Bt) = [1+zz(t)]{Sx*ii([tl);%)zf(t)} (2.60)
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Let

Vi(z(t)) = {z1(t) — In[1+ z1(1)]} + {z2(t) — In[1+ 22(1)]} (2.61)

then we have from (2.59) and (2.60) that

a)z(t)  2t)z()
1+z1(t)  1+2z(t)

B 2rx22(t) N rx2Z(t)
14214 14+x2[1+zt)?
2rx32(t) rx32(t)

Vi(z(t)) =

K{1+x§2 [1+ Zl(t)]z} K{l+x’{2[l+zl(t)]2}
_ xXalalt-t X3z (t)z1(t — 1)

K{1+x*2[1+ zl(t)]z} K{l+x*2[1+zl(t)]2}
2rx32 )zt — 1) 32zt —1)

_K{1+x*2[1+zl(t)]2} K{1+X*2[1+Zl(t)]2}

S O 'E-10)
1+x2[1+z(0)] X [1+z()]
XY ZF(D)z()

1+x2[1+z(t))?
5{1+ x2[1+ zl(t)]z} oy L+ z1(1)]

{1+ x*2[1+ Zl(t)]z} [1+z(t)]

+ z1(t)z(t)

(2.62)

If 8(1+m?) —cy*M > 0, and by Lemma2.3, thereexistsa T * > 0suchthat m< x* [1+z ()] <
Mand| <y*[1+2z(t)] <Lfort > T*. Then (2.62) impliesthat



Va(z(t))

IN

IN

61

ax?BM) kB oy
Lox?+a®f  k{1eq?pramP} L+x?L+an?
X?2() |2(t)] o+ i 3A(t) |z (b)) 2x32(1) |zt — 1)
1+x2[1+ z(t)]? K{1+xl 1+21(t)2} {1+x*2[1+zl( )]}
)

G A0 OISO A YO T

1+x2[1+27 (1)) K{1+x*2 1+z(t) 2} X [142z(t)]

8{1+x*2 [1+2(t)] }—cx*y [1+2z(t)]

+
{1+x*2 1+ zl(t)]z} [1+2z(t)]

2] |2(t)]

_ xXa®at-v  oxPza)at-r)
K{1+x*2 [1+ zl(t)]z} K{1+x*2[1+ zl(t)]z}
%2 * $2
3

rx 2rx+3

+ (1+mz)z%<t>|z1<t>|+ e CI ]

oL 20 )]+ ;X_mz) L0 @] a1 - A0

) XY (A +B0)]

K(
2m(1+ M) [Z(t)+3(t)] - s A
X (14x%) -
- - d
K{1+X*2[1+21(t)]2}21(t) 50~ [ aa

12?;?22%“) K(1+M2)Z%() A+ T A
DM 410+ L ) B ) KM 2
(ixxwz)zz() Eilr\r/l;)) 2(t) - (ix+ymZ)22 ®
—ﬁlm GBI AT
+M;X—fmzl<t>2|zl<t)||z1<t—r>|
ey

+ K {1::(*(21[1? zl)(t)]z} /t_T [1+2z(s)]

One | xPa0Ee __ 2xanae

2

z(
1+x2[1+2z(9)  1+x2[1+z(s)] K{1+x*2[1+21(5)]2}

3 X3z ()Z(s) _ xXat)als—1)
{1+x*2[1+21(s)] } K{1+x*2[1+21( )]2}
rx3z(t)z(s— 1) 2rx37 (1) z1(9)z1 (5 — 1)

[

{1+x*2 14 2y(9)] } K{1+X*2[1+21(S)]2}
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_ xXPaMZ(ais—1  xyaba(s
K{1+x2[1+z(9P}) 1+x?L+a6)
_ oxXy'z(t)z(s) X'y z(t)zi(s)z(s) }ds

1+x2[1+ 2]  1+x2[1+2(9)

(2.63)

Thenfort > T*+1= T, we have from (2.63) that

Ky pk * * %2 *
Wal)) < PR+ P A + A
* * * %\ 2
e A0+ T e A0 - A0

ox* (1-‘r— MZ) Cx*y* rx (1_+_ 3X*2)
* 2m(1+md) 7 () - 2(1+m?) (1) - K (1+M2) A1)
ox* (1-‘r MZ) ox* y
2m(1+ @) 5(t) - (1+m2)22( )
(

Mr (1+x"%) ft ) 2rx3
+7/ 2rx |z ()] |zi(s)| + z1(t)||z1(s
(L ( 2029+ = 20| 1 (5)

+r7 [Z2O]|z2(s= 1)+ Xy 21 (V)[[22(9) + XY |21 ()| |2(8) |

*3

e |z1<t>||z1<s—r>|> ds

rx* (1+x*?)

t
+ p {1+ NI Zl(t)]z} /t_T [1421(9)]

y xPatzls) rx3z,(t)z(s)
1+x2[1+2z(9)) {1+x*2[1+21( )] }
_2axPa)a(s—1) oxX'y 71 (t) 22(9)

[1+z(s)]

K{l+x*2[l+21(5)]2} 1+x2[1+z1(9))?

| rxXPaMals) rx3z;(t)z(s)
1?1429 K{1+x2[1+ 79}

_axPaMa(s-1 cx*y*zl(t)zz(s)] ds
K{1+x*2[1+21(s)]2} 1+X*2[1+21(S)]2J



IN

y { rx3z1(t)zu(s— 1)

rx* (1+x?)

t
- {1+x*2 [1+zl(t)]2} /Lr (14 21(9)]

[1+2(9)

K {1+ x2[1+ Zl(S)]Z}

Patas—1  2axzab)z(9za(s—1) ds
K{1+x*2[1+21(8)]2} K{l+x*2[1+zl(s)]2}

Xty rx* (M + 3x*) 3rx*2 (M +x%) 2

14+ M2 10+ 1+ me 1<t)+wl(t)

K e
N CX*y*Tzf(t)+ cxX'y* 22( 9d }

M?r (1+x"2) ft

Mr (14 x*2) gt
Mr(3+x?)

cx*l(::;zy*) 24y 4 X Egﬂjn)g))zzf(t)—%é(t)
Szxr;gim;)) 20~ prpnp A0 Kﬁ%ﬁﬁ?zﬁ(t)
T 0 (iﬁfnz)z% )
+Mr<§1++nfz>) l g et [ Zioust P R
r)|(< sz( 9)ds+ r;(KT 2t / Z(s—tds+ X" Zz(t)
rx3 gt

Z(s—1)ds+ > *y*Tz%(t) L&Y z%(s)ds

2 2 Ji

2 2

3

g rx
K x* (]_+ rn2)2 /tfr [I’X 2|Zl(t)| |Zl(S)| + <

[z )|2(9)]

+2rx*3
K

|z1(t)||z5—1T)| +eXy" |z (t)| |22(s)|] ds

*3

. [rx*2|z1<t>| a9+

[z ()] |2(s)]

K(1+n?)
2rx*3 i}
+ |z1(t)||zs—T)| + XY |z (t) | |22(9)| | ds
M3r2x* (14 x*
—/ 21(t)||z(s— 1) ds
K2 (14 m?)?
Mr2x3 (14 x2
ML) [ ol ms-1ds
K2(14+m?)?
2Mr2x3 (14 x*?)

Ke(1+m2)? s REOACEIEEAC)

+lz®)||z(s—-1)[}ds
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C{rx (143x?) L Xy X'y X (M+3X)
- K(1+M2) " 2(1+m) 1+M?2 1+n?
LA EMAX) X (MAx)? X (14 M?) oxt (L+yY)
K(1+nP) K(1+m?)  2m(1+mP) 1+ n?
_Mr(l+x*2)r <3rx*2 orx3  rx* 3cx*y*>

Katm? \ 2 TR TR T2
MZr (1+X*2) T rX*Z N 5rx*3 N CX*y* M3r2X* (1+X*2) T Zz(t)
Kx* (14 M) 2K 2 2K2(1+me)? |7

By oxX'y* &x* (1+M?)
™M T 20+md) " 2m1+m?

Mr(1+x2) [ (3rx2 3 oxy* | [t
( 2 + 2K + 2 /t—rZ%(S)ds

K (1+mP)?
+ox'y* t 2(s)ds+ LY )/t z{(s—r)ds]
t—1 t—1

2(t)

M?r (1+x2) [ [rx? xS
-~/ Z(s
Kx* (14 mR)? ( 2 " 2|<> 1(s)ds
2 *3 At
+2L [ Bast 2% [Tﬁ@—rm%
M3r2x* (1+x*2)
+m[ TZJZ_(S—T)dS (264)

Let

Mrx* (1+x2) (3Krx* 4 3rx*2 + Koy* + MrK +Mrx*) pt  rt
Vo) = MO I [ s

2K2 (1+mp)?
Mrey* (1+x2) (2¢° + M) / /
+ Z2 d S
2K (1+ m?)? t—t )dd
Mr2x* (1 1+ 6x*2 + 4AMX* + M?)
N x(+x)(+x+ X" + //ZZ'Y‘Cd’YdS
2K2(1+rr12 t—1

(2.65)
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Mrx“t (1+x°2) (3Krx* + 3rx*2 + Kcy* +MrK + Mrx*) 20)
1

va(zt) = 2K2(1+1mP)?

Mrx* (14 x2) (3Krx* + 3rx*2 + Key* + MrK + Mrx*)  rt
_ ( + )( + + y*+ + )/ Zzl(S)dS
t—1

2K2 (14 m?)?

Mrey*t (14 x?) (22><*+M)Z%(t)

2K (1+mP)

Mrey* (1+x2) (2¢ + M)t
K (1+mR)? /t
+Mr2x*t(1+x*2) (14 6x*2 + AMX* + M?)

2K2 (14 mR)?

2(s)ds

-1

Z(t—1)

M 2% 1 %2 1 %2 AMX* M2 t
_ MrAx (14 x°%) (146X +4MX° + )/ 2(s—)ds
t—1

2K2 (14 1mR)?

and then we have from (2.64) and (2.66) that fort > T

(2.66)

: : X (14+3x?)  exty* oX'y*
V V. <
1(20) +Va(2l) - < K(1+M?) T 21+m?) " 1+Mm2
X (M43X) X E(M4X) X (M+x)?
1+n? K (14 nmP) K(1+n?)
O (1+M?) o (L+y)
2m(1+4nmP) 1+n?
Mrx‘t (14 x*2) (3Krx* + 3rx*? + Key* +MrK + Mrx)
2K2 (14 mR)?
_Mr (1+x?)t (3rx2  orx® rx: N 3exty*
K (1+m?)? 2 2K 2K 2
_M* (1+x2?)t [rx?  5rx N oxXty*
Kx (1+m)? \ 2 2K 2

M (14X )T
2K2 (14 1mR)? ] al)
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By*+ Xy & (1+M?)
M " 2(1+mP)  2m(1+nmP)
Mrey*t (14 x*2) (2x* +M)
- 2K (1+1m?)?
+Mrzx"r(1+x*2) (14 6x"2 + 4MX* + M?)
2K2 (14 m?)?

3(t)

Z(t—1)

(2.67)
Let

Va(@t) =

Mr2x1 (14 x*2) (14 6x*2 + 4Mx* + M2) [t

T(1+x7) (1+ 2+ + )/ 2(5)ds
2K2(1+m?) t—t

(2.68)

then

Mr2x*t (14 x2) (14 6x*2 + 4AMX" + M?)
2K2 (14 1mR)?

Mr2x“t (1+x*2) (1+ 6x"2 + 4Mx* + M?)
- 2K2(1+mP)?

Va(z(t)) 2(t)

4t —1)

(2.69)

Now define a Lyapunov functional V (z(t)) as

V(z(t)) = Va(z(t))+Va(z(t)) +Va(z(t)) (2.70)
then we have from (2.67) and (2.69) that fort > T

: X (1+3x2)  oxy* Xy rx* (M + 3x)
R N VIR v Al o W iy
IXZ(M+x)  1x (M+x)2 & (1+M2)  ox*(L+yY)
K@+ m) KA4+m) 2m(l+nm?) 14+n?
_Mrzx*r(l+x*2) (3KX* + 9x*2 + MK + 5Mx* + 1+ M?)
K2(14m?)?
*2 *
_ Mrey't(1+x )(42x +M) 20)
2K (14 mP)
By, oy & (1+M?) Mrey't(14x7?) (X +M)
M 2(1+md)  2m(1+nmP) 2K (1+ m?)?
= &b -nz0) (2.71)

2(t)
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Then it follows from (2.57) and (2.58) that { > 0 and n} > 0. Let w(s) = Ns? where N =
min{{,n}, then w is nonnegative continuous on [0,), w(0) = 0, and w(s) > 0 for s> 0. It
follows from (2.71) that fort > T

V) < -N[ZO+31)] = ~Nlz20)l® = —w(zt)]) (272)

Now, wewant to find afunction u such that V (z(t)) > u(]|z(t)||). It followsfrom (2.61), (2.65),
and (2.68) that

V(D) > {at) -+ a0} +{z(0) - In[1+z(0)])} (2.73)

then by Theorem 2.1, we have that u(s) = Ns? and V(z(t)) > u(||z(t )||) So the equilibrium

point E* of the system (2.1) is globally asymptotically stable with p(x) = 1+x2

Remark 2.1 By Theorem 2.1, Theorem 2.2, and Theorem 2.3 we can assume that

V(z(t)) = {z()—In[l+z(t)]}+{z(t) —In[1+2(t)]}
er
) oer /H/ 2 (y)dyds

'V;:;‘ Uu/zzy 1dyds+t/ 2(s ds}
Mrcy*/tT/Zg (y)dyds

Then
(i) for p(x) = cxinthe Holling-Type | model

a(p(x)) =0 , b(p(x)=1 , c(p(x)=1

(i) for p(x) = 135 inthe Holling-Type I model

a(p(x) = r(fjnf)z’
b(p(x) = (1—|—X2:EM+)1+2X)
ap) = X
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(iii) for p(x) = l‘jr—xiz in the Holling-Type Il model

(14 x2) (3Krx" + 3rx 2+ Key* + MKr + Mrx')
a(p(x) = Lrme)?
o (14X?) (14 6X°7 + AMX + M?)
b(p(x) = L)
(1+x2) (¢ +M)
c(p(x) = L+ )

3 Examples

Example3.1 IntheHolling-Type| we consider the system

X(t) = x(t)[3— 10x(t— 1) — 15y(t)]
o 3.1)
JO = v [1—6%]

wherer =3, K= 3,c=155=1,f=6,andE* = (£, %). Then

r—cL = 224246 > 0

X" —cy*M = 0.0582 > 0
X oyt X Mri‘'t Mrey't

T o g e = 15940 > 0
By* cy" X" Mrey't

LA A = 0.01

M+2 o 5K 0.0103 > 0

whenever T = ﬁ). Consequently, by Theorem 2.1, we conclude that the unique positive equilib-

rium point E* of the system (3.1) is globally asymptotically stable. The trgjectory of the system
(3.1) isdipictedin Figure 3.1.
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0.16 B

0.14- —

0.12 N

0.04 B

0.02- —

I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 3.1: Thetrajectory of th(xe system (3.1) witht = ﬁ) .

Example 3.2 IntheHolling-Typell we consider the system

x-
—~~
—
~—

X(t) {3_ 10x(t 1) - 1511(2(0} (32)

O = {1—6%]

wherer =3, K= 3,c=158=1,f=6,andE* = (3, 2;). Then

r—cL = 2.24246 > 0O
8" (1+m)—cy'M = 0.08843 > 0
rx* (1+ 2x*) cy* rx' X (14 M) rx(X*+M)
K(1+M) "2(1+m) 1+m 2m(1l+m)  K(1+m)
Mr2xt(1+x*) (K+3x*+1+M) Mrey*t(1+x")
K2 (14 m)? 2K (14+m)?
By* N oy’ & (1+M) Mrey't(1+X)
M 2(1+m) 2m(1+m) 2K (1+m)?

= 0.05316 > 0

= 0.00475 > 0O

whenever T = ﬁ). Consequently, by Theorem 2.2, we conclude that the unique positive equi-
librium point E* of the system (3.2) is globally asymptotically stable. Thetrgjectory of the system
(3.2) isdipictedin Figure 3.2.
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0.2

0.18

0.16 -

0.14 -

0.12

> 0.1

0.08 -

0.06 -

0.04 -

0.02

I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 3.2: Thetrajectory of tHe system (3.2) with T = 1.

0

4 Conclusion

In this paper, we obtain that the sufficient condition for the globa stability of the Leslie-
Gower predator-prey system in Holling-Typel, Holling-Typell, and Holling-Type |11 modelswith
time delay, respectively. But we believe that the global stability of the predator-prey model with
time delay with all different functional response of the predator, p(x), for instance, p(x) = mx,
p(X) = a5 P(X) = %Xzz p(x) =mx¢, 0 < c< 1, or p(x) =m(1—e ) will beanimportant topic
for future study.
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