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Mortgage insurance premiums and the business cycle

Abstract

This research first refines the pricing formula for mortgage insurance (MI) con-
tracts proposed in Bardhan, Karapandza, and Urosevi¢ (2006) (BKU (2006)) by
re-identifying the setting of conditional losses to insurers. Since the business-cycle
property is well observed in housing prices, this research further develops a closed-
form solution for valuing MI contracts with business-cycle effects based on the
regime-switching option pricing model proposed in Duan, Popova, and Ritchken
(2002). Results of real-time analysis show that the ability of the regime-switching
model in identifying the business cycle underlying home prices is superior in the
U.S. market, and the fair premium of MI contracts with the business-cycle property
is higher than that without the property in Quarter 4, 2010. It indicates that in-
corporating the regime-switching property in valuing MI contracts may facilitate to
reduce the losses of insurance companies which are commonly observed in the last

three years.
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1 Introduction

Mortgage insurance (MI) contracts provide an important tool for lenders to hedge their
risk exposures by insuring mortgages against default. The common concern of lenders,
borrowers and insurers concerning MI contracts is the fair premium of the insurance
contracts.

The critical problem for valuing a MI contract centers on the determination of mort-
gage termination, which may be caused by either prepayment or default on the underlying
loan. Generally speaking, prepayment decisions are in relation to the term structure of
interest rate, while default decisions depend on the housing price. In the literature, Kau,
Keenan, Muller, and Epperson (1992, 1995), Kau, Keenan, and Muller (1993), and Kau
and Keenan (1995, 1999) value mortgage loans and MI contracts by using dynamic pro-
gramming methods or backward pricing models. Nevertheless, all of these methods involve
complex numerical procedures. As pointed out by Bardhan, Karapandza, and Urosevié¢
(2006) (BKU (2006), hereafter), the complexity inherent in these numerical approaches
may not be warranted in the consideration of fitting the model to the data.

Instead of developing numerical approaches, BKU (2006) show that the payoff from
MI contracts when default occurs is equivalent to the payoff from a bear spread created
by put options and thus develop an option-pricing framework to price MI contracts in
closed form. The pricing formula proposed in BKU (2006) not only allows the realized
loss for the insurer in case of the borrower’s default occurring at time ¢ to depend on
the time ¢ collateral price and loan balance, but also permits legal inefficiencies, which
may lead to a delay in the repossession of loan collateral, to be taken into account in
valuing MI contracts. As the first research proposing the closed-form formula in valuing

MI contracts, the most important advantage inherent in BKU approach is ease of use.



Since the critical idea used in BKU (2006) is to regard the payoff from MI contracts as
a bear spread, we thus name the method that prices MI contracts through a bear spread
as the BKU approach.

In practice, the insurer of MI contracts bears the loan balance at time ¢ and has
the right to possess the underlying collateral given that the borrower defaults at time ¢.
The conditional losses from MI contracts is usually with a maximum limit. Accordingly,
the conditional losses for the insurer should be the difference between the time t loan
balance and collateral price, if the maximum loss is not hit. This is also the content of
MI contracts investigated in Kau, Keenan, Muller, and Epperson (1995) (KKME (1995),
hereafter). However, we observe that the MI contract defined in BKU (2006) is different
to that KKME (1995). In contrast with the use of time ¢ value for the loan balance, the
loss for the insurer defined in the BKU contract is the difference, with a maximum limit,
between the time ¢ — 1 value of the loan balance and the time ¢ housing value. Since the
KKME contract is more in line with the reality, this research revalues MI contracts by
refining the BKU’s formula based on the KKME contract. This is the first contribution in
this research. One distinguish feature of this proposed formula is the dynamics of housing
prices being assumed to follow the geometric Brownian motion (GBM), this proposed
model is also named as the GBM model in the following.

It is well known that the value of derivatives depends on the dynamics of the underlying
asset. Similarly, the premium of MI contracts depends on the process of housing prices.
A number of empirical studies have provided evidences concerning the linkup between
housing prices and the business cycle. To illustrate, Iacoviello (2005) proposes VAR
evidence on housing prices and the business cycle. Davis and Heathcote (2005) show
that housing prices are cyclical. Clark and Coggin (2009) fit a classic smooth trend plus

cycle structural time series model to U.S. regional house price. Edelstein and Tsang



(2007) develop a housing cycle model for residential housing market cyclical dynamics.
Moreover, Jin and Zeng (2004) explain the correlation between residential investment,
house prices, and the business cycle properties by developing a three-sector quantitative
dynamic stochastic general equilibrium model. Although the BKU approach is very easy
to be applied, the key assumption that the dynamics of house prices follow the geometric
Brownian motion is far from to capture the business-cycle property behind housing prices
at all. It motives us to fill the gap by incorporating business-cycle property back housing
prices into the valuation of MI contracts. Since data with the cyclical feature are found
to be well described by Markov regime-switching (RS) model, this research develops a
pricing approach for valuing MI contracts with business-cycle effects based on the regime-
switching option pricing model.

Our study is not the only to incorporate regime-switching mechanisms into the val-
uation of MI contracts. To value MI contracts under business cycles, Lin and Chuang
(2010) incorporate the regime-switching mechanism into the BKU (2006) methodology
and develop a semi-closed-form approach to value options under regime switching. The
proposed approach is not exactly in closed form since the unconditional probability of
state k occurring j times during the life of options, which is one of terms in their pricing
formula, is calculated by a backward device in Lin and Chuang (2010). Unlike Lin and
Chuang (2010), this research investigates the premium of MI contracts with the business-
cycle property based on the KKME contract. Herein, the business-cycle characteristic
is modeled by the regime-switching option pricing approach proposed in Duan, Popova,
and Ritchken (2002) (DPR (2002), hereafter), which not only allows asset innovations
to have feedback effects on volatilities, but also permits regime shift risk to be priced.
Although the closed-form formula for pricing MI contracts proposed in this research is

based on a two-state uni-directional regime-switching model, the MI premium under a



N-state bi-directional regime-switching framework is able to be calculated under DPR’s
(2002) framework as well.

The remaining parts of this paper are arranged as follows. Section 2 reviews the liter-
ature concerning MI contracts and the business cycle property of housing prices. Section
3 introduces the theoretical framework of the BKU approach for valuing MI contracts
and refines the MI pricing formula based on the KKME contract. We also conduct a
numerical analysis to compare the BKU and KKME premiums. Section 4 develops the
pricing formula of MI contracts by taking the business-cycle property underlying housing
prices into account. We also investigate sensitivity of premiums from the RS model to
transition probabilities in this section. Section 5 empirically estimates the parameters of
the GBM model and RS model and calculates the MI premiums in Quarter 4, 2010 for
the U.S. market, respectively. We find that the ability of the RS model in capturing the
business-cycle characteristic is satisfactory. Moreover, the fair premium of MI contracts is
higher than that of the GBM model in Quarter 4, 2010 when we take the business-cycles
property behind housing prices into account. Concluding remarks are given in the last

section.



2 Literature review

2.1 Mortgage insurance

As mention in Kau, Keenan, and Muller (1993), Kau and Keenan (1995) and Kau, Keenan,
Muller, and Epperson (1995), a MI contract is an asset to guard against the mortgage’s
default since its payoff is determined by the mortgage contract. Thus, the MI contract
can be regarded as the mortgage-backed security. This is also the reason why assump-
tions and approaches for valuing MI contracts usually follow literature about mortgage
contracts. Accordingly, the literature reviewed in the following includes documents con-
cerning mortgage contracts and MI contracts.

Kau and Keenan (1995) survey theoretical work for pricing the mortgage and mention
that the option-pricing approaches, or namely contingent claims models, have been em-
ployed to price mortgage contracts or MI contracts. As pointed out in Kau and Keenan
(1995), there are two state variables in the economic environment relative to a mortgage:
the price of the asset collateralized in the mortgage and the interest rate. The price of the
asset collateralized is usually assumed to follow a log-normal process such as a geometric
Brownian motion, like Epperson, Kau, Keenan, and Muller (1992, 1993, 1995), Schwartz
and Torous (1992), and Titman and Torous (1989). The assumption, that the interest
rate follows a mean-reverting process, is the most popular way in the literature, including
Schwartz and Torous (1992), Titman and Torous (1989), and Epperson, Kau, Keenan, and
Muller (1992, 1993, 1995). Nevertheless, Schwartz and Torous (1989) provide a two-state
process with the spot rate and the long rate.

They also classify mortgage contracts into different categories, including fixed-rate
mortgages, adjustable-rate mortgages, graduated payment mortgages, and price level ad-

justed mortgages.



Along this strand of literature, the common method used in valuing mortgage contracts
is to derive the partial different equation (hereafter, PDE) that involves the collateral price
and interest rate and then adopt numerical methods e.g., forward pricing and backward
pricing methods, to obtain the solution of the PDE. For example, Titman and Torous
(1989) use a contingent-claims model for pricing commercial mortgages. The model as-
sumes that the valuation of a mortgage can be summarized by two state variables. One
is the risk-free interest rate, which is assumed to follow a mean-reverting square root
diffusion process. The other is the value of the mortgaged building, which is assumed to
follow a log-normal diffusion process. The two state variables are correlated at the same
time. Titman and Torous (1989) derive the PDE with appropriate boundary and initial
conditions and solve this PDE numerically.

Mortgage insurances are the contracts for transferring the contingent loss of the lender
in the mortgage contract to the insurance. Under this concept, Kau, Keenan, and Muller
(1993) use an option-pricing approach to investigate the private mortgage insurance and
find how changes in the mortgage contract or changes in the economic environment in-
fluence the MI values. They find that impacts on insurance prices induced from the
loan-to-value ratio are less than those recognized in theory.

Kau, Keenan, Muller, and Epperson (1995) establish a model to price fixed-rate mort-
gages and mortgage insurances with the borrower’s decisions, i.e., default and prepayment.
In their framework, the value of the house and the interest rate are assumed to follow the
stochastic processes, which are equivalent to Titman and Torous (1989), Kau, Keenan,
and Muller (1993), and Kau, Keenan, Muller, and Epperson (1992, 1995). They also
demonstrate that the PDE for valuing mortgages and MI contracts is solely a function of
the house price and the interest rate, in which the two stochastic processes are correlated.

They use a series of numerical procedures to analyze the different features of the mortgage



contract under a variety of economic conditions, including the changes in interest rate,
house price variance, mortgage contract rate, and upfront points charged. The numerical
results show that the value of insurance increases with the volatility of housing prices and
the loan-to-value ratio, but decreases as the volatility of the interest rate grows.

We also note that the boundary conditions are related to the default and prepayment
decisions in these studies, and thus these decisions influence the valuation of MI contracts
as well. It implies that the probabilities of default is endogenous. Although these re-
searches allow the default probability to be endogenous, no closed-form solution of MI
contracts exist under this framework. Indeed, the numerical methods used in the strand
of literature are complex and difficult to be applied.

To simply the numerical procedures, Dennis, Kuo, and Yang (1997) develop a frame-
work to price mortgage insurance premiums in the light of exogenous termination proba-
bilities. According to the general terminal condition of the mortgage insurance given by
KKME (1995) and the mortgage insurance premium structure proposed in Dennis, Kuo,
and Yang (1997), BKU (2006) first show that mortgage insurance payoff diagram is a
portfolio of two European put options when the borrower’s default occurs at time ¢. The
portfolio is composed of a long position and a short position in European put options with
different strike prices. Unlike the two state variables used in the PDE approach, BKU
(2006) simplify the state variable to be one, i.e., the house value. Additionally, they as-
sume that the probabilities of borrower default is exogenously determined at each period.
They thus are able to develop a new option-based method in closed form for valuing the
MI contracts instead of the numerical procedures. The premium of the MI is calculated as
the present value of the accumulated expected loss weighted by the exogenously default
probabilities. They also estimate the unconditional default probabilities for the case of

Serbia based on the proposed formula. Furthermore, they suggest that the cost of legal



inefficiency significantly affects the MI premiums.

One common assumption used in the literature is to assume the dynamic of housing
prices to be the geometric Brownian motion. However, the dynamic process is unable
to capture various features of housing prices in reality at all. Accordingly, some studies
notice that catastrophic events deeply influence the changes in housing prices such as
Kau and Keenan (1996) and Chen, Chang, Lin, and Shyu (2010) and incorporate a jump
diffusion form into the process of housing prices. For instance, Kau and Keenan (1996)
consider the impact of catastrophic events on housing price process and demonstrate a
jump diffusion form with a Poisson distribution. Specifically, they employ a numerical
method for pricing mortgage insurance. Chen, Chang, Lin, and Shyu (2010) assume that
the housing price process follows the jump diffusion process and provide the closed form
solution for the valuation of MI based on the framework of BKU (2006). The impacts of
the volatility of housing prices on premiums is consistent with those in the literature. The
impact of jump risk on premiums is positively related to abnormal volatility of jump size
and shock frequency of the abnormal event, but negatively related to the mean of jump
size.

Business cycle is another property that can be observed from housing market usually.
In order to capture the business cycle feature in housing prices, Lin and Chuang (2010)
first incorporate this feature into the valuation of MI contracts. Specifically, they assume
that the housing price process follows the Markov-switching model and derive a semi-
closed-form formula for pricing MI contracts based on the BKU (2006) contract. They
employ a backward method to calculate the unconditional probability of state k occurring
J times during the life of options, which is one of terms in their MI pricing formula. They
also adopt a series of tests to identify the properties of the housing price such as business

cycle, volatility clustering, asymmetric returns, and leptokurtic. Numerical results show



that both the volatilities in different states are positively related to premiums in otherwise
identical. They also find that the number of periods in high level volatility state is
positively related to premiums, whereas the number of periods in low level volatility state

is negatively related to premiums.

2.2 Housing prices and the business cycle

A number of literature have provided evidences concerning that housing prices display a
special characteristics over the business cycle and have correlations with some economic
variables. To illustrate, Jin and Zeng (2004) explore correlation between residential invest-
ment and house prices. They also develop a three-sector quantitative dynamic stochastic
general equilibrium model to explain the business cycle properties concerning residential
investment and house prices.

lacoviello (2005) further shows the relation between house prices, borrowing con-
straints, and monetary policy in the business cycle and proposes VAR evidence on housing
prices and the business cycle on quarterly data. Davis and Heathcote (2005) build a neo-
classical multisector stochastic growth model to understand the dynamics of residential
investment. The result of simulating the model economy show that housing prices are
cyclical in the United States.

Edelstein and Tsang (2007) develop a housing cycle model for residential housing mar-
ket cyclical dynamics. Using single-family housing units for the four largest metropolitan
statistical areas (M.S.A.) in California: San Francisco, Los Angeles, San Diego and Sacra-
mento, the empirical analysis sorts national-macro, regional and local market variable
effects upon cycles.

Finally, Clark and Coggin (2009) use the U.S. quarterly regional house prices compiled

and maintained by the U.S. Office of Federal Housing Enterprise Oversight (OFHEO).



They present a statistical analysis of the time series properties of trend, cycles and con-
vergence of U.S. regional house prices and fit a classic smooth trend plus cycle structural
time series model to U.S. regional house price.

Based on the findings in the literature, the business-cycle feature is an important
property of housing prices. Accordingly, this research follows the idea of Lin and Chuang
(2010) to incorporate the business-cycle property into the valuation of MI contracts and
intent to develop the closed-form formula for MI contracts based on the regime-switching

option pricing model proposed in DPR’s (2002) model.
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3 Theoretical framework

3.1 The theoretical framework in BKU (2006)

This research investigates the fair premium of MI contracts by incorporating the feature
of business cycles inherent in housing prices. Before developing our proposed formula for
MI premiums, we introduce the setting of the economic environment used in BKU (2006)
in this subsection.

The asset underlying MI contracts is a mortgage loan, in which the borrower provides
property to be collateral for a bank loan and promises transferring the collateral to the
lender if he cannot redeem the loan. Although the mortgage is secured by collateral, the
lender still exposes potential loss due to the possibility of the housing value being less
than the loan balance when the borrower cannot afford to pay installments.

Denote V; as the value of collateral at time ¢ and R as the annual risk-free rate. At
origination, i.e., t = 0, the lender issues a T-period mortgage loan with a fixed mortgage
rate ¢ and a loan amount of By, where By = Ly Vy and Ly is the loan-to-value ratio.
Since mortgage loans are usually redeemed by installments, we assume that the borrower
pays a installment y back at each time ¢, where t € (0,7]. Without loss of generality,
the time ¢ loan balance, B,, is equal to the total present value of the unpaid payments

ranging from time ¢ + 1 to time 7T, that is:

et ()

As mentioned above, the lender still takes risk when mortgage loans are secured by
collateral, especially during the house-market depression. Fortunately, insurance markets
allow lenders to transfer this risk through MI contracts. According to BKU (2006),

the amount that the insurer of a MI contract compensates the lender in case of default
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occurring at time ¢ is:
LossPXY = max(0, min(B,_; — V;, LrB;_1)), (2)

where Lg limits the maximum loss for the insurer and is called the loss ratio. Equation (2)
clearly indicates that the insurer compensates the lender for his loss when the borrower
cannot afford to pay installments. The amount is the deficiency of the proceeds from the
sale of the collateral and loan balance, i.e., B;_; — V;, if any. But the maximum amount
paid by the insurer is the ratio Lg of the loan balance, i.e., LgrB; 1. Figure 1 plots the
payoff from MI contracts displayed in Equation (2). An important contribution of BKU
(2006) is to demonstrate that the mortgage insurance payoff diagram displayed in Figure
1 can be regarded as a portfolio of two European put options when the borrower’s default
occurs at time t. It follows that the valuation of MI contracts can be implemented based
on the option pricing theorem.

Assume that the housing price follows the geometric Brownian motion, i.e.,

AY/
7; = (U — S)dt + Xdz, (3)

where U — S is the expected annual rate of collateral appreciation, S denotes the rental
yield, z; represents a standard Wiener process, and > > 0 is the annual volatility co-
efficient. BKU (2006) develop a closed-form formula for valuing MI contracts based on
Equation (2). Denote Put(K;;,t) as the value of a put option with a strike price K,
and a maturity date ¢, BKU (2006) demonstrate that the current value of LossPEV  ie.,

LPEU | can be valued by:

LY = e EUmax(K7[Y =V, 0) | Foy — e M B max (K = V;,0) | Fo}

= Put (K'Y, t) — Put (KJ[Y t),

12



where E?{- | Fo} denotes the expectation conditional on Fy under measure @,
Ky = By,

and

KJFY = (1= L) B

Herein, the value of put options, Put (K ffw, t) and Put (KftK v t), can be priced by the
Black-Scholes formula. Since the loss for the insurer may happen at any time ¢, where

BKU
PO

t € (0,T], the fair premium of the mortgage insurance contract, F' , is given by the

following expression:

T
FPPRV =3 " Py(t)LP"Y,
t=1

where Py(t) is the unconditional probability that the borrower defaults at time ¢. The
critical idea used in BKU (2006) is to regard the payoff from MI contracts as a bear
spread, we thus name the method that prices MI contracts through a bear spread as the

BKU approach.

3.2 Revaluing MI premiums based on the KKME contract

In practices, the insurer of MI contracts bears the loan balance at time ¢ and has the
right to possess the underlying collateral in case of default happening at time ¢. Similar
to what defined in Equation (2), the conditional losses from MI contracts is usually with
a maximum limit Lg, which is presented as a percentage of the loan balance. Thus
the conditional losses for the insurer should be the difference between the time ¢ loan
balance and collateral price, if the maximum loss is not hit. This is also the content of
MI contracts investigated in Kau, Keenan, Muller, and Epperson (1995) (KKME (1995),
hereafter). However, we observe that the MI contract of BKU (2006) is different from that

of KKME (1995) in identifying the value of the loan balance when the borrower defaults.
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Specifically, default happening at time ¢ indicates that the borrower is unable to pay
both the time ¢ installment payment y and the remaining 7' —t future installments, which
is worth B;. As shown in Equation (2), the loan balance in case of default occurring at
time ¢ used in BKU contract is the time ¢ — 1 value of these T'—t + 1 future installments,
not the time ¢ value of this loan balance. Since the insurer of MI contracts takes all
responsibility for debt once the borrower cannot redeem the loan, the KKME contract is
more in line with the reality. It motives us to refine the pricing formula proposed in BKU
(2006) based on the KKME contract.

According to the KKME contract, the remaining loan balance when default occurs at
time ¢ is By + vy, or equivalent to (1 + ¢)B;_1, rather than B,_;. It follows that the loss to

the insurer in case of default at time ¢ should be refined as:

Loss{™* = max(0,min(B; +y — Vi, Lr(B: + v))). (4)

Similarly to the result proposed in BKU (2006), Equation (4) indicates that the po-
tential loss borne by the insurer is equivalent to the cash flow from a portfolio of put
options, that is:

Loss{™* = max (0, min(B; +y — Vi, Lr(B: + v)))
= max (K, — V4, 0) — max(Ky, — V4,0), (5)
where
Ky, = B+,
and
Koy = (1= Lg)(B: +y).

Particularly, the loss for the insurer conditional on default happening at time ¢ equals the

cash flow from a portfolio of two put options on the collateral price. Herein, one of the
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two options is a long position in a European put option with a strike price of K;; and a
maturity of ¢, and the other is a short position in a European put option with a strike
price of Ky, and a maturity of ¢. Similarly to BKU (2006), the option pricing theorem
can be applied to price the MI contract defined in Equation (4) as well.

KKME

Based on the option pricing theorem, the current value of Loss; ™" i.e., L

, can

be calculated by:
LM = e’RtEQ{maX(KLt -V, 0) | Fo} — €7RtEQ{HIaX(K2,t - V;,0) | Fo}
= Put(Ky4,t) — Put(Kay,t), (6)

where

PUt(KLt, t) = Ki7t6_RtN(_d2(KZ’7t)) — %G_StN(—dl(Ki7t)), (7)

In(Vo/Kis) + (R =S +0.5%%)¢t
YVt ’
dy(Kiy) = di(Kiy) — SV, Vi=1,2.

di(Kiz) =

Accordingly, the fair premium of the MI contract under the KKME contract, F' P is

given by the following expression:
PKKME Z Pd ﬁKKJWE (8)

Obviously, the proposed formula for pricing the KKME contract displayed in Equations
(6)-(8) is similar to the original formula of BKU (2006) except for the strike prices of
put options. Since the geometric Brownian motion is the key assumption for the price
dynamics of collateral prices, we also name this proposed pricing formula displayed in
Equations (6)-(8) as the GBM model.

Subsection 3.3 will show that the difference between the KKME premium and BKU
premium is too obvious to be ignored. As mentioned above, the KKME contract displayed
in Equation (4) fits in more with the reality. As a result, we develop the MI pricing formula

with the property of the business cycle based on this contract in what following.
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3.3 Numerical comparisons between the BKU contract and KKME

contract

This subsection conducts numerical analysis to investigate the difference of premiums
between the BKU contract, FPPEY and KKME contract, F P,

To be consistent with the market convention, we report the fair premium on an annual-
pay basis and represent this annual premium as a ratio of the underlying mortgage loan,
By, in the following. This premium ratio is called as Equivalent Annual Premium (EAP).
Since an annual premium terminates once the mortgage loan defaults, a reasonable return
required by the insurer for transferring the fair MI premium from a lump-sum-payment
basis to an annual basis is the mortgage contract rate, c¢. Accordingly, the way to transfer

the fair MI premium to EAP is given by:

pap - FHo ¢

(9)

Here, F'P} represents the fair premium calculated from the contract ¢, that is the BKU
or KKME contract.

Table 1 compares the EAP under the KKME contract to that of the BKU contract
for various maturities of MI contracts, T', volatility of collateral price, ¥, loan-to-value
ratios Ly, mortgage rates c, risk-free rates R, loss ratios Lg, and unconditional default
probabilities P,(t). Common parameters for each of the cases in Table 1 are given by:
T =230,%=4%, Ly = 0.9, c = 5%, R = 0.5%, Lg = 0.75, Py(t) = 0.02, S = 5%, and
Vo = 1,000,000 except when a remark is made.

As expected, Table 1 displays that both the BKU and KKME premiums increase with
the time to maturity 7', volatility X, loan-to-value ratio Ly, mortgage contract rate ¢, and
loss ratio Ly, whereas both of the two premiums decrease as the risk-free rate R grows.

Specifically, increases in the volatility of housing prices and the length of maturity induce

16



more uncertainty about the future housing price. Both cases more possibility that the
underlying mortgage defaults during the life of MI contracts. Similarly, the risk exposures
of insurers increase when the loan-to-value ratio Ly and loss ratio Lg grow. The former
raises the probability of default occurring, and the latter enlarges the possible loss of
insurers when default happens. Moreover, a higher mortgage rate ¢ burdens borrowers
with a heavier installment payment y and thus amplifies the possibility of borrowers
being unable to afford future installments. Those are reasons why EAP increases with
the maturity 7', volatility X, loan-to-value ratio Ly, loss ratio Ly, and mortgage contract
rate c. Finally, the phenomenon that EAP decreases as the risk-free rate R raises is
consistent with the option pricing theorem.

Table 1 also shows that the refined MI premium, i.e., the KKME price, is never less
than the BKU premium, and the impact of this revision on premiums may be significant.
To illustrate, under the setting of 7' = 30 and P,(t) = 0.02, the premiums calculated from
the KKME and BKU contract are 94.23 and 86.85 bps, respectively. It follows that the
absolute underestimation induced from the BKU contract under this case reaches 7.83%.
Moreover, the absolute pricing deviation come from BKU premiums enlarges as the mort-
gage contract rate c, risk-free rate R, and loss ratio Lr grow, whereas it declines as the
maturity T, volatility >, and loan-to-value Ly increase. Within examples provided in Ta-
ble 1, the maximum pricing deviation induced from the BKU price approaches to 19.70%
under the case of T'= 20 and P,(t) = 0.005. Nevertheless, the minimum undervaluation
from the BKU contract is still 6.42% in Table 1. It indicates that the difference between
the KKME and BKU premium is very significant and cannot be ignored.

To clarify the pricing deviation resulted from the BKU contract more clearly, Figure
2 compares the impacts of various parameters, including the maturity of MI contracts

T, volatility of collateral prices 3., loan-to-value ratio Ly, mortgage contract rate c, risk-
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free rate R, and loss ratio Lr, on BKU and KKME premiums. Common parameters
used in Figure 2 are identical to those in Table 1, except for the parameter displayed in
the horizonal axis for each sub-figures. Again, we observe that the BKU price usually
undervalues the fair premium. As shown in Figure 2, the absolute underestimation in
basis points induced by the BKU contract widens when the maturity 7', loan-to-value
ratio Ly, mortgage contract rate ¢, and loss ratio Lg increase. On the contrary, the lower
the risk-free rate R is, the larger underestimation resulted from the BKU contract. The
pricing error induced from the BKU contract is also found to be negatively correlated
with the value of the collateral volatility ¥. However, the pricing deviation of the BKU
contract does not disappear significantly no matter how large the value of the collateral
volatility X is.

In the last three years, many insurance companies have been reported to suffer from
great losses. For example, a CNBC report on October, 2010 pointed out that mortgage
insurers have lost big in the last two years on all types of loan. Reports from CNBC,
HousingWire, and Bloomberg also indicated that mortgage insurance generally have losses
in those years. For example, MGIC Investment Corp. (MTG), the largest U.S. guarantor
of home loans, announced that their net loss was $33.7 million on April, 2011, which has
been unprofitable in 14 of the past 15 quarters. Mortgage insurer Radian Group (RDN)
also announced that losses for 2010 reach $1.8 billion, ballooning from $147.9 million in
losses for 2009. By the report on November, 2010, mortgage insurer PMI Group (PMI)
lost $281.1 million in the third quarter of 2010 and the company set aside more funds for
potential losses. The loss more than tripled the $87.9 million lost in the third quarter of
last year. In 2009, Old Republic International Corp. (ORI), which provides residential
mortgage insurance as well as title insurance and other real estate transfer-related services,

reported a quarterly net loss of $126.5 million, and warns of continued slump into 2010.
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We note that undervaluing the premiums may be one of reasons that result in the
losses of insurance companies. Since the KKME premium is greater than the BKU price,
the refined model for valuing MI contracts may facilitate to reduce the losses of insurance

companies which are commonly observed in the last three years.
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4 Valuing mortgage insurance contracts with the business-
cycle property

4.1 The MI pricing formula under the regime-switching frame-

work

A number of empirical studies have provided evidences about the linkup between housing
prices and the business cycle. To illustrate, lacoviello (2005) proposes VAR evidence on
housing prices and the business cycle. Davis and Heathcote (2005) show that housing
prices are cyclical. It motives us to fill the gap by incorporating business-cycle property
back housing prices into the valuation of MI contracts. Since data with the cyclical
property have well known to be described by Markov regime-switching models, we adopt
the regime switching option pricing model proposed in DPR (2002) to model the house
prices.

The business cycle means that the housing prices have the cyclical property, which is
described especially by the different level of volatilities well. It is common to be described
as two state, economic recession and expansion. For instance, Hamilton (1989) proposes
an approach to modeling changes in regime by analyzing U.S. real GNP. The results show
that it is appropriate to date the business cycle by using two state. That is why this
paper concentrates on the two-state regime in housing prices.

Let o7, be the conditional variance of the logarithmic return at date ¢ that holds for
the period [t, ¢+ 1] and 7 as the risk-free rate over the period [t,f+ 1]. According to DPR

(2002), a two-state uni-directional regime switching model can be written as:

Vi 1
oy + A1 — 85— —0,52+1 + Ot41€e41, (10)
Vi 2

In
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(51, if |§t| < CI)(O't),
Ot+1 = (11)
52, 1f |£t| Z (P(O't)

and

€41
1 F, & N(0an1, owa).

St-l—l

Here, A stands for the market price of risk, d; (k = 1,2) denotes the volatility level, and
the conditional volatility o,,1 depends on the values of o; and &. The random variable &
is independent of ¢;. Based on Equation (11), the volatility transition probability matrix
is:

P N(®(01)) = N(=®(61)) 1= N(®(61)) + N(=P(d1))

N(®(02)) = N(=®(d2)) 1— N(D(d2)) + N(=(d2))

To simplify notation and make it to be consistent with that in Hamilton (1989), we further

denote the transition probability matrix as:

D N(CID((Sl)) - N(_(I)((Sl)) 1- N(CID((Sl)) + N(_(I)(51)) P11 P12

N((I)(52)) - N<_‘I)(52)) 1— N((I)(52)) + N(_(I)(52)> P21 P22

where p;; represents the probability of switching to regime j from regime 7 and 23:1 Dij =
1 for all 7. Please note that the values of ®(d;) and p;; are corresponding one by one and
so as the values of ®(d3) and pas.

Denote the time interval between [t,¢ + 1] as At. For the purpose of comparison, we

note that the discrete-time version for Equation (3) can be written as:

Vi 1
Ml (= s — 202 + oey, (12)

1 =
n % ( 5

where p = UAt, s = SAt, and 0 = X/ At. Moreover, €, is a standard normal random
variable and At depends on the data frequency. By assuming the number of regime to be

one, Equation (10) is reduced to:

Vs
Vi

In

1
:r+)\a—s—§(72+05t+1. (10)
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Recognize that the drift term of price appreciation equals to the sum of risk-free rate and
risk premium, i.e., u = r + Ao, the regime switching model displayed in Equation (10')
is equivalent to the discrete-time version of the geometric Brownian motion displayed in
Equation (12) given that the number of regime is set to be one.

DPR (2002) provide a closed-form solution for European options when the dynamics of
the underlying asset follow the two-state uni-directional regime switching model displayed
in Equation (10). Denote 0,11 = J; as the regime during the period [t,t + 1], i.e., it
illustrates the volatility for the period [t,t + 1]. Let Put(K;;,t|oo = d;) be the time 0
price of a European put option with a strike price Kj;;, expiration ¢ and initial volatility

Ok, where k = 1,2. The fair value of Put(K;;,t|og = Jj) is given by:

t
PUt(KZ‘,t,HOO = (Sk) == Z’yt,ﬂao:%PUt(Ki,tvﬂao == (Sk,N == j), (13)
§=0
where
Put(Ki7t,t|00 = 51@7 N = ]) = Ke_TtN(—de) — %G_StN(—dlj),
and
In(Vo/K) + rt — st + 0.567
dlj - )
0;
dyj = dvj = 0;,

07 = joi + (t — j)o3, j=0,1,---,t.

Here, N denotes the number switching from state k to state 1 during the remaining life
of the option, and Put(K;;,t|og = ok, N = j) represents the time 0 price of the European
put option, given that initial volatility is d; and the number switching from state k to state
1 during the remaining life of the option is j times. The probability 7 ji5,—s, represents

that in ¢ periods the number of visits from state k to state 1 is j. Based on DPR (2002),
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Ve.jloo=s, 15 calculated as follows:

(

plnggl, fOI‘j:Oandt:l’QJ...,T
D1, forj=1landt=1
'7t,j|00:§1 = ‘o s s .
PriP12Dss” + (t = 2)plaporlhy” + propaiphy”, forj=1landt=2,3,--- T
t—j+1
Z (i|0'0 = 51)’7,57@'7];”00:51, for ] =23, 1, and t = 2.3,
\ =1
and
(
Pha; forj=0andt=1,2,---,T
D21, forj=1landt=1
vt,j‘a():(sz ==
(t — 1)p21p12pt2§2 +p§§1pg1, forj=1andt=2,3,---,T
t—j+1
>> Fliloo = 02)% i) tiop=s,, forj=2,3,-+ 1, and t=2,3,-- T,
\ =1
where
, D11, fori =1,
F(Z|O'0 = 61) — '
p12p22§2p21, fori=2,3,---,t,
and

) P21, for i = 17
F(Z’O’D = 52) == A
p’égpol) for i = 27 37 et
Here, F'(ilog = 01) and F(ilog = d2) are the probability that the first transition to state
1 occurs after ¢ periods given that the initial regime is state 1 and 2, respectively.

Based on the regime switching option pricing theorem proposed in DPR, (2002) and the

payoff from the KKME contract displayed in Equation (4), the current value of Loss{™"*
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that incorporates the business-cycle effect behind in housing prices can be valued by:

£ = Put(KLt,tloo = (Sk) — Put(KQ’t,t‘Uo = 5k)

tloo=0y,
= iovt,jaoak [K1ee " N (—do; (K1) — Voe N (—dy;(K1y))]
- Z;%,jaoqsk (K246 N (—do;(K2y)) — Voe N (—dij(Kzy))]
- ;0 Vglon=se [ Br + yle " [N (=da; (K1) — (1 = Lr)N(=dg;(K2,))]
= Voe [N (=dy; (K1) = N(—dy;(Ka))]}, (14)
where

ln(‘/o/Ki,t) + 7t — st + 059?
0; ’

di;(Kiy) =
d2j(Ki,t) = dlj(Kz‘,t) — 0]‘7 1=1,2.

Assume that the probabilities that the initial regime is state 1 and 2 are P(og = d1) and
P(0¢ = dy), respectively, the MI premium under the regime-switching framework, F P,

is given by the following expression:

PRS Z Pd {P ) t‘UO o1 + P(O-O - 62)£t|0’0 52} (15)

We name this proposed pricing formula displayed in Equations (13)-(15) as the RS model.

4.2 Numerical analysis for the regime-switching property

Based on the KKME contract, this research further refines the valuation formula for MI
contracts by incorporating the characteristics of business cycles in housing prices with the
regime-switching option pricing model, since the housing prices are well observed to be
cyclic. Here, we also report the fair premium as the Equivalent Annual Premium (EAP),

which is calculated by Equation (9) with F'PF%. Table 2 exhibits the sensitivity of EAP
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to transition probabilities, i.e., p;; and pss. The parameters in Table 2 are given by:
T =30, Ly =0.9, c=5%, R =0.5%, Lp = 0.75, Py(t) = 0.02, S = 5%, Vu = 1,000, 000,
01 = 2%, and 0, = 6%. All parameters used in this table are identical to those in Table
1, except for the values of d;, d2, p11, and pys. These parameters are not required when
pricing MI contracts under the assumption of the housing prices following the geometric
Brownian motion as done in Table 1. We note that under this setting, state 1 indicates
the low-volatility state, whereas state 2 represents the high-volatility state.

Given the initial regime is at state 1, the case of p;; = 1 indicates that the volatility
always remains at the low variance state and thus the MI premium reduces to the price
under the Black-Scholes model. The characteristic is clearly born out in Table 2. We
find that all entries in the last row of Panel A are 85.10 bps, which not only is the lowest
value observed from Panel A of Table 2, but also equals the KKME premium under the
setting of 0 = 2% and P,(t) = 0.02 displayed in Table 1. Moreover, given the initial
regime being state 1 and pyy; = 1, the variance regime stays in regime 2 forever once it
leaves regime 1. The time that the variance stays in the low-volatility regime shortens as
the value of p;; declines. Therefore, for the case of pyy = 1 and the initial regime is at
regime 1, the smaller the value of py; is, the larger the RS premium will be. This is what
we observed from the last column of Panel A in Table 2. As shown in Panel B of Table
2, these characteristics are shared within the cases of Panel B, in which the initial regime
is at state 2, as well.

For any given value of pyy and initial regime, Table 2 also demonstrates that the RS
fair premium declines as the value of p;; increases, because the probability of switching to
the low-volatility state increases with p;;. Similarly, given the value of p;; and the initial
regime, the probability of switching to the high-volatility regime increases as the value of

pao grows. This is the reason why the MI premium displays a non-decreasing function of
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p22 when the value of p;; and the initial regime are given.
22
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5 Empirical analysis

In this section, we apply the proposed approaches for MI contracts to empirically value
the MI premiums in the U.S. market and compare the RS premiums with the GBM
premiums. Our data, all-transactions house price index for U.S., come from the Federal
Housing Finance Agency (FHFA). The sample period of quarterly house price index for
both markets is from Quarter 1, 1975 to Quarter 4, 2010, so that there are 144 samples.
To conduct empirical analysis, the returns of house price index are calculated as (V; —
Vie1)/ Vi x 100%.

Table 3 reports the descriptive statistics of the returns in the U.S. market. The
mean and standard deviation are 1.2232% and 1.2017%, and the skewness coefficient is
—0.2015, which implies that the distributions of the housing returns skewed left in this
market. Moreover, kurtosis coefficient is greater than 3, which shows that it is peaked
distribution. The minimum and maximum are —2.5371% and 4.7331%, respectively.

We empirically estimate the parameters of the RS model and geometric Brownian
motion (GBM) model for the U.S market by using maximum likelihood estimation. The
parameters estimated are summarized in Table 4. The expected return of the house price
index estimated from the two-state RS model, i.e., u; and pg, are 1.1213% and 1.3985%
for each state. The volatility estimated for each state, i.e., d; and 0o, are 0.6416% and
1.7894%. On the other hand, the expected return and volatility estimated from the GBM
model are 1.232% and 1.2064%. Both the two parameters, i.e., u and o, estimated from the
GBM model are observed to lie in between its corresponding state-dependent parameters,
i.e., p1, p2, 01, and d9, from the RS model. Based on the estimated parameters, we find
that the low-volatility state is with a high expected return, whereas the high-volatility

state is with a low expected return. It indicates that the housing prices are less volatile
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in depression but more volatile in prosperity, which is consistent with the empirically
findings in the literature.

Figures 3 compares the historical returns and the estimated probability of being in
state 2. Clearly, the figure shows that the inferred probability of state 2 (high variance
state) is close to 1 when the housing market is volatile. On the contrary, the probability
of state 2 approaches to 0 when the market is relatively stable. Figures 3 indicates that
the dynamics of housing prices exist the business cycle, which means that the ability of
the regime-switching model in identifying the different level of volatilities is well-defined.
Hence, the RS model is able to capture the change in the state. Accordingly, the RS model
is more appropriate than the GBM model for modeling the house prices when valuing the
MI contracts.

Table 5 displays the equivalent annual premium (EAP) for the U.S. market based
on the data ranged from Quarter 1, 1975 to Quarter 4, 2010. Specifically, we use the
1-year Treasury rate as the risk-free interest rate R reported in the Datastream database,
which is 0.29% on December 31, 2010. Based on the Datastream database, the mortgage
rate ¢ is set to be 4.61% for U.S. market, which is the fixed 30-year contract interest
rate on December, 2010. According to the information of Global Property Guide, the
housing yield S is 5% in the U.S. market. Based on the results in Table 4, the volatility
o used to calculate the GBM premium is 1.2064%. The volatilities for the two states
used to compute the RS premium are §; = 0.6416% and 0, = 1.7894%. Moreover, based
on the results displayed in Table 4, the transition probability p;; and pyy are given by
0.9823 and 0.9856 in the U.S. market. The probabilities of state 1 and 2, i.e., P(Sy = 1)
and P(Sp = 2), are given by 0.0046 and 0.9954, respectively. Finally, the unconditional
default probability P,(t) is set to 0.02 on average according to the information of Mortgage

Bankers Association (MBA), which is reported for the mortgage delinquency rates on Q4

28



2010. The other parameters without mention are given by: T=30, V,=1,000,000, and
Lr=0.78.

According to the Mortgagee Letter reported by Department of Housing and Urban
Development on February 14, 2011, it is useful to compare the RS premium with the
market data. Given that upfront mortgage insurance premium is 100 bps, the loans term
is more than 15 years, and the loan-to-value is less than or equal to 95%. The annual
premium is 110 bps, which is increased by the 25 bps to the annual mortgage insurance
premiums. It is close to 122.46 bps, which is calculated by the RS model in the case of
Ly=0.95 and P,;(t)=0.02 in Table 5. We also observe that the EAP calculated by the RS
model are higher than that from the GBM model. It implies that during the subprime
crisis the insurer should charge more premiums based on the RS model to reduce the
potential loss, which results from the undervalued fair premiums without considering the
volatility change. Again, it indicates that valuing MI contracts without incorporating the
business-cycle property of house prices may underestimate the fair premium.

Table 5 also reports the sensitivity of the EAP to the unconditional default probability
P,(t) and loan-to-value ratio Ly. As expected, the EAP calculated by both of models
grows with the increase in the loan-to-value ratio Ly and unconditional default probability

Pa(t).
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6 Conclusions

This paper first refines the pricing formula of MI contracts proposed in BKU (2006) by
re-identifying the setting of conditional losses to insurers in the case of default at time ¢,
namely the KKME contract. Hence, we propose a refined pricing formula of MI contracts,
GBM model. The numerical results show that the re-identification affects significantly
the potential losses to insurers. It causes that the fair premiums calculated by the KKME
contract are larger than those calculated by the BKU contract. We note that the pricing
deviation may be one of reasons that result in the losses of the insurance companies. Fur-
thermore, business cycle is a property that can be observed from housing market usually.
It is appropriate to assume that the housing price process follows the Markov regime-
switching model for capturing the business-cycle feature behind the housing market.

We incorporate the Markon regime-switching option pricing model proposed in DPR
(2002) into the KKME contract and provide a closed-form formula for pricing MI con-
tracts, namely RS model. Numerical results show that the parameters of RS model, i.e.,
volatilities under different states and the transition probabilities, influence the premiums
significantly. Additionally, results of real-time analysis show that the ability of the RS
model in identifying the business cycle underlying home prices is superior for the U.S.
market, and the fair premium of MI contracts is higher than that of the GBM model in
Quarter 4, 2010 when we take the business-cycles property behind housing prices into
account.

In recent years, many mortgage insurance companies have been reported to suffer
from great losses. Our results imply that incorporating the regime-switching property in
valuing MI contracts may facilitate to reduce the losses of insurance companies which are

commonly observed in the last three years.
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Table 2. Sengitivity of equivalent annual premiums (EAP) calculated from
the RS model to transition probabilities
(basis points)

Panel A: Given that theinitial regimeis state 1.

P2,
0.0 0.25 0.5 0.75 1.0
0.0 97.49 99.19 101.41 104.40 108.66
0.25 95.69 97.41 99.76 103.14 108.43
P05 93.27 94.89 97.26 101.04 107.97
0.75 89.88 91.08 93.06 96.82 106.61
1.0 85.10 85.10 85.10 85.10 85.10
Panel B: Given that the initial regimeis state 2.
P
0.0 0.25 0.5 0.75 1.0
0.0 97.09 98.86 101.15 104.25 108.66
0.25 95.35 97.15 99.61 103.14 108.66
P05 93.00 94.73 97.26 101.29 108.66
0.75 89.71 91.08 93.33 97.60 108.66
1.0 85.10 85.38 85.92 87.39 108.66

Note: (1) Parameters which are not directly specified in each case are given by: T = 30,

V, =1,000,000, L, = 09, ¢ = 5%, R = 05%, S = 5%, L= 0.75 and
P, (t) =0.02. Moreover, the volatilities for the two states are given by: J, =2%
and J, =6%.

(2) The fair premium of the RS model is calculated by Equations (13)-(15). We
assume this fair premium to be paid annually and transfer it to the equivalent
annual premium (EAP) by Equation (9).

(3) EAPisdisplayed in basis points.
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Table 3. Descriptive statistics of returnsin the U.S. mar ket
(%)

Mean Std. Dev. Skewness Kurtosis Minimum Maximum

UusS 12232 12107 -0.2015 4.4913 -2.5371 4.7331

Note: Our data, U.S. house price index, is obtained from the Federal Housing Finance
Agency (FHFA). The sample period ranges from Quarter 1, 1975 to Quarter 4,
2010, so that there are 144 observations. Statistics for the U.S. market are
calculated from returns of the corresponding house price index.
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Table 4. Parameter estimates of the RS moddl and GBM model

H M Piy P2, g, g, H o

RS 11213 1.3985 09823 09856 0.6416 1.7894
(0.0715) (0.2502) (0.0143) (0.0172) (0.0526) (0.1850)

GBM 12232 1.2064
(0.1009) (0.0713)

Note: Our data, U.S. house price index, is obtained from the Federal Housing Finance Agency
(FHFA). The sample period ranges from Quarter 1, 1975 to Quarter 4, 2010. The RS
and GBM model indicate Markov regime-switching model and geometric Brownian
motion model, respectively. Figures in parentheses are standard deviations.
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Figure 1. The payoff in BKU approach when the borrower defaultsat timet
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Figure 2. Theimpacts of various parameterson equivalent annual premiums (EAP)

The impacts of various parameters, including the maturity T, volatility of the collateral price %,
loan-to-value L, , mortgage rate c, risk-free rate R, and loss ratio L., on equivalently annua
premiums (EAP). Parameters which are not directly specified in each figure are given by: T =30,
V,=1,000,000, L,=0.9,¢c=5%, R=0.5%, S=5%, £=4%, L,=0.75and P,(t)=0.02.
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Figure 3. Inferred regime probability of being in state 2 (high variance sate)
estimated from the RSmodd for the U.S. market.
Returns in the U.S. housing market are calculated by the quarterly U.S. house price
index, which are obtained from the Federal Housing Finance Agency (FHFA). The
sample period ranges from Quarter 1, 1975 to Quarter 4, 2010. This figure shows that
the inferred probability of state 2 (high variance state) is close to 1 when the U.S.
housing market is volatile. In the contrary, the probability of being in state 2
approaches to 0 when the market is relatively stable. It is aso observed that the RS
model clearly identifies the period of subprime crisis as the high variance state in the
U.S. market. It indicates that the superior ability of the RS model in identifying the
business cycle.
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