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Abstract

������������ �!
MATHEMATICA "�#�$�% ζ(s) =

∞

∑
n=1

1
ns &�')( *�+�,�-�.�/�0�1�2�3�4�5 �

&�6 %87�9;: < s = 2m =�>�? � &�@A( MATHEMATICA B�C *�+ ζ(2m) = π2m %�D�E ��F : G ������8 �!
MATHEMATICA %8H�I &�JK( *�+�L�M�N�OQPR1�S�2�T %�U � ' ζ(2m) .�V�W�XRY�2 7�9%8Z�9�[8\]: ^�_ s =�>�` � &�@K( MATHEMATICA a�b�c�d�e�%�f�gK: h�i�j ( k�l�m�n % ζ(3)oqpsr =�t�u�v�w�D ,�2 7Q9�x ζ(2m) y�z�GK: 1 DQ{�| .�}�~����K( 3Q� %������Q��G OQ�r ( b�v����

1 � � ���������������������������������
�;�)�Q� �;¡ ¢�£ ¤ ¥;¦

[13] § ¨�©«ª �Q�;¡�¬]­¯® ®;°�£ ¤ ¥;¦ ¡�±;²´³sµ ¶ ·��¸;¹ º » � ©½¼¯¾;¿;À ¡ ¦;Á ¡ ¸;Â;Ã ¦ ©ÅÄAÆqÇ µ�È [13] É Ê;Ë]Ì Í�ÎKÏ�Ð Ñ ª]Ò�Ó¡�Ô Õ�Ö

1n +2n +3n + · · ·+(k−1)n =
1

n+1

n

∑
i=0

(

n+1
i

)

Bikn+1−i ©
¾ × Bi Ø Bernoulli

�
(B0 = 1, B1 = −1/2, B2 = 1/6, B3 =B5 = · · ·=0,

B4 = −1/30, B6 = 1/42, B8 = −1/30, B10 = 5/66, B12 = −691/2730,

B14 = 7/6, B16 = −3617/510, B18 = 43867/798, B20 = −174611/330)
³Ù Ú ¨ ¶ ©ÅÛ;Ü ¸;Ý ¿ Þ;ß�à«á;â ¸ ã Ë ä;å Ã ¡�æ;ç ß]è p

» � é;ê;¡]ë Ã ì]í¯î
â¯ï ð Ø p > 1 ©Åñ¯ò

∞

∑
n=1

1
np

¸ é�ê;¡
⇐⇒ p > 1

³
∗ ó�ô  �������õ
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¿;ö ÷;øKù¯ö]ú Ä�Ñ;û ü » �]ý�þ]ÿ Ð Ñ Ç���� (1,∞) � ¡��;� í ù��	� þ]ÿ�
	��
Ù�� ���	�	��� Â���Ú
1
¡ Û Ñ�� ��� ©������;§ Ø RIEMANN∗ ZETA

��� ³
��� ��© ÷ ø;ú���� ζ(s)

ý���� Ä¯Ñ û�ü » �;¡�¦ ©«ñ�ò
ζ(s) =

∞

∑
n=1

1
ns , s ∈ C, Re(s) > 1

³
 �!#"%$'&

(continued analytically) §A¨�©s¾ �A� ¸ Ð]Ñ��#( �A� (meromorphic func-
tion)
³*) Ç�+���¾ s ,�-�Ç � Ú 1

¡�.�� ��©0/¯÷ ø Ð�1 ý É�Ê;Ä¯Ñ » �;¡�¦ ¸'2�354
Ð�6 ì�7 ©*8 ¦ ¡�9 Ð�:�; ¸ +	8�� Â Ã ¦ ζN(s) =

N

∑
n=1

1
ns

¡ Ô Õ © � ¨�<  #= ¾ Ô Õ
8��	>',�? lim

N→∞
ζN(s) ©Å¾ ò ζ(s)

³ Ç ¾;÷ ø	@#A�B�C�©0D]ú � ã�E'F��#G MATHEMATICA

¿�H�I ¡ ζ(s) §�? ý É�Ê ¾ » � § ¦�¡ Ô�Õ´³·
s Ø Ð ¢�J;� 2m §	K�© MATHEMATICA L�M;÷;ø ζ(2m) Ø π2m ¡�N	O;�	P�³RQ	S	T	U

Ä�V�Ñ�W ¡�� � ? ζ(2m), m ∈ N
ý�X�Y'Z�[ + . Ñ Ô�Õ ¡�\;Õ�]�T�^ 4 Ä�_�` ¸ Ç	a�Ð�bc N û	, 2ed ¡�X']�f�g´³ih Ð�Ñ � � ? ζ(2m), m∈N

¡�j�k�ç�l�� Ð d ] d © ì �;Ä�Vû', 2 ¡	] d X�m Ð�n ]�o ©p;�q · Ú�r Z ζ(2m)
¡ Ô Õ´³ Ä�s�t�t�u;â N	v�v s�w ¡�xy ©ÅÜ�u;â N	z�{]ë�|;¡�}�~	������� û�` ¡�~��'� ³ Ç � ã�E	F��'G MATHEMATICA

¡
�	� §	��©Å÷]ø	�'�	�#�	�;Ë]Ä'V Ñ'W ¡��]� ? ζ(2m), m ∈ N

ý	X	Y%Z�. Ñ Ô]Õ;¡	\Õ']�T�³ Ù Ú
s Ø ¢'� � §	K�© MATHEMATICA �'s	�'�	� ¡��#� ³��	� ��©*�'�'���¡

ζ(3) Ï�� µ Ø�� ©p� ¸	� N Ð�Ñ Ô Õ�� ζ(2m)
¶�� Ç ³ Ä N	� ����� ¡� 	����¡	¢ ¡ É£ ©ÅÍ;ù�¤¯¾ ý�¥�¦ Ð d�§	¨�© ³ û', ¡�ª�« ;�¬�Ç�­ ��µ ©�s ¸�®¯4

∗ ° °°²±±± BERNHARD RIEMANN (1826–1866)³e´ �Q�²µ :�¶�v¸·²¹¸º¼» �Q� %²½¸¾¼¿¸À): G¸ÁeÂ¼Ã � ( ¶�ÄÅ¼Æ v²ÇÉÈ (CARL FRIEDRICH GAUSS1777–1855) %ÉÊ¼¿A:ÌË�j¼¶¼Í¼ÎQ%�D Cauchy-Riemann Ã¼Ï�9#Ð Riemann Ñ� Ð Riemann Ò�e#Ð RiemannÓ¼ÔÉÃÉÏQ9'Ð Riemann Õ¼Ô#Ð Riemann zeta U � ÅÉÖ Riemann ×ÉØA:ÌÙ 1�S >�v¼¶�G��� jÉ½É¾�%ÉÚ8cK: ¶ 1845 Û�DÉÍ�%�ÜÉÝßÞ àÉÒ�e � &¼áãâ × Æ¸ä [12] ( åãæ�X ¶�GÉÒ�e � j áãç %�EÉè ( PéãêÉë X8,ãì Þ íãî�Ò�e � ä :ÌïãÙãð�=eñ*òÉó¼ô�Èãõ (ALBERT EINSTEIN 1879–1955)ö . <Éðã¶É÷ãø *�+�1�2ùãú %ãÚãû ÅãÖ êãë ð�=ãüã·ãº�»�%ãý8Z�Eãà (the theory of manifolds) :
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Figure 1:
� �

ζ(s) Ç'��� [−22,22]
� ��� [1,22]

¡�]�\´³

2 þ þ þ ÿ ÿ ÿ ζ(s)
� � ���������
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Ç MATHEMATICA

� ©
�]ù�� ¡���«�� ­�� þ (exact)? ³���� Ç	� � ¡����;·'� ©p­������F � � ? ζ(3)
¡ Á��

Zeta[3] © ì � Z�^�� ��T ¸ ζ(3) à ¾�!;¼ Ø ζ(s) Ø � "�# ¡��� © ì ζ(3) $ � N ��% ¡��	�'& ©Å¿;ö MATHEMATICA ( Ø á N ζ(3)� �') ��� þ ? ³+*¸ â�Î;Ï-, � ?�©p­�á��;ú Á�� N[Zeta[3],30] ý�)�m ­ ¡-.]­ ³
(a)
� K�/ Z ζ(s), s = 2,3,4, · · ·20

¡ � þ ? ��0�1 ? ³
In[1]:= m={Table[Zeta[s],{s,2,20}],N[Table[Zeta[s],

{s,2,20}],30]};Transpose[m]//MatrixForm

(b) 2'3�­ N � ¹ ) 4 ­�� ®'Z Ð�6 ζ(s)
¡�Ô Õ ®¯454-6 � Ç 4

(c) 7�7 ]�\ $ � � 4 ­�� ®'Z Ð�6 ζ(s)
¡�Ô Õ ®¯454-6 � Ç 4

In[2]:= pic1=Plot[Zeta[s],{s,-22,22},PlotStyle->

RGBColor[1,0,0]];pic2=Plot[Zeta[s],{s,1,22},

PlotStyle->RGBColor[0,0,1]];

Show[GraphicsArray[{{pic1},{pic2}}]]
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(d)
y�8 ��© ]�\ ( 9 ] 1)

1 : ¸ s «	N �	� ¡�;�� ©Å¿;ö;á	_'<�=;Ç (a)
Â�> §�/ � ³ú�?'@ \;Õ-A���� � Ö
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























π2

6 1.64493406684822643647241516665
Zeta[3] 1.20205690315959428539973816151

π4

90 1.08232323371113819151600369654
Zeta[5] 1.03692775514336992633136548646

π6

945 1.01734306198444913971451792979
Zeta[7] 1.00834927738192282683979754985

π8

9450 1.00407735619794433937868523851
Zeta[9] 1.00200839282608221441785276923

π10

93555 1.00099457512781808533714595890
Zeta[11] 1.00049418860411946455870228253

691π12

638512875 1.00024608655330804829863799805
Zeta[13] 1.00012271334757848914675183653

2π14

18243225 1.00006124813505870482925854511
Zeta[15] 1.00003058823630702049355172851

3617π16

325641566250 1.00001528225940865187173257149
Zeta[17] 1.00000763719763789976227360029

43867π18

38979295480125 1.00000381729326499983985646164
Zeta[19] 1.00000190821271655393892565696

174611π20

1531329465290625 1.00000095396203387279611315204






















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


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

















































Ð�B�ò]ù ®'Z © ÷ ø N � � ¡-C�D�Ö
• ζ(s) Ø Ð-E�F ¡���� í � � ?�G�H�` 1

� ³
•
·

s Ø Ð ¢���� K MATHEMATICA s�I���� ¡�J-K´³
•
·

s Ø Ð ¢�J)� KML Z') ÌAÐ%V NON ¡MPOQ�³R� s = 2m ©R÷)ø N ζ(2m) =

rmπ2m ©Q¾�× rm Ø Ð N�O�� ©«ñ�ò ζ(2m)
�

π2m §�� ¡ ` � Ø Ð N�O�� ³
7¯É Ê�¾;Ð � / {rm}

¡ Ô�Õ´³
In[3]:= r[m_]:= Zeta[2m]/Piˆ(2m);

Table[Print["r[",m,"] =",r[m]],{m,15}];

(e) S�T�­]ù ö�/ Z Ü 2�U ý-V�W © � µ�X�Y U
rm = ζ(2m)/π2m, m = 1,2,3, · · · ,30 ©®�® ��Z�[�\ Z�]�S�P�Q ý !
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3 ^ ^ ^�___�^^^�```�aaa � � ��bbb�ccc�ddd�eee�fff�ggg � � �ihhh�jjj�kkk
��l (d)

¡ � Z�C�m�� � :

r[1] =
1
6

r[2] =
1

90

r[3] =
1

945

r[4] =
1

9450

r[5] =
1

93555

r[6] =
691

638512875

r[7] =
2

18243225

r[8] =
3617

325641566250

r[9] =
43867

38979295480125

r[10] =
174611

1531329465290625

r[11] =
155366

13447856940643125

r[12] =
236364091

201919571963756521875

r[13] =
1315862

11094481976030578125

r[14] =
6785560294

564653660170076273671875

r[15] =
6892673020804

5660878804669082674070015625��m ­AÆ  �O#Z Ð�Ñ�n�o ý Ì�©«Û S�p�q ­�ristZ�L ¡�u�� s]ú�v�w�©yx ) ­ Û ���~��'�¯¡ K-z�{ Ú Ï-| ³ � / {rm}
��æ;¡�9 Ð¯Ñ y-8 ¸ h Ð U ¡ Ã�} ç ` Ã � �;ì í�� ª2 ©«¿�ö�;�/�÷�ø	+-~�=�� ��� Ç Ã � � ³ Ð�� ®;ý�� �¯¿ ��Ö

1, 1, 1, 1, 1, 691, 2, 3617, 43867, · · ·
³

� +�� � B�� ¡ ¸ 691 Ä�Ñ � ©p_�����$�_'�-� ³ s�� � ��©0+ ® ® 691̧ Z Ø�� � 4N
MATHEMATICA ����Ç���©ÅÄ;ù ¸ ��� § Ù ³
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In[4]:= PrimeQ[691]

Out[4]= True

� � ¸M� þK¡�³
691 Ä;Ñ � �;� s � ©��;Ð;Ñ X��]�K¡ � � � ÷]ø ý�� ©Rù ¸M� `� � ³ <��'� ~ Ð ~ © [Ký Ä;Ñ � �%Z�) ÇM� 7 � ¿#HKÏ ¡ Bernoulli

�K¡ Ã �%�
B12 =

−
691
2730

³ Ä'; N �#B)Ì�si< �#� ® B16 = −
3617
510

, B18 =
43867

798
³ Ä#� � ;AÜ N �#BÌ�s*s#t#t ¸ � ® � N N ìAí ªM� 8 © ©½÷Kø N#� � ¡-����    Ö rm
·%��¡'¢#N

B2m ©¾ B2m ; ¸ 9 2m Ñ Bernoulli
�´³ í ® � � ¡���£ ý ��( ¾ ��  ³

4 ¤ ¤ ¤�¥¥¥�¦¦¦¨§§§©


'ªª ª�««« BERNOULLI ¬ ¬ ¬
Ð�6 ì�7 ©«÷�øKù¯ú�`�­ &�ý�!�® �-l ¡ 3�¯ ³

•
� + � BERNOULLI

� � 2 Ð�° ¡ Ì ! ³ � � ©«Ç MATHEMATICA
�

BERNOULLI
� /Ø "�# ¡�� / ³ � Á�� Ø BernoulliB[n] Á ¡ ; ¸ Bn

³ Û S�) Ç�;�2�­�/ Z¯µ Ð± Ñ Bernoulli
� ©ÅÍ V�W � Ã ��� Ã�} ¡ ��² ³

In[5]:= Table[Print["B[",m,"] = ",

BernoulliB[m]],{m,2,100,2}];

• Ø Ì���('� �;¡��'  ©Å÷ øAù�� rm ³ B2m
¡ Ã � Ã !	m � ¼ �]¡�´ å�© � ¨;Í�/	`­��'µ � © � ¾ Ð ý ;;Ð��qÌ � ³

In[6]:= r[m_]:= Zeta[2m]/Piˆ(2m);

Table[{FactorInteger[Numerator[r[m]]],2m,

FactorInteger[Numerator[(-1)ˆ(m+1)

BernoulliB[2m]]]},{m,20}]//MatrixForm

��� Z�C�m�� � Ö
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{} 2 {}

{} 4 {}

{} 6 {}

{} 8 {}

{} 10 {{5, 1}}
{{691, 1}} 12 {{691, 1}}
{{2, 1}} 14 {{7, 1}}

{{3617, 1}} 16 {{3617, 1}}
{{43867, 1}} 18 {{43867, 1}}

{{283, 1}, {617, 1}} 20 {{283, 1}, {617, 1}}
{{2, 1}, {131, 1}, {593, 1}} 22 {{11, 1}, {131, 1}, {593, 1}}

{{103, 1}, {2294797, 1}} 24 {{103, 1}, {2294797, 1}}
{{2, 1}, {657931, 1}} 26 {{13, 1}, {657931, 1}}

{{2, 1}, {9349, 1}, {362903, 1}} 28 {{7, 1}, {9349, 1}, {362903,1}}
{{2, 2}, {1721, 1}, {1001259881, 1}} 30 {{5, 1}, {1721, 1}, {1001259881, 1}}
{{37, 1}, {683, 1}, {305065927, 1}} 32 {{37, 1}, {683, 1}, {305065927, 1}}

{{151628697551, 1}} 34 {{17, 1}, {151628697551, 1}}
{{26315271553053477373, 1}} 36 {{26315271553053477373, 1}}

{{2, 1}, {154210205991661, 1}} 38 {{19, 1}, {154210205991661, 1}}
{{137616929, 1}, {1897170067619, 1}} 40 {{137616929, 1},{1897170067619, 1}}¿ ö ) Ç ÷ øKù ö ª ��¶;¡�·�¸ ��l ¡���  à ��� û &�¹�º'» ©¼� ��F ��½�¾ ¡ H �÷�ø;Ä �� �¡�¿���À´³

5 Á Á Á�ÂÂÂ¨ÃÃÃ�ÄÄÄiÅÅÅ¨ÆÆÆ�ÇÇÇ¨ÈÈÈiÉÉÉ
·�Ê � ý ©«÷ ø N Ð�Ë�ª � ¡�Ì�Í�~ â V�W rm Î-Ï B2m § ¨ ¡ Û Ñ N�O � ³ Ä�Ñ N�O��K�Ð ¸ ` rm ����T 2 © ì � T Õ�K�Ð ¸ ` rm Ü�Ñ A Ü�Ò�Ó ®'Z ³¼� + � sm = rm/B2m ñò

sm =
ζ(2m)

π2mB2m

³

<-2 MATHEMATICA
; ­�/ Z ¾ N�O�� / ¡ µ�Y�Ô U Í¯É Ê�� Ô�Õ´³

In[7]:= r[m_]:= Zeta[2m]/Piˆ(2m);

s[m_]:= Zeta[2m]/(Piˆ(2m)*BernoulliB[2m]);

Table[Print["s[",m,"] = ", s[m]],{m,1,16}];

��� ZÕC�m�� � :
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s[1] = 1

s[2] = −
1
3

s[3] =
2
45

s[4] = −
1

315

s[5] =
2

14175

s[6] = −
2

467775

s[7] =
4

42567525

s[8] = −
1

638512875

s[9] =
2

97692469875

s[10] = −
2

9280784638125

s[11] =
4

2143861251406875

s[12] = −
2

147926426347074375

s[13] =
4

48076088562799171875

s[14] = −
4

9086380738369043484375

s[15] =
8

3952575621190533915703125

s[16] = −
1

122529844256906551386796875

Ù ¾�©Å÷;øAù-� «'y�8 Ï;ú ��£]¡ ¥]Õ â ¹��'  ζ(2m)
¡;Ô Õ ©0� 6�Ö ¸�× Ø ¡ ³ ¿ö Ô Õ�Ù ��Ú © MATHEMATICA ��Û�Ü ¡ © ¥ ; Ù�N ,�Ì�©«Ä�u;â N Ü ���;¡�x	y�� Ü z{ ¡�~��'� ³

s�� � ��© U � ��¡�Ý�Þ ·	� © ÷ ø Ù	3 ù ö�Î]Ï-ß���à�Ñ C�D�Ö
•
9 Ð�Ñ V�W Ï ¡ ¸ ���	� N;¢�°�á-â;¡-ã L�©«¿�ö ζ(2m)

¡�Ô Õ	��K�¡�¢
(−1)m+1 ³

•
9�ä Ñ V�W Ï ¡ ¸ sm

¡ Ã � ç ¸
2
¡¯¤ ¥ ©¼� 1': ¸	� N�]�S�ã LKù 7 ³

•
*�N Ü 2 ¡¯��å /�÷�ø ý-V�W [�\�© «�N�;�� ®ß4

•
� T;Ü]ù�æ ¡ ¸ ��� Ã ��� Ã�} Ã W�/ Z¯ý�V�W © Ã " � � ¼ �;¡�C�ç © � s þ ùö�Î]Ï¯Ü 2 ¡�è-é ³
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6 ê ê ê¨ëëë�ììì�ííí�îîîïÈÈÈiÉÉÉ
) Ç;÷;ø	;�ð å � � ¿;ÎKÏ ¡�C�D ©0� N	O;� (−1)m+1sm

·#��¡ Ã �	� Ã�} ��� Â;Ã! ©i¤ Ê'V'W �O" § � ¼ �K¡�C'ç © ®]® �'Z O�Z Ð;Ñ'n'o�©s¼ ì ÎAÏ Ü 2 qMñ ¡�èé´³
(a)
� + V�W (−1)m+1sm

¡ Ã �'�
2
¡¯¤ £�N û ã L]ù � ³

In[8]:= r[m_]:= Zeta[2m]/Piˆ(2m);

s[m_]:= Zeta[2m]/(Piˆ(2m)*BernoulliB[2m]);

Table[{m,FactorInteger[Numerator[(-1)ˆ(m+1)*s[m]]]},

{m,1,128}]//ColumnForm

� Z Out[8] ¡ Â Ã C�m�� � Ö
{ 1, {} }

{ 2, {} }

{ 3,{{2, 1}}}

{ 4, {} }

{ 5,{{2, 1}}}

{ 6,{{2, 1}}}

{ 7,{{2, 2}}}

{ 8, {} }

{ 9,{{2, 1}}}

{10,{{2, 1}}}

{11,{{2, 2}}}

{12,{{2, 1}}}

{13,{{2, 2}}}

{14,{{2, 2}}}

{15,{{2, 3}}}

{16, {} }

(b) ÷ ø ¹ )]· m Ø 2
¡�¤;£ K�© (−1)m+1sm

¡ Ã ��ò ì	� N ��� 2
¡�¤;£�� Ç ³ í ® 2Ð�V ¡-��� ý ��( ¾ ��Ö

In[9]:= r[m_]:= Zeta[2m]/Piˆ(2m);

s[m_]:= Zeta[2m]/(Piˆ(2m)*BernoulliB[2m]);

Table[{2ˆk,FactorInteger[Numerator[(-1)ˆ(2ˆk+1)*s[2ˆk]]]},

{k,1,10}]//ColumnForm
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� Z Out[9] ¡-C�m�� � Ö
{ 2, {}}

{ 4 {}}

{ 8, {}}

{ 16, {}}

{ 32, {}}

{ 64, {}}

{ 128, {}}

{ 256, {}}

{ 512, {}}

{1024, {}}

÷�ø N�� � ¡�C�D�Ö
•
Ã � � �	��(�s � B ­�¹�óOô ×�°�°�© []ý ; ¸ Û'V m Ø 2

¡ ¤ £]¡�õ�ö ³ Ïß ¸ Q�S Ð J���^ 4 ����� s�� ý ³
•
Ã ����� ��(�© ® 1 ý���1': ¸ N Ð�° ã LKù�÷�à
��; ¸�ø s�ù ¿;¢ ¡�ã L ÀÇ Û'ú 45û s ¿ ¸ýü þ s�ÿ�© O ��� s���� ¸ýü ®�1�� ��� � w�© m�� Ò'Ó��� 6 ³ �

(c) � ¤�V�W (−1)m+1sm
Ã�} ¡ � ¼ � © ¸ Z�� m S 2m

N ñ
	 4
In[10]:= r[m_]:= Zeta[2m]/Piˆ(2m);

s[m_]:= Zeta[2m]/(Piˆ(2m)*BernoulliB[2m]);

d[m_]:= Denominator[(-1)ˆ(m+1)*s[m]];

Table[{m,FactorInteger[d[m]]},{m,1,18}]//ColumnForm

� Z Out[10] ¡-C�m�� � Ö
{ 1,{}}

{ 2,{{3, 1}}}

{ 3,{{3, 2},{5,1}}}

{ 4,{{3, 2},{5,1},{7,1}}}

{ 5,{{3, 4},{5,2},{7,1}}}

{ 6,{{3, 5},{5,2},{7,1},{11,1}}}

{ 7,{{3, 5},{5,2},{7,2},{11,1},{13,1}}}

{ 8,{{3, 6},{5,3},{7,2},{11,1},{13,1}}}

{ 9,{{3, 8},{5,3},{7,2},{11,1},{13,1},{17,1}}}

{10,{{3, 8},{5,4},{7,2},{11,1},{13,1},{17,1},{19,1}}}

{11,{{3, 9},{5,4},{7,3},{11,2},{13,1},{17,1},{19,1}}}

{12,{{3,10},{5,4},{7,3},{11,2},{13,1},{17,1},{19,1},{23,1}}}

{13,{{3,10},{5,6},{7,3},{11,2},{13,2},{17,1},{19,1},{23,1}}}

{14,{{3,13},{5,6},{7,4},{11,2},{13,2},{17,1},{19,1},{23,1}}}

{15,{{3,14},{5,7},{7,4},{11,2},{13,2},{17,1},{19,1},{23,1},{29,1}}}

{16,{{3,14},{5,7},{7,4},{11,2},{13,2},{17,1},{19,1},{23,1},{29,1},{31,1}}}

{17,{{3,15},{5,7},{7,4},{11,3},{13,2},{17,2},{19,1},{23,1},{29,1},{31,1}}}

{18,{{3,17},{5,8},{7,5},{11,3},{13,2},{17,2},{19,1},{23,1},{29,1},{31,1}}}
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(d) Ä T;¡-V�W�N � N�;��	^ 4
= � � ¡�C�m Î ß�© Ã�} Ç �	� � ® 1 ý�1': ¸ N ° ��Ú © ã L À � ¸ N;¡´³iQ�S��^ 4�í ® � � ¡ Ã "�Ö
•
· ­�_�_ V�W q���
 Ñ m ¿ ��K ¡ Ã�} K�©«ò�ß����'µ�s � ³

• s�t ¾ � ©p� � µ Ð U ¡�¢ Ç;¨ Ð U�� � © � −s18
¡ Ã�} ` s17

¡ Ã�}'2 Z
32 ×5×7© ì Ä�V ç'Z�) Ç 35×36 = 22 ×32×5×7

·	� ³
• ¿;ö ·�� §�� K�Ð ¸ ¹�V�W ¨;Ð U �Kµ Ð U §�`�© ®;® ¸ Z N�� W ¡�\]Õ�A	)�Zý 4�í ®�Ö
In[11]:= r[m_]:= Zeta[2m]/Piˆ(2m);

s[m_]:= Zeta[2m]/(Piˆ(2m)*BernoulliB[2m]);

d[m_]:= Denominator[(-1)ˆ(m+1)*s[m]];

Table[Print["m=",m,", 2m+1=",2m+1,", 2m+2=",2m+2,

", ", FactorInteger[d[m+1]/d[m]]],

{m,1,28}]//ColumnForm;

��� ZÕC�m�� � :

m=1, 2m+1=3, 2m+2=4, {{3,1}}

m=2, 2m+1=5, 2m+2=6, {{3,1},{5,1}}

m=3, 2m+1=7, 2m+2=8, {{7,1}}

m=4, 2m+1=9, 2m+2=10, {{3,2},{5,1}}

m=5, 2m+1=11, 2m+2=12, {{3,1},{11,1}}

m=6, 2m+1=13, 2m+2=14, {{7,1},{13,1}}

m=7, 2m+1=15, 2m+2=16, {{3,1},{5,1}}

m=8, 2m+1=17, 2m+2=18, {{3,2},{17,1}}

m=9, 2m+1=19, 2m+2=20, {{5,1},{19,1}}

m=10, 2m+1=21, 2m+2=22, {{3,1},{7,1},{11,1}}

m=11, 2m+1=23, 2m+2=24, {{3,1},{23,1}}

m=12, 2m+1=25, 2m+2=26, {{5,2},{13,1}}

m=13, 2m+1=27, 2m+2=28, {{3,3},{7,1}}

m=14, 2m+1=29, 2m+2=30, {{3,1},{5,1},{29,1}}

• 2
¡�¤;¥ � � � W�© N ù-��� Ã ��� Ï Ì�© ì Ä � s þ ; ¸;Ã � §�¿;ö�s�Ò Ó
� ®Z � ã L ¡�[ ¼ ³
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•
) Ç�{ Ú ùqö ®'Z�Ö Ã�} ª N ùÕ��; ¸ (2m) !

¿ ö · � ý ÷ ø N Ð�Ë � ��½�¾ ¡��]­ ©Åâ�_�_ ¡�V�W Ð���� (2m) !
´ � (−1)m+1sm §¨ ¡�C�m´³

7 � � ������������� � � ����� ��� �� ��!!!���� """�### $$$ c c c
�

tm Ø (2m) !
�

(−1)m+1sm
¡�´ å�©Åñ¯ò

tm = (−1)m+1sm · (2m) ! = (−1)m+1 (2m) !ζ(2m)

π2mB2m

÷ ø�;�Ü�% � ã�E�F��	G MATHEMATICA /�Ñ ��&´³
In[12]:= r[m_]:= Zeta[2m]/Piˆ(2m);

s[m_]:= Zeta[2m]/(Piˆ(2m)*BernoulliB[2m]);

t[m_]:= (-1)ˆ(m+1)*s[m]*(2m)!;

Table[{m,FactorInteger[t[m]]},{m,22}]//ColumnForm

��� Z�C�m�� � Ö
{ 1,{{2, 1}}}

{ 2,{{2, 3}}}

{ 3,{{2, 5}}}

{ 4,{{2, 7}}}

{ 5,{{2, 9}}}

{ 6,{{2, 11}}}

{ 7,{{2, 13}}}

{ 8,{{2, 15}}}

{ 9,{{2, 17}}}

{10,{{2, 19}}}

{11,{{2, 21}}}

{12,{{2, 23}}}

{13,{{2, 25}}}

{14,{{2, 27}}}

{15,{{2, 29}}}

{16,{{2, 31}}}

{17,{{2, 33}}}



67

{18,{{2, 35}}}

{19,{{2, 37}}}

{20,{{2, 39}}}

{21,{{2, 41}}}

{22,{{2, 43}}}

Ç�à
'�( §	� © Ze) Ç�÷ ø�B µ�¡ ¸ tm = 22m−1

� Ç ¸ ��æ�)�* û�`�s�?;Î;Ð	H ¡ ¸ ©ÅÇ'� �;¡ � Â V�W © Ã�} � 2
¡ ¤;£���+ Î û, û�-�à
� Ã �#� � á N 2

¡�¤ £ © ì;í 1': ¸	� N�]�S�ã LKù 7 ³i) Ç�{ Ú�.�/�0 Z ©[;ý Ä ¸ ¼ Ø Ã �#�¯¡ 2
¡�¤ £�� Ã�} ¡

(2m) !
�¯¡

2
¡�¤ £�1�� Ï §;¨�¿�2 );¡�C�m´³ �¨ J Ï [ + ¡ ζ(2m) ©«÷�ø N

(−1)m+1 (2m)! ζ(2m)

π2mB2m
= 22m−1 ³

.�O Ð���©ÅÄ
3�4�û�` ¡ Ô�Õ { Ú [�\�5
6

ζ(2m) = (−1)m+1 (2π)2mB2m

2(2m)!

8 7 7 7 888 þ þ þ�999�::: – ζ(3) ` ` `�"""�###�			�



C�; Ì û#, 2�d ¡�X�]�f'g ©=< 8 Î��?>�@'��©*_ �	N']	S'� ± � � N]�	m�1]¡ ³÷;ø�A;ß ζ(2m)

�
π2m ¸ N ñ�	 ¡ © í �	` � Ø Ð � W ¡	N	O]� ©*� Ô]Õ�� � ³ � � ©¾�B'ñ�	 � ` � � ³RQ	S��'^ 4 Ä Ñ Ô;Õ;¡�C�D ¸ Zeta

�;� Ç J;� °'� ¡ ?�© Ø Ð é�E» � § ¦ © ì � � ¡�h Ð U ç ¸KÃ � Ø 1
¡	N	O]��³ � Ô]Õ;¡�F�D � N π

¡#Z�) © Ý ¿G ß π
¸ Ð Ñ;û O;��³ ��� � ©Åû;ü 2 Ñ N	O;�]¡;¦�H�m Ð Ñ;û O ��³ ¾�I�J H�K � �H;¡;¡�)�L Ç	� � © ¥��;® Ë�© �'á�â�M]¦ » � 1− 1

2 + 1
3 −

1
4 +−·· ·

é�E Ú
log2

³ ��N
��© π s	t	t ¸ Ð Ñ;û O;� ©¼! ¸ Ð�O Ù ��³ π

¡#Z�k;ý �
P G�Q © Ä �	�RP�¦ Zeta
�� ¸ N ñ�	 ¡ ³ ÷;øKù¯ö y�8#Z�ý © Ä�Ñ Ô Õ�S ¨ ¿�T�U ¡���V ¸ Ð 7�6 � ¡ ³�W Ð ¥� © Zeta

� � Ç ��� °	� ¡ ?�© y�8 � K�Ð���«�N Ð�Ñ � ζ(2m) Ð T 3 ¡ Ô Õ�� Ç�X ¸ ³� ì
MATHEMATICA �?Y[Z�s�\�©ps������ ¡���� ³R��� ��©ÅÄ ¡ � ¸ Ð�Ñ�q · 4-6 ¡ 3¯ ³ sKú � W ¡ ©0;	� 9 Ð Ñ'�	��� ¡ ζ(3) Ï%� µ Ø	� � ¸'� N Ð Ñ Ô;Õ�� ζ(2m)

¶��
Ç ³ ÷�ø	+
] � ¾�B
^ )�L;ý B�C � É £ ³

(a) ­�( Ø ù�� ¡�[ ¼ ¸ ]�S�^ 4
(b) ­�( Ø � � ý É�Ê ζ(2m+1)

¡�Ô Õ X�`�­ «�N�C�m'Z ý�^ 4
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(c) ùqö�� þ;¡ ¸ B2m+1 s « Ç�_�© ¼ Ø ð j � N�P�Q Ç B2m+1
³

(d)
¸ s ¸ � π ` �%N ñ Sa���M% ¡ � ��N ñ ^ 4 �%� ��© N T 2 � ãabRc  3Ë [15]

Ö
ζ(2m+1)

�
π2m+1 §�� ¡ ` � ¸ Z Ø Ð N�O��	^ 4

(e) 2�; ζ(3)
ý � ��£ ©yS�T ]�\ Ä ¤ ù ; Î���d�©yS�T	� � ¡�Õ���� ­ Ð�V
e ¹ Ö

ζ(3) =

∫ 1

0

∫ 1

0

∫ 1

0

1
1− xyz

dzdydx

(f) � µ�f Ð ß;è ¡�� ¸ 1978 g &�h�� ã�b ROGER APÉRY† º'»'Z ζ(3) Ø Ð�û O ��³ %§¯¿ ö N�i�& Î;Ï�Ä¯Ñ �-D ¸ ¼-% N ζ(3)
¡�W Ð¯Ñ » ������&

ζ(3) =
5
2

∞

∑
n=1

(−1)n+1

n3

(

2n

n

)

¾ » � é�E;¡�j Ö ` [ + ¡ » � ∑∞
n=1

1
n3 k ª 2 ³ 7 Ê#= ¾ » �;ý É Ê;Ð�� ζ(3)

¡�l
m ³

9
d d d�nnn�ooo ppp�qqq k k ksrrr

� � ζ(2m)
¡;Ô Õ�t Ç RIEMANN § µ Ð ± g�;�� EULER ¿ ¹ ) ©¼� ζ(2m + 1)

¡;Ô Õ s
t EULER s;ß]è�©¼�]Ï�u ¨ ÷;ø�` � à :�]�S]ç s;ßKè�©0� ζ(5)̧ s ¸ N	O;�]ç �	s�vw ©p��%;Ü�s]ú � Ì ³ Ð�Ñ�­�x�y ¡�z�  ¸ ζ(2m+1) ù���� π2m+1 Ð T ¸ O Ù�� ©¼���'�¡ ` � s ¸ Ð�Ñ N�O�� ³
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69

[3] Bressoud, David M. (1994): A Radical Approach to Real Analysis, MAA, Washington D.C..

[4] Clapham, Christopher (1990): A Concise Oxford Dictionary of Mathematics, Oxford Uni-
versity Press, Oxford/New York.

[5] Daintith, John/Nelson, R.D. (1989): The Penguin Dictionary of Mathematics, Penguin Books
Ltd..

[6] � È�� © » � 8 ¦�& © � ã ��� 9 Y���� 9����
(60) © 80 g 12 � ³ http://episte.math.ntu.edu.tw/articles/mm/mm_15_4_14/index.html

[7] � ÈR� ©sÐ'V ¹;ºK» �A¡ 8 ¦'& © � ã ���'9Oä�Y ä��'9a��� (88) © 87 g 12 ��©9
43-49 � ³

http://www.math.sinica.edu.tw/math_media/vol.phtml?voln=224
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Exploring the Sums of Negative Powers of Positive
Integers with MATHEMATICA

Yuan-Yuan Shen∗

Abstract

We explore a formula for the sum of the infinite series ζ(s) =
∞

∑
n=1

1
ns according to the values provided

by MATHEMATICA. When s = 2m is an even positive integer, MATHEMATICA tells us that ζ(2m) is just a
rational multiple of π2m. From these individual function values, with the help of MATHEMATICA, we will
guide you to see the pattern of the whole formula. On the other hand, when s is an odd positive integer,
MATHEMATICA tells us nothing. In fact, there is no such formula exists even for the simplest ζ(3). The
reason remains unknown, so still a lot of chances are waiting for you.

∗Department of Mathematics, Tunghai University, Taichung 407, TAIWAN




