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Abstract

In recent years, meshfree methods have emerged into a new class of computa-
tional methods and have been widely applied to scientific and engineering problems.
Meshfree methods can be roughly divided into two categories: one is based on weak
formulation and the other is based on strong formulation. In this work, we provide
a framework of coupling of reproducing kernel particle method (RKPM) and finite
element method (FEM) for solving boundary value problems. This work focuses on
the error analysis both under weak formulation and on the construction of discrete
systems. The construction and mathematical analysis for RKPM are quite similar
to FEM, but the accuracy of the solution by former is higher than that by latter.
Furthermore, the dimension of discrete system of RKPM does not vary when the re-
producing degree increased, the discrete system from RKPM costs more CPU time
than FEM. The strategy of an optimal coupling, for example, the relationship be-
tween the meshsize of FEM and the nodal distant and reproducing degree of RKPM,

is discussed in this work as well.
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a —BHa, BLHBZLKELE.
ai, fi, ¢ —1REL
e; —FEMMJ/NETT, e; = x5, 2j41]
I -,
H'(Q) —E&E—RERERZEzEm,
h  —H9R&HE (FEM) B B2 (RKPM),
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K —RANEEH.
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w; —RKPM B/NETT. w; = 25, 2j41]

p —FERLEE L AR .
¢i(x)  —Ritz-Galerkin FHEZ EE, 3 FEM ZHK.
pi(z) —BERLEERE.
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U,V —EERERZERIEZM,

z; —FEM Z &i%58 RKPM 2 &% (particle).
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F£28 ZEEBRBRZKERE
21 PEREBEN
FE & EHE
— () (@) + g(e)ula) = (@), Q= (0,1) 1)
Heug F iR
u(0) =0, (2.2)
u(l)=0. (2.3)

M (B1) 5 p(x) = p > 0, q(x) = ¢ > 0 B f(a) £ O LR SBRMEME €1)-E3)
pardEiT kY

a(u,v) = f(v), veH(Q), (2.4)
He H'(Q) BARKES LR BrI BT %M, 5 Sobolev 22M. MR
AHAEESR

a(u,v) = (=(pu'),v) + (qu,v)
= p(',v) + q(u, v) (2.5)
1
= /(pu’v’+quv) dr,
0
KR AT
flv) =

(f,v)

1 (2.6)
= /Ofvdx.
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2.2 Ritz-Galerkin &

e FERE 2.1)-2.3) NEA—EEE ¢, 2, -, dnn

2, RBEOUE o I

n+1

u =) =) i),

i=1
TREL ¢; ATH T A MERRER S
E(u") = minE(v),

veV

HBERERE VIEERS
V = span{¢1(z), ¢2(z), -+, Pnsa(2)},
MZK E(v) E&HE
E(v) = a(v, v) — 2f (v / {p(v')* + qv* — 2fv} da.
¥ (B.10) E—FWEMT

E<617027 "'7cn+1) E<U>

/{ (nzﬂcm ) +q<§cz¢z ) —2f<§cz¢l

/MERE (B.8) EKE E(v) ZMfE, {EEaT

8E(Cla Coy =0, Cn—l—l)
(%j

=0, Vj=1,2,---,n+1.
BEARE

=1
ﬁ%’f%;& Cl1s C2y "y Cpyi EB%WE}FZER

Xt = [017 Coy + - 7Cn+1]7

4

%{/ {pdi(x)d () + qoi(x)p; (2 }d:c}cz /fqu )dz, V.

AR

(2.7)

(2.9)

(2.10)

)}

(2.11)

(2.12)

(2.13)

(2.14)



Hep Mt RagcEE, A (2.13) ArpRERER X
Kx =F, (2.15)
HriElM K = [K;] kA& F = [Fj;] ZTTR3 05

K, = / (061(2)6 () + au(2) () de, (2.16)

/ foilz (2.17)

EEEENGRERER, RMERR R.19) t K EEERmAmEAR, HResE
JE, AR K Rk, EEREAGERNE, AFRAER K FricE g R E
. —REEERSR, RB 27) RAPaFEHr O o, FEHERE v -, A
BEBRENIITR.

ET—8, EM2FEERITRMMEEELDEEREIER Ritz-Galerkin 2
BE. ARKMENEERBHE, MUKRMSTRANETON, FAlEaER. it
WA TR A RN ? THEE MR
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3.1 BRITEZE (FEM)

158 2 B RROMEELS SUERE (2.1)-(23) ZEHE Q = (0,1] HIDHE n
3, MIEE h =10, WX BHEIE: HE Q2oEH58

O=a1 <@y < <2 < e <Xy < Ty =1, (3.1)

ERUALERIEG G 0. FHEE o B2 REE, EER LT RERKBD AT

_% ,ngng,
0 T2 <2 < 1,
p
0 7O<x<xi—l7

, Timp < T < Wy,

¢ (z) = (3.3)

_HTH—I axi<x<$i+17
\O y Tiv1 < T < 1,
Hf2<i<n
0 ,0< z < xy,.
Pnr1(z) = (3.4)
= x, <o <L

bt B E dm ETANGE B Frs.
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3.1 RMEEDR (32)-(34) 22 B

T _k i 2 SR E RS R
L 0<z <,
dz)=4 " i (3.5)
0 , Lo < x < 1.
(0 ,0< o <.

, Lim1 < T < I

—% y Ly <X < Tjgq-
\0 ,I’Z‘+1<ZE<1.
/\[:P 2 < /l/ < n’
) 0 ,0<z<um,
% , Ty < x < 1.

REE (.2)-B.4) KEEEH B.5)-B.1) MAL—-F 216) & 2.17) A, HiEFs
fE, i KRR F, HPLRE.

SO —TEEENL R Kx = F (5 ERERETOMN, JoiFERED B n [E/NETT
ej = v, vj1], BEFEENETHOESDSNESL, RE#HEL—AEE K k—KA
EF. THESRHNEREZERE.



3.2 FEM ZETDITREREMGE

B (R) 2B EREEUEE o RERGRGEUEE " B B.2)-B4) #

R BT DU M A T R
n+1
Uh = Zaz¢z($)a
i=1

n+1

/= Z figi(),
=1

(3.8)

(3.9)

BRANETT ¢; = [, 201] = [ih, (j + Dh], HPHHARBELE 258 ¢,(x) &

¢ji1(x), RE B2

3.2: INEETE [1, ;.. ] PERTEEDES KI5

FELCE TR, FIETEH TS, SEETES IRE KA
J@rie = [ o)+ ajd (@) da

J J

= laj, aj+1] [

/e(vh)de B /e_(ajgbj(x)+“j+1¢j+1($))2dx

—_

=L ==
= ||

J J _ o
h h
ho h a
= [aj’aj+1] 50 )
h h
| 6 3 | [ Wt
B
h,h 3 6 J
[ £t = 1l | 2
€54 — 4 a;
! | 6 3 ] j+1

I

(3.10)

(3.11)

(3.12)



EtEER (.10) RHEBRBIZE (") WHE—S EEE

E(’Uh) — /0 (p(vh/)2 —i—q(vh)2 —2fhvh)dx

e (B.13) FCRAER — R
E(w") = x'’Kx — 2F'x = x'(pK; + ¢Ky)x — 2F'x, (3.14)

HriER K = pKy + ¢Ks, T Ky & Ky 57515

1 -1 0
~1 2 -1
1
K= , (3.15)
-1 2 -1
0 |
2 1 0
1 4 1
h
Ky =— , (3.16)
6
1 4 1
0 1 2
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DKkmAE F

Ft = [fl?f?a"'afn—i-l]%

- [fla f27 Ty fn—f—l] ' K2~
HE (B.19)-(B.16) 4k Ky, K, ZHlH n E T2 x 2 /NEfE

HETR. B/MEZRA (B.14) ATEERKEE TERIERR [L17]

Kx = F,
He F 2 B.17) BEmK, HRE
R
F=K,- ﬁ ,
o |

Fitt (B.18) AERE K B IEEManARE, ]k A R Hush B ok

(3.17)

(3.18)

(3.19)

ETREFIRAWARITRSE (FEM) Batt. E%e V2IE n+ 1 [EEEAR

B BIRMEZM, TR
V = span{¢y (), ¢2(z), -+, ¢uya(z)} € HY(Q),

i H e R EE

o)l = { / (W) v2>da:}1/2,

11
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(3.21)



1 1/2
= Qd} , 3.22
ol ={ [ ()i (3.22)
&2 (B.21) MM Sobolev H&EiHEk H &%, 1 (B.22) FMf#EZ S Sobolev &
B L? 1. 5 4 EEESOSEEH A LIRS R ES S A RE.

MBS FER B BIRTCRE, R 2 T3 A S 2 B (18]
a(u” o) = f("), "€V, (3.23)
Rig Céa 51, "EPGIIZHH TREMEH, AT

< C- inf Hu—v
vhev

|w—u (3.24)

gl gl
1,0 1,07

HiRE R ELET IS THATRE ER

" 1/2
-l s (SR} et G
j=1
Hrh e, RERET—BAMR/NET (25, ;1] KM, (B.23) XE—-FTFHE

”u—wmﬂgdm%@zomm (3.26)

WH C K c #EMEE h 8. FFIA Aubin-Nitsche 5[3 [19] FIFERAESHE TR
=R
|u—u

log < Bllu=utll o < chlulyq ~ OR). (3.27)

3.3 BERINEZE (RKPM)

BETRBEMNMBERSE, K5 2 ZEEANEERARN—HEE, FrREE
8 Q=Quo0l FE—LE, EUERYLSEIRAIIES MR Q £, BfEZ
IEEE O = [0, 1], FLEER.
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BER (particles), B n+1 A%, HBEZE (nodal distance) 5 h =12, FEE
B oo, PEE-EEEKEK o(v) [15, 16], T

pi(x) = W (OM Y (2)h(z — 2))po(x — 25), Vi=1,2,--- ,n+ 1. (3.28)

WEIEEKE pi(v) FHABFEERBINE R —EIFERRELZR. HPEE h KEE M
EED AT

h<y) = [17 Y, y27 ) yp]tv (329)
28 p REESEANRE,
n+1
M(z) = > h(z — z;)h'(z — 2;)¢a(z — 27), (3.30)
i=1

MEFH ¢, (x — z;) BLLEHE, FHERATIIAR B-Spline

.

19,2, 8.4 _ 85 1

50— 5%+ 42 17 for 0 < 2 < 3,

it 4 15, 63,2 4 135,83 23,4 _8l5 forigz< i

_ Ja T8 4 1 8 8 ’ 3 3 331

Pa(2) = (3.31)

81l 81, , 8,2 8.3 8.4 85 2

W s2t % 12 2 157 Jor £ <2 <1,

k0 ,for 1 < z,

Mz =20l o RO DB (support) 8,  HAKAFEEEE, 7rm]

—o PRAER RS BERZ LK (support) 18, KB (B.29) TBRHF4EM
OB, T R ETANE B.3.

33 —BEERNEESH (3.29) 2@

13



B B.3 HEAKOEHBRIRES p Z2E 1, A (B.29) XFERE h(y) = [1,y)", TELP
SR 2 ERVERE, Hla=2 h, MRS p 2K, BoLPEEAIIR 3 (HHVE R,
Bla=3-h, HigEE B4 Frr.

QNPT P+l

3.4: EBERIVEERS (329) 2B

KR (P = 2) WEEEER (p = 1) WEEML, "TELHEREEELRTEL., MK
FEROHBHRARENZOPEN T EFRRNREZE B.30) APz M TR, #F%
a=(p+1)h [16]. FEEE o;(r) EEEREF, FEM M ERE, & B.29) =,
BZLDPEAHR, BEERENEEREANS, BHEEKLEE/FEEIEN R
2R [16]. ZEERE o (x) EinR EREERE Kronecker delta &, Al

pi(z1) = i1, (3.32)
pi(rj) # 0y, 2<j<n, (3.33)
@i(Tnt1) = Oiny1- (3.34)

RIREHE ) (r) IMATREREERE, MT

pi(r) = [n'(0)- (M~(2))" h(z — z;) + h'(0) - M (z) - (h(2 — 2:))'] - Gz — )

+h'(0) - M~ H(z) - O, (x — 21),
(3.35)

Hep (M~ () RIFIATHIRRRAE,

(M (2)) = ~M(2) - (M(2)) - M(2), (3.36)

14



M (M(z))" AlE#S (B.30) MAERE. ¢ (x — x) WATEES B.31) A#sr. M
PRRTHIfEE, HMHBERLER (B.28) IEKRBHH (B.35) BAR 2 EH (2.106)
Ko (R.I7) b, WEEAKOERE, HHEZRERFRATETHR. Rk, &
PR A HETAOIRER. THEER TR,

3.4 RKPM RETDKRRE G5

BE IR o W B LEERE (B.29) MILHEATIE

n+1

ol = Z bigi(x), (3.37)

TEBHEENEOERERE, Mp=1, EBLVPER .= (p+1)h=2h, EHXHE
INETE wy = [z, j11] = [jh, (j + DA HEFEEEE, 28018 ¢1(x), ¢(x),
@jr1(z) T pjia(z) , RIE B,

3.5: INETT [z, 2] P—EBERVEEXE D MIEH

15



FEMEITTAET R THIRED

/ (v")dx = / (bj—195_1 + b0 + i1y + bjag o) da

J J

= [bj—1, b5, bjt1, bjyo] [/ %@lédx]
wj 4x4

J

J J

/ (V") dx = / (bj—10j—1 + bjpj + bjs19i11 + bjropjia)’de

bj,1
b
= [bj-1, bj, bjr1, bjyo] / Orpedr
“i 4x4 bj+1
L b‘j+2 .
TR,
n+1
M) =" figi(x),
=1
K, BTHZES T
i} - )
h_.h b‘]
/ frotde = [fi—1, fjs fivns fizo] [/ %wzdiﬁ] :
wj wj axa | bj+1
bjr2

k
St — 5 TR = KR AT

E(") = x'Kx—2F'x
= x'(pK; + ¢Kz)x — 2F'x,

16

(3.38)

(3.39)

(3.40)

(3.41)

Hp k0= —1),7,0+1),0+2). # (B.39)-(B.39) &k B.41) BAEZEK E(v) #,

(3.42)



E B3N cEEHESE n+1=11, BEE K, kK, lITFAR:

B 8.669 —7.341 —1.325 —0.003 0 0 0

0 0 0 0
—7.341 13.356 —4.694 —1.318 —0.003 0 0 0 0 0 0
—1.325 —4.694 12.037 —4.697 —1.318 —0.003 0 0 0 0 0
—0.003 —1.318 —4.697 12.037 —4.697 —1.318 —0.003 0 0 0 0
0 —0.003 —1.318 —4.697 12.037 —4.697 —1.318 —0.003 0 0 0
K, = 0 0 —0.003 —1.318 —4.697 12.037 —4.697 —1.318 —0.003 0 0
0 0 0 —0.003 —1.318 —4.697 12.037 —4.697 —1.318 —0.003 0
0 0 0 0 —0.003 —1.318 —4.697 12.037 —4.697 —1.318 —0.003
0 0 0 0 0 —0.003 —1.318 —4.697 12.037 —4.694 —1.325
0 0 0 0 0 0 —0.003 —1.318 —4.694 13.356 —7.341
| o 0 0 0 0 0 0 ~0.003  —1.325 -7.341  8.669 | 11,11
(3.43)
[ 0.034 o0.018 0001 @« 0 0 0 0 0 0 o
0.018 0.058 0.020 0.001 = 0 0 0 0 0 0
0.001 0.020 0.058 0.020 0.001 =« 0 0 0 0 0
« 0.0l 0.020 0.058 0.020 0.001 =« 0 0 0 0
0 %« 0001 0.020 0058 0.020 0.001 0 0 0
Ky, = 0 0 « 0001 0.020 0.058 0.020 0.001  « 0 0
0 0 0 % 0.001 0.020 0058 0.020 0.001 0 (3_44)
0 0 0 0 % 0.001 0.020 0.058 0.020 0.001 =
0 0 0 0 0 « 0001 0.020 0.058 0.020 0.001
0 0 0 0 0 0 % 0.001 0.020 0.058 0.018
[ o 0 0 0 0 0 0 = 0001 0018 0034 | 11,17
(H« = 33E—7)
B IMEZRA (B.42) FEFSKEE T IR R
Kx =F, (3.45)

Hft K =pK; +¢K, , Ky & Ky B 10 ff 4 x 4 /NEREHFERER, KEERE K 9HE
7. EE_EHNMEAERTREZETATRZ K K Ky AIZH 10 8 2 x 2 /NERE
i, REERTERGES 3, HEERLEEENE L,

WMRBFIFE _ELOEERE, Hp=2, HPER o= (p+1)h=3hn, Kt
fE/NETT [z, zj]) FREEAERE, ¢j_a(x), ¢jio1(x), -, @jys(z). TELH/NE
TS, IR XX, HA/NMERRRSE 6 <6, 1 10 8 6 x 6 /MERH R
Ky, Ky WERS 11, W= (B.40)-(B.47) Fim. TMAEREE K = pK; +¢K,, REHE

17



Ry 11

i 10.697 —10.846 —0.435 0.619 —0.035 * 0 0 0 0 0 T
—10.846 20.419 —7.686 —2.536 0.684 —0.034 * 0 0 0 0
—0.435 —7.686 15.378 —5.344  —2.562 0.683 —0.034 * 0 0 0
0.619 —2.536 —5.344 14.520 —5.345 —2.563 0.683 —0.034 * 0 0
—0.035 0.684 —2.562 —5.345 14.517 —5.345 —2.563 0.683 —0.034 * 0

Kl = * —0.034 0.683 —2.563 —5.345 14.517 —5.345 —2.563 0.683 —0.034 *
0 * —0.034 0.683 —2.562 —5.345 14.517 —5.345 —2.562 0.684 —0.035
0 0 * —0.034 0.683 —2.563 —5.345 14.520 —5.344 —2.536 0.619
0 0 0 * —0.034 0.683 —2.562 —5.344 15.378 —7.686 —0.435
0 0 0 * —0.034 0.684 —2.536 —7.686 20.419 —10.846
L 0 0 0 0 0 * —0.035 0.619 —0.435 —10.846 10.697 Jd11x11
(Eh« = —6.3E — 4)
(3.46)

i 0.026 0.018 —0.006 b h %1 0 0 0 0 0 T
0.018 0.085 0.018 —0.005 *3 *o *1 0 0 0 0
—0.006 0.018 0.070 0.020 —0.005 *3 %o *1 0 0 0

b —0.005 0.020 0.069 0.020 —0.005 *3 *o *1 0 0
b *3 —0.005 0.020 0.069 0.020 —0.005 *3 %9 *1 0
K2 - *1 *2 *3 —0.005 0.020 0.069 0.020 —0.005 *3 %9 %1
0 1 o 3 —0.005  0.020 0.069 0.020  —0.005 *3 P
0 0 *1 %9 *3 —0.005 0.020 0.069 0.020 —0.005 b
0 0 0 *1 %9 *3 —0.005 0.020 0.070 0.018 —0.006
0 0 0 0 *1 *9 *3 —0.005 0.018 0.085 0.018
L 0 0 0 0 0 *1 b b —0.006 0.018 0.026 J11x11
( :,E\:EF[ X1 = 7.22F — 8, X9 = 3.75F — 5, X3 = —14F — 4,
b =3.7TE — 5, § = —6.74E — 5)
(3.47)

B AT A AR EE, FrEmbrid K X%, MEtitis CPU
R, (EASFER G2, TR ML RRIERED T

&% U ZFTE n + | [EREROEERTE R BIRMEZER:
U = span{pi(), ¢2(2), -, @usa(2)} C H(Q), (3.48)
BFFRBGEM (B.20)-(B.29) hERAVHEBIRIEMGERE.
MRS S ERE A D E R, AITRWE T35 e i

a(u, ") = f("), V" €U, (3.49)
AT R B [
Hu—uhHLQ S C'Ui,fé%Hu_UhHl,Q’ (3.50)
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B HREEERSR [10] TR

1/2
el (Sl ) <O ba a0
Hh Q cu;Q;, Q BEMEEE o;(z) 8 support, B1Q; = [z, —a,7; +4a], =&
RANBEH, MMp mﬁii&ﬁu IR, Wi, B (B.51) AR T IR
O(a') ,ifp=1.
le =], o < Ca”fulyyy 0 (3.52)
O(a®) ,ifp=2.
[FI£K AT A Aubin-Nitsche 57552 &8 T HIWHEITS
. — O(a®) ,ifp=1.
Ju—u HO,Q SO ulyyy 0 & (3.53)
O(a®) ,ifp=2.

HE O R C" B LR AR . RS 0PE o BEENE b, BIELRR:
a=(p+1)h, FrlA (B.52)-(B.53) AlE—FHB TFIFH

(
O(hY) ifp=1.
lw = "], ~ (3.54)
\O(hQ) Jifp=2.
il (
O(h?) ifp=1.
|’u_“hH0,Q ~ (3-55)
kO(h?’) yifp=2.

HMET -EHARTREEBAZVE R ES LR, LR AR/
A b B

HERA IR T RATE T AL O ERE R B S, EERERLPE o BE
B /N—2E, A0 a = 1.0001 - h B, BIA]ZEER1GE]
MEEROESGEERRAERTRET [13], HHE K NHER 785K 3, SEEER

Ao HWit, BEZRUVEREGERREZUERITRENEEE, FIGERE XFEM B
GFEM fERUsLR IR .
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F4E BUEHH

RIS 3 BERMC/HE TREhZERITRE, REMBETCHERLE

BRI, WESBREERNEEE RS,

BHEEE LM, ART

REEEARRFEZLORERR, BRI L E ORI 0P ERA, RIE
HEMRMERM Kx = F iy K 2HREERK, HoEEa TABERERNEE R

(

7 % h<a<?2h

w=2k—1=4¢11 ,%2h<a<3h (4.1)

\

15 % 3h < a < 4h.

Heh x BEZEH, SIFREEFE—/NETAEENEHE. % support K a fi/NEHE
BEEE h EASEE, MG k=2, FEw=2kr—1=3, REFRTEENETE 1.

T RBAS B —(EEE S ERE N T

— " 4+ 7 = 2r? sinwz,

u(0) =0,
u(l)=0
R AE (1.2) EFEEE
—(pu) +qu=f,

Hrfpx) =1, q(x) = 7%, AIWHE f(z) = 2n°sinTa,

—E#EE u(r) = sinmx,

21

(4.2)
(4.3)

(4.4)

(4.5)

JiafErE ((2)-(Ld) AR



HARRABRITRE, MRE A SFRA 0.2, 0.1, 0.05, 0.025, 0.0125, AR
BHRABEROER S, BEEERESE-8, FEAER - RWEFEZLEE,
ML PR RERERN p+ 1, p REEKROHBEIRE. BRERKEBESFIRTIP
THEHFRLIERLIH.

h Hu—uhH Rate Hu—u Rate

0.0 Rate ||u—u

il il
0,2 1,Q

0.2 1.56 x 1072 1.63 x 1072 3.97 x 1071

0.1 411 x 1073 | 3.792 | 4.07 x 1073 | 4.014 | 2.13 x 107! | 1.865

0.05 1.03 x 1073 | 3.997 | 7.97 x 10~* | 5.107 | 1.23 x 10~ | 1.739

0.025 | 2.57x107* [ 3.999 | 2.03 x 107* | 3.919 | 6.28 x 1072 | 1.953
0.0125 | 6.43 x 10~® | 4.000 | 4.79 x 107° | 4.246 | 2.88 x 1072 | 2.181

® 4.1 BRTREZRERNHR

uh

AHRREZEH, ERRITRENHRIE b INER,
H2 Kk B3 BHARDERRERIRERR .

REFELL /4 R EHIER. THH

h Hu—uhHoqQ Rate Hu—uhHQQ Rate ||u—uhH17Q Rate

0.2 6.73 x 1073 4.61 x 1073 1.31 x 107¢

0.1 1.70 x 1073 | 3.972 | 1.18 x 1072 | 3.910 | 5.13 x 1072 | 2.545

0.05 4.19 x 107 | 4.045 | 2.62 x 107 | 4.499 | 2.76 x 1072 | 1.861

0.025 | 1.04 x 107* | 4.011 | 6.58 x 1075 | 3.985 | 1.29 x 1072 | 2.132

0.0125 | 2.61 x 107> | 4.003 | 1.18 x 107 | 5.560 | 8.86 x 1072 | 1.459

® 4.2 BEBERLVEIE (p=1a=2h) QRERNHR
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h Hu—uh” Rate ||u—u Rate Hu—u Rate

00,2
0.2 4.04 x 1073 4.27 x 1073 7.53 x 1072
0.1 5.81 x 107* | 6.946 | 3.77 x 107* | 11.332 | 1.37 x 1072 | 5.482
0.05 7.53 x 107 | 7.716 | 3.70 x 1077 | 10.197 | 2.25 x 1073 | 6.102

0.025 | 9.54 x 1076 | 7.890 | 3.38 x 1075 | 10.939 | 3.14 x 10~* | 7.177

il il
0,0 1,0

0.0125 | 1.22x 107% | 7.848 | 2.85 x 1077 | 11.843 | 4.57 x 107° | 6.863

£ 43 ZXBERVEEE (p=2,2=3h) 2BZRNME

MEEROEREZEREE b N, EREREREE, RERD 1/4 EBFRRE, M
A TRERHHE, BERLL 1/8 AR,

bt = AR F BT RRREERDSE —E T, 08 B AR,

LO-norm

5]
i

log, llu-u I,

AcFEM
SFRKPM (p=1)
RKPM (p=2)

] 18 1B 14 12 K 08 08
Iogmh

4.1: BRTRERBEZLVDEREZRELLR

M B =5 L3 RE L1 Al R BB IR TR Mt B A O Bk T R AR
ZOh?), BEREDN 1/4 E5RE. Mo XKEEROERZEZEEITREZ O(h®),
IREMRRZELL 1/8 (58RI, ERAIMEREE B —F58 2 B 4 EiRERE M EEmEY)
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FEM : [lu—u"||,, = O(h?) (4.6)
O(h?) ,ifp=1.

RKPM : |Ju —u"||,, = )it (4.7)
’ O3 ifp=2.

HAEZUVERNRHETEZ CPU RRIILARITSE, BERERS, AR L] EX
L3 TRIFBRECHERRELEE. ARTRELHEELOERENRER L, =
REEG VARG AR DB ERE. BIMER—RNE, BEROERE
PEBERTT, HARUERHT KRR REAREM, (EREER I L.

R L1 TS EE AR TR LR =N LR E R ¢, WTAR
Hu—uh”(m < e h? |u]27Q7 (4.8)
Best, WRED, BRI G AR EE AR DB BERN LR ERE e, WT

Hu —u < epa? |u|2Q ) (4.9)

*lloe

FEBRITRETHKEE b, AL OE B L PR RS 5 K K B B g g
R, FPUERER 2 EGRVERE o = 20, AARLS, AfEEHHoREEAROEREN
ERRE s, WT

|w— uhHO,Q < cza® |ulsq (4.10)

B TRERERAO LR 3 EHVEREE. B ¢, o K cg BATHILER R

R P . ) (4.11)
Co C3
BRI AT
Co
. (4.12)

HH o1 ey K3 KNZ, R B RITRERRE LA VE IR E R G K.

24



AEHEMENRESR 3 EHFEME R R ERKPM A H) EREERNE S ER.
HEERAR G EARIIE AR TRE 12 KiamE /152 20, 21], (H8E2 LK1,
AAARE ER T KRR BFTEAE MR Y R RENERIEERD
CPU KR, AEAE R MRS IE B A 1 i B B BB A TR BB 2 FR AT A1 P — 1
B R ARIE] 2 FYE R R A FI AR A .

5.1 FEM-RKPM #&&:

FE T IEE 2R ERHE

—u"(z) = wlsintw, —1<x<], (5.1)
u(—1) =0, (5.2)
u(1) = 0. (5.3)

CEE—E#R u(r) = sinmz. HPKERS Q = (-1,1) SERHMS, £ Q =
(—1,0) RAERTHEE (FEM), £ QF = (0,1) BIF ABEKOEEE (RKPM),
MRERT 2 =0, HAY, i FEM-RKPM W &EIE B4 Fis. B n EREHEES
K m {EE B
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{¢&ca

Ei6ats -  Hzcar
. i — Q=Q uUruQ*
ml $2 ...... wm

5.1: BRTRERBERNEMEZZ BRI RER

Herm < n, REHEE 4 BEEDITHERAE, ARITREVEBE, St
B ERERVERED, ARRERETIAY, tRteREnBERHEE.

M FEM-RKPM &N EERBEENT

v ::EE:aj¢er)inS)_,
7j=1

V= (5.4)

vt = Z bipi(x) in QF,
i=1

i E EAMR TR EZ /NETT ej = [fj, §j+1], BAZLERZ/NETT w; = [ZL’]‘, ij+1]o
faEsEFERE (5.1)-(6.3) < ARIGRKHEEL UERN AR, Alie—To15BR

a(u, ") = f(u"), Yo" €V, (5.5)
H A 8 5
a(u, v) = / u'v'dx +/ u'v'dr + w? /(u —ut) (v —ovh)de, (5.6)
- o+ r

MR ER

flv) = fodx + fudzx, (5.7)
Q- o+

£ (B.3) PHIRIRMEZRHS

V = span{¢y(x), ¢2(x), -+, ¢u(2), 01(7), 2(@), -5 em(z)},  (5:8)

i (b.6) H8Y w BRAFEE, CHEFRERERMEGR. M (b.5) FEPTEZEKE/N
il
E(u") = min E(v), (5.9)

vhev

26



ZH E(v) EEAT

EWw) =a(v,v) —2f(v) = /

[oE=

(V") = fo)dx + w? /(v_ —v)2de, (5.10)

r
H AR AL 3 ERT/MERNETONAR, RKESY FEM-RKPM #a@mEEZ
PR, BAFTRCR TR IR R

Mx = F, (5.11)

B M AR B = AR AR T EAHE TR, 1 F MENEBGZE =/

BB Q7 & QF WEERBASHEELR, RE 2.

__________________________________________________________________________

Elg_t 1ol 1 ig la g ig ot | ] ] ]
YL LA L P O T T
I N N T e Ml Wit ML I I
a

5.2: FEM-RKPM #E&ZERETRERXKH D HE

ETARMAETA, Z—3tE/NETTAES . B (B.10) TEED T LS
M, ot

/Q (v = nz_l / _(v')%m = nf / _(v')ZdQ + nz_l / '(1/)2(19’ (5.12)

Jj=1v¢ j=17¢% Jj=n—4"¢
m—1 m—1
/ (v’)QdQ:Z/ (v/)de:/ (U')2d9+2/ (v')2de2, (5.13)
o i=1 Jwi w1 i=2 Jwi
n—>5 n—1
fod = Y- / fod+ / fodQ, (5.14)
Q- j=1 "¢ j=n—4"€n-1
m—1
fodQ) = / fodQ+ / fodS, (5.15)
Q+ w1 i—o Jwi
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FENR TR v =0 ziE, BT B, $SRAE G
WQ(U_ - U+)2 |I=0 = w2(an¢n - bl‘Pl - bZ(PQ)Q |z:0

2 —np1 —Pnp2 an
= W fan, b, b] | =g @ 1 by (5.16)
2 P12 ¥ by
HETEEESME LATAE - = 0 ELE 3 HEE, 2HBERTEE ¢, KEEMK
DB o1 Koo FREL, 12K (B.10) FRYRE—HLE— 3 x 3 AR KA.

HfER (B.4) X RE o; & b AAEFAFTR

X, = [ay, a9, -+, an), (5.17)
Xé = [b17b27 "'7bm]7 (518)

W FHAREA & x 2
X' = [x{,x}], (5.19)

HRIEER Sy (B.12) BB AILR T HIE

n—>s
3 / W20 = xMjxi, (5.20)
j=1"¢

Hep M, B2—fIRERE, HERB 3. B—7AE, &5 (B.13) "ML TR
m—1
>y / (V)2 = x,Myx,, (5.21)
i=2 Y Wi

Hh M, th2—HIRERE, FEBE7(Ep=1)8H5 11 (Ep=2). m (1)
KFFERHEATRE TN, HFMNET e, yUe, 3Ue,2Ue, 1 FEREEREE
¢n—49 Tt ans ®1 & 25 #\:’bf%E

n—1 n—1
> / (W) = Y / (An-ay_g+ - + andl, + bigh + bagh)d€)

j=n—4" € j=n—4" €
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A{H A{u
= [an747 crt o, G, bl; b2] (079 (522)
A4él A4é?
T bl
by

Hoh ey UensUenoUeny R e, B My = [[.¢0dQ], ., My =
[f Gt | Mo = Ml M = [[lpld0),,0 n—4 < KL< n
1<s,t <2, T (B.13) A RIERRI—IHRIREC T H 4 x 4 KA, B w, 7&F
b 015 P2, Koo HIUERE:

L, @)?de = [ <an¢;+b1gpg+b2¢g+bgwg)2fm

ap,
A4i1 A4i2 bl (5'23)
- [ana bla b27 b3]
A4él A452 Axd b2
bs

Hrf My, = [fwl(dz)QdQ} , M = [fm gb;lgoZdQ} . My = My, B My =
1x1 1x3
/ /
o soksoedﬂhxg, 1<k (<3

%ﬂ%/ﬁ%g& Ap—4 5 "y Apn , bl s Ty b3 §a%—‘ﬁ§, ;Z[I_F

X ::[an—47"' 7anablab2abﬂlxg7 (5'24)

/ (V') dQ + w2/ (v™ = U+)2 dl = X"M3x, (5.25)
en—qU---Uep_1Uwq T

Hrh M3 2— 8 x 8 FAEMERE M, (nxn )&k My (m x m) 2k, 0E[p.3. #HE
#, HEAENIE (B.14)-(515) BEHN=ETHE F, ~ F; #H&TKR, HEb F; 2
8 x 1 HymAE, aE b4,
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M,
F,

MQ F2

5.3: % (B11) chiEkE M RUAETE 5.4: %% (B11) AR F VA5 1E

5.2 BREDM

HEETME THRRERSEITR. HFELER—EREZEHE H KEESH
{1 gr» AT
H={v|ve H(QF),andv=00n0Q}, (5.26)

1

2 2 —_112 2
ol = {0l + ol e+ ot =072} (5.27)

REE A EARRE. REHENEER SRR (B.6) B THRERNE
K R

a(u,0) < e fully ol s wv €V, (5.28)
a(v,v) = co vl , vEV, (5.29)

HrpBRIEZH V EEED (B.8) F. A (B.27) \TREGRITERSR I' LROSEEIR
mr

112 _
o = oo = w2 Il = oo = ol ar b (5.30)

[0 = o [|or <@ ol (5.31)
FEFIF Lax-Miligram 3|3 [18] 730G 3 Tl SEHEER

ou

Hu—uh”H <O {52‘@”“ — 0l +w on

}, (5.32)
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Ei R AR A8 5 EAUHES w BT HEIRYRBA 4R
w=a" §>0. (5.33)

HrpR75 (—0), AIHBEREFEREE, WHEE o —EHL 1kER. ETREM
AE— LB ISR TEEHE,

E IE 521 1?355 u € H’C‘I’1 (Q_)’ u e Hk+2(r)’ 2 > 1, u& w e Herl(Q'i‘)’
we BT), p 1A |5 < lullyg, WEGBITEMES

lu—unlly, < cah” ulpi1.q- + cora? |u|p+1,9+
+ w03hk+1 |u|k+2,r + wC4\/Eap+1 |u|p+27r (5.34)

o [l

1 (B.33) BB F AR, "SR TIPSR
|u— ||, = O(c1h®) + O(c2a?) + O(csa™ W) + O(csa?™ %) + O(a’),  (5.35)

Hft e > o, 03> cp0 RBE 4 ENEESTEN, Ep=18K, Blc #5814 £0
C2s FTLAS ¢ ~ 15c95 & p =2 K, Al ¢y = 30c,, HEEFEIRATEHAECEIfR. Kt
e th, FRERER IS, Fl:

O(a*™7%) = O(a°), (5.36)
O(a?) = O(y - hY), (5.37)
O(aP™) = O(y - hF), (5.38)

Hefiy =2~ %, WHHSEEULERLT

c2 ca

pH1—6=06 p>1, (5.39)
h = min {G%I"“_MTW, e%lna_%} , k> 1. (5.40)

FMAEHE b.21 & (5.39)-(5.40) AI1EEI N EAHER
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i 5.2.2. & FEM-RKPM #&i&h, FEHE QO IBERILVDERNE p R¥E

HE
RER, FEEHQ PHM@IEEH TEEAT

h = min {e%'"a—'”%,e%'”“—ziﬂ } k>l (5.41)
Hit, BE#EE o BGET
1
w=a", 521%, p=>1, (5.42)
(5.43)

A AR T R R TR

Hrp
15 ,Ep=1
y =
30 ,Ep=2
FEM-RKPM #&& /RIS b1,
RKPM p=1 p=2
Q%) | h=01 | h=0.1
a=0.2 a=0.3
FEM k=1 k=1
(Q7) | h=0.013 | h = 0.003
k=2 k=2
h=012 | h=0.01

& 5.1: FEBARSEZRNZRIES

M B "Al, ETEE QT (BRITERE) B, #@8E » TR O (A
OEER) ZEREE b REY/DN,  FTPEERERETREER H AR AR ER
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HAGD. StRBHEEL—&h, EEEXE B4, £Q"TEmE, £Q

HE nE, M& m b n /AER,
ERBM A HEE w T
w=h"% a>0,

AP, BATAIEET HHEGR B.2.3.

(5.44)

HE 5% 5.2.3. & FEM-RKPM &S, FEE QO ERTREM\ISE h BRI

RER, TEZ Q" PNBERVEHECEEXE o« F2E, UT:

k In k+1 In~
. Zlnh+t  EEoinh4 L
a = min {ep P, eptl P S p > 1.

HTHEE w BRI

kel

w=h"" « ,
2

k>,

HIATRE T E e =
|u— uhHH ~ O(h%).

FEHE R KAt RN ST R AR EFRE T AT

O(@®) ,p=1
is O(a*®) ,p=2.
fu— ], , ~ 0@F)y =
O(a’g) , D=3
0(@®®) ,p=4.
1954
,
Oh?) k=1
\ O(h25) k=2
fu— ], ~ 0 = {0
o) k=3
(0%) k=4
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(5.45)

(5.46)

(5.47)

(5.48)

(5.49)



RItt, BefirnEE =R b 2, HESINER, REAETHHT, EH 1/4 F0E
B, EHS—-TERBHSERER, 5—T R DRSBTS RRERS, DUEE
& &id CPU IFH, MEEHREWRHEEE.

WX FEREBFEEEELR, ERNRUEREIEBEESNRE, 2WMHNA
B E LR, BRESS, BMETESUEFETIARZHE. BRESEEHE
R BUERS R AT 2% S0 (22, 23).

34



A
8

BOE

R XE 3 BNPEREGENE FEM, RABETHT AR, BPLPERENRB
RKPM, B n] 5 3 7 #8271 A0 B IR B0 o A8 07 SRR R F /N R B T 1
W ED T IMEE AT € JRE R A BRI EE . R, B Gy srE
Xk iE. WAt ARARERRITRE (linear FEM) AR SHEFEKOE
#h (linear RKPM) BYRF6.  #R{ERIRITRERIERZE LG h BB, HPEM
BRRTTEMEERTE, WT

FEM : |u—u < Cohlulyq (6.1)

"l
1,0

MFEAERDERRERERE EFUR ALK BRI AP o KFEH p BRI, WT

RKPM : Hu—u SCpap|u|p+LQ, p=1,2,3,.. (6.2)

"l
1,0

5 4 EHERERER RKPM It FEM BERS, MAETHEELS DMK
2, (EA RKPM W 0LAEL FEM H#EEIERGAT e B RBFrfEE. RKPM
DR ERELA, PEAAKGEN CPU &R, H condition number &
R, HREHEEEEZIMEN TIERKRGRE [24). A, BEGS—ROZEM
& (p > 1) 8 RKPM E£NBEBCRHAIRERER, REREEENTESR, EFEAK
REEAROERNH, MEgEEARENTR. KB FEM , EHEMARHE FEM 2K,
HERCA R ERHES . fEam 3R 4 = JiR AR E FEM B RKPM {EtiR, EffE
MR RERBEECRIT, MEE RKPM 5. 3= (6.1)-(6.2) #HHEEE TR %

Co>C,, Vp & % > 10, Vp (6.3)
0
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WMYAIE 5 ZHINHE FEM B RKPM ZiEEMER, REEN B USE
F, HoWEM - REEESCRT. MAESRIERS A EE, MHEIR 2B EeEy,
WER D AE R ER . RFMHEEEMAEGES T REMEWT

_p+1

[u = u"[|,; = Oa”), 6="—==, p>1 (6.4)
He |||, SEHERSEE, MEER
w=a"’ (6.5)

E RKPM B LR ERRER, RIAEIEH FEM #Er#ER&E, 2T

Iny  ptl
K

,WH”%%}k>1 (6.6)

. P _
h = min {ek'"a

H 28 v A%k FEM #&zZ ERZ fAREE RKPM #IERE ERREGZ LLE.

R (6.4)-(6.6) KIEFHER, REA2E, AFERERER/), H CPUGE
FHE&D, REERSERE. SxVERM MR ESR FEM SEH A i
FERITE S o

1€ & FH g T 2 B A 3 S Mo I — R B R R R G i B, (B ER A =
MER = HERTER A RKPM , BEECRIIC B H L E R, Aa Ut h— N2
i EReStH RKPM BHIFRIRERL, FHEELGHENES, T ELmEmiE s
o MEREO TGRS IMMEEE, AR ALARE. LM ERREERN
AEE RKPM fiZEAK, MEAFKEMERE, HEMEM#ELER, EBRRSENR
2k TEMET,
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