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摘 要

由於選擇權契約的多樣化和複雜化加深了評價上的困難，所以大部份都以來討論，但這個模型

有個缺點，變動中的選擇權或股票都會突然有個劇烈的漲跌，這時 Black-Scholes 模型就不能描

述這個現象，所以本文又更近一步討論跳躍擴散模型的選擇權，因為它的偏微分方程式中多加入

了一項 Poisson 積分項，這使方程式具有描述跳躍的特性，更能貼近選擇權的特性。

在選擇權評價方面，大多數的人都用蒙地卡羅法或是有限差分法來做評價，國內較少使用半

徑基底函數 (Radial Basic Function, RBF) 內插來進行評價，另外，在 RBF 法上基底的又有

TPS 、MQ 、Cubic 、Gaussian 等種類可以選擇，本文使用有限差分法和上述四種基底的 RBF

法來對 BSM 進行評價，發現 MQ 、Cubic 較為準確；之後再對跳躍擴散模型作評價，文中並討

論有限差分法與 RBF 兩種方法之計算優缺點。

關鍵字: 有限差分法、無網格法、半徑基底函數、Black-Scholes 模型、跳躍擴散模型
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Abstract

Due to the variaties and complexity of Options in the current market, pricing the Option

comes up to be a very difficult task. The common tactic is to discuss the pricing problem

under the framework of the phamous Black-Scholes Model (BSM). The drawback of this

model is quite evident that it does not count the possiblility on the sudden changes in the

option or stock. In this study, we also consider he Jump-Diffusion Model (JDM) right after

the discussion of the BSM model. The PDE representation of JDM is the same as BSM but

with an additional Poisson integral term to model the jump feature, which make this model

more close to the features in pricing the options.

Unlike the popular studies using the Monte-Carlo simulation method or applying the

finite difference method to solve the PDE in Black-Scholes Model, we use finite difference

method and meshfree method with four different types of radial basis functions (RBF), i.e.,

TPS, MQ, Cubic, Gaussian, to compute the numerical solution of the associated PDE for

BSM and PIDE for JDM, resepctively. Based on the numeircal experiment, the MQ and

Cubic RBFs are found to provide more accurate result. We also compare the computational

efficiency between using the finite difference method and meshfree method.

Keywords: Finite difference method, meshfree method, radial basis function, Black-Scholes

Model, Jump-Diffusion Model
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CHAPTER 1

Introduction

Black and Scholes found a close form for evaluating European call options in 1973[2].

They assumed the asset price is risk-neutral and showed that the European call options value

satisfies a lognormal diffusion partial differential equation which is now known as celebrated

Black-Scholes equation.

The meshfree method based on the radial basis function (RBF) is widely used in many

fields within this decade. It is important to choose the basis functions which are multiquadric

(MQ), Gaussian, thin-plate spline (TPS), and cubic. It can approximate well not only high

dimensional scattered datas but derivative values. Franke showed that the MQ function is

better on Accuracy, stability and efficiency in 1982[9]. In 1997 Hon and Mao solved the initial

problem with MQ function and showed that the RBF unlike the finite difference method to

construct the grids[10]. |In 1998 they compared the numerical methods for the finite element

method, the finite difference method and RBF-MQ on burger’s equations[11]. And they

showed that the numerical result of RBF-MQ is better than others. Generally the numerical

methods of pricing option are binomial tree model, the finite difference method and Monte

Carlo method. Recnet the RBF get attention on pricing options. In 1999 Hon and Mao

used the RBF-MQ to approximate the numerical value of European and American options

on Black-Scholes model and had good approximations[12]. Moreover they compared a lot of

methods of radial basis functions with MQ, Gaussian, TPS and cubic functions in 2000[13].

And they chose TPS function in order to selecting parameter.

In this thesis we show how to compute European call option prices in the Black-Scholes

model (BSM) and the Jump-Diffusion model (JDM) using Finite Difference Method (FDM)

and Radial Basis Function (RBF) interpolation techniques. Although there are many studies

on solving the BSM model since 1980 but the JDM related equations such as the Merton
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Model[18]) and the Kou Model[14, 15] have mostly been solved by FDM. In FDM, the

idea is to simply fully discretize the equations on an equidistant grid and use around the

point to be evaluated. In RBF, the idea is to random discretize the equations on a domain

and use the coefficients which are generated by the data points of radial basis function to

be approach. The evident drawback of using FDM method to solve JDM is coming up in

evaluating the integral term, which needs to use the call option prices for the asset that

are located outside the descritization domain of the asset. When using RBF methods, this

drawback is automatically solved.

The organization of this thesis is described below. In the next chapter, we introduce

the European call option exact solution of Black-Scholes model and using FDM and RBF

method to price. In Chapter 3, we show that a brief description of the PIDE of this Jump-

diffusion equation. In Chapter 4 we show our computational results of JDM by FDM and

RBF method. Finally, we give our conclusions.
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CHAPTER 2

The Numerical Solution of the BSM Equations

2.1. Derivation of the Exact Solution for Black-Scholes Equations

Suppose fc(t, St) be the European option price, it staisfies the Black-Scholes partial dif-

ferential equation in one space dimension with terminal and boundary conditions:

∂fc
∂t

+ rS
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

= rfc, fc = fc(S, t),

fc(0, t) = 0

lim
S→∞

∂2fc
∂S2

= 0

fc(S, T ) = max {S(T )−K, 0}

(2.1.1)

where r is the risk-free interest rate, σ is the volatility, and over the rectangle 0 ≤ t ≤ T,

SL ≤ S ≤ SU , with various boundary conditions on the top, bottom, and right sides of the

rectangle. The parameters r, σ > 0 are arbitrary constants. The interested rectangle is

shown in Figure 2.1.

Figure 2.1. Computation at domain in (S, t) plane

We assume that Xt is affected by time of the derivatives. And the strike price K at

terminal time T is derived as following. The payoff of the derivative X at time t under the
19



probability P can be described by

Xt = e−r(T−t)Ep(XT |Ft).

From the relation

dSt

St

= rdt+ σdw̃t (2.1.2)

and by Itô’s formula

St = S0e
(r− 1

2
σ2)t+σw̃t

or equivalently, we arrive at

ST = Ste
(r− 1

2
σ2)(T−t)+σw̃T−t

= Ste
(r− 1

2
σ2)(T−t)+σ

√
T−tN (0,1)

(2.1.3)

Hence

fc(St, t) = e−r(T−t)Ep(fc(ST , T )|Ft)

= e−r(T−t)Ep(fc(Ste
(r− 1

2
σ2)(T−t)+σ

√
T−tN(0,1), T )

∣∣∣Ft)

= e−r(T−t)

ˆ ∞

−∞
fc(Ste

(r− 1
2
σ2)(T−t)+σ

√
T−tx, T )

1√
2π
e−

1
2
x2

dx.

At terminal time the payoff is given by

XT = fc(ST , T ) = max{ST −K, 0} = (ST −K)+ (2.1.4)

and hence

fc(St, t) = e−r(T−t)

ˆ ∞

−∞
(Ste

(r− 1
2
σ2)(T−t)+σ

√
T−tx −K)+φ(x)dx

where φ(x) = 1√
2π
e−

1
2
x2 . Firstly, compute the payoff when ST = K:

Ste
(r− 1

2
σ2)(T−t)+σ

√
T−tx = K

20



that is

(r − 1

2
σ2)(T − t) + σ

√
T − tx = ln K

St

then

x =
ln K

St
−(r− 1

2
σ2)(T−t)

σ
√
T−t

= − ln St
K

−(r− 1
2
σ2)(T−t)

σ
√
T−t

, −d2.

(2.1.5)

Thus

fc(St, t) = e−r(T−t)

(ˆ −d2

−∞
(ST −K)+φ(x)dx+

ˆ ∞

−d2

(ST −K)+φ(x)dx

)
.

Secondly, by definition

(ST −K)+ =


ST −K, ST ≥ K,

0, ST < K,

we know that when x ≤ −d2, (ST −K)+ = 0. Therefore

fc(St, t) = e−r(T−t)

ˆ ∞

−d2

(ST −K)φ(x)dx

= e−r(T−t)

ˆ ∞

−d2

(Ste
(r− 1

2
σ2)(T−t)+σ

√
T−tx −K)φ(x)dx

= St

ˆ ∞

−d2

e−
1
2
σ2(T−t)+σ

√
T−txφ(x)dx−Ke−r(T−t)

ˆ ∞

−d2

φ(x)dx.

We can rewrite the integral term as
ˆ ∞

−d2

e−
1
2
σ2(T−t)+σ

√
T−tx 1√

2π
e−

1
2
x2

dx =
1√
2π

ˆ ∞

−d2

e−
1
2
(x−σ

√
T−t)2dx

and by substituting the variable u = x − σ
√
T − t with du = dx, then the above integral

becomes ˆ ∞

−d2

e−
1
2
σ2(T−t)+σ

√
T−tx 1√

2π
e−

1
2
x2

dx =
1√
2π

ˆ ∞

−d1

e−
1
2
u2

du

where d1 = d2 + σ
√
T − t. Recapsulate these procedures give us

21



fc(St, t) = St

ˆ ∞

−d1

1√
2π
e−

1
2
u2

du−Ke−r(T−t)

ˆ ∞

−d2

1√
2π
e−

1
2
x2

dx. (2.1.6)

Denote

N(d) ,
ˆ d

−∞

1√
2π
e−

1
2
x2

dx =

ˆ ∞

−d

1√
2π
e−

1
2
x2

dx (2.1.7)

whose meaning is shown Figure 2.2. Therefore the payoff of the call European option is given

by

Figure 2.2. Normal distribution N(d)

fC(t, St) = StN(d1)−Ke−r(T−t)N(d2) (2.1.8)

and the corresponding payoff for the put European option is then becomes

fP (t, St) = Ke−r(T−t)N(−d2)− StN(−d1) (2.1.9)
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Consider the following parameters:

r = 0.10, σ = 0.40, T = 0.5, K = 50.00,

with SL = 0 and SU = 100.00. Let M, N be the numbers of partitions in price and time over

the rectangle 0 ≤ t ≤ T, SL ≤ S ≤ SU . The exact solution is plotted in Figure 2.3.

Figure 2.3. The exact solution of BSM
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2.2. Finite Difference Method

This section presents the finite difference idea of solving the Black-Scholes partial differ-

ential equation in one space dimension with the boundary and terminal conditions given in

the Equation (2.1.1):

∂fc
∂t

+ rS
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

= rfc, fc = fc(t, S),

Let tϵ[0, T ], Stϵ[SL, SU ], we summarize the equations for the finite differences as following:

∆S =
SU − SL

M
, Si = SL + i∆S, i = 0, 1, · · · ,M

∆t =
T − 0

N
, tj = j∆t, j = 0, 1, · · · , N

Let f j
i denote the approximation to fc(Si, tj), i = 1, 2, · · · , n− 1. At the terminal condition

T , i.e. j = N , fN
i is described by

fN
i = max {S(T )−K, 0} (2.2.1)

Applying the boundary condition at S = SL (i = 0) and S = SU (i =M) to f j
i leads to

fc(S, t) = 0

⇒ f j
0 = 0

(2.2.2)

lim
S→∞

∂2fc
∂S2

= 0

⇒
f j
M−2 − 2f j

M−1 + f j
M

∆S2
= 0

⇒ f j
M = 2f j

M−1 − f j
M−2

(2.2.3)

for j = 0, 1, · · · , N − 1

We can rewrite the PDE to be

24



−rfc + ∂fc
∂t

+ rS ∂fc
∂S

+ 1
2
σ2S2 ∂2fc

∂S2 = 0

⇒ −r[θf j
i + (1− θ)f j+1

i ] +
f j+1
i − f j

i

∆t

+r(i∆S)[θ
f j
i+1 − f j

i−1

2∆S
+ (1− θ)

f j+1
i+1 − f j+1

i−1

2∆S
]

+
1

2
σ2i2[θ

f j
i−1 − 2f j

i + f j
i+1

∆S2
+ (1− θ)

f j+1
i−1 − 2f j+1

i + f j+1
i+1

∆S2
] = 0

and so arrive at

[θ△t(12ri−
1
2σ

2i2)f j
i−1 + (1 + θ△t(σ2i2 + r))f j

i + θ△t(−1
2ri−

1
2σ

2i2)f j
i+1]

= [(1− θ)△t(−1
2ri+

1
2σ

2i2)f j+1
i−1 + (1 + (1− θ)△t(−σ2i2 − r))f j+1

i + (1− θ)△t(12ri+
1
2σ

2i2)f j+1
i+1 ]

(2.2.4)

where i = 1, 2, 3, · · · ,M − 1 and j = 0, 1, · · · , N ,

Let

H+
1,i = (1

2
ri− 1

2
σ2i2),

H+
2,i = (σ2i2 + r)

H+
3,i = (−1

2
ri− 1

2
σ2i2)

H−
1,i = −H+

1,i, H
−
2,i = −H+

2,i, H
−
3,i = −H+

3,i,

(2.2.5)

The equation 2.2.4 can be expressed as

[θ△tH+
1,if

j
i−1 + (1 + θ△tH+

2,i)f
j
i + θ△tH+

3,if
j
i+1]

= [(1− θ)△tH−
1,if

j+1
i−1 + (1 + (1− θ)△tH−

2,i)f
j+1
i + (1− θ)△tH−

3,if
j+1
i+1 ].

(2.2.6)

But when i = 1

[θ△t(1
2
r − 1

2
σ2)f j

0 + (1 + θ△t(σ2 + r))f j
1 + θ△t(−1

2
r − 1

2
σ2)f j

2 ]

= [(1− θ)△t(−1
2
r + 1

2
σ2)f j+1

0 + (1 + (1− θ)△t(−σ2 − r)f j+1
1 + (1− θ)△t(1

2
r + 1

2
σ2)f j+1

2 ]
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i.e.,

[θ△tH+
1,1f

j
0 + (1 + θ△tH+

2,1)f
j
1 + θ△tH+

3,1f
j
2 ]

= [(1− θ)△tH−
1,1f

j+1
0 + (1 + (1− θ)△tH−

2,1f
j+1
1 + (1− θ)△tH−

3,1f
j+1
2 ]

(2.2.7)

and for i =M − 1

[θ△t(
1

2
r(M − 1)−

1

2
σ2(M − 1)2)fj

M−2 + (1 + θ△t(σ2(M − 1)2 + r))fj
M−1 + θ△t(−

1

2
r(M − 1)−

1

2
σ2(M − 1)2)fj

M ]

= [(1− θ)△t(− 1
2
r(M − 1) + 1

2
σ2(M − 1)2)fj+1

M−2 + (1 + (1− θ)△t(−σ2(M − 1)2 − r))fj+1
M−1 + (1− θ)△t( 1

2
r(M − 1) + 1

2
σ2(M − 1)2)fj+1

M ]

so it becomes

[θ△tH+
1,M−1f

j
M−2 + (1 + θ△tH+

2,M−1)f
j
M−1 + θ△tH+

3,M−1f
j
M ]

= [(1− θ)△tH−
1,M−1f

j+1
M−2 + (1 + (1− θ)△tH−

2,M−1)f
j+1
M−1 + (1− θ)△tH−

3,M−1f
j+1
M ]

(2.2.8)

Putting into the matrix form

Aθf(j) = A1−θf(j+1) + b

⇒ f(j) = A−1
θ (A1−θf(j+1) + b)

(2.2.9)

where

Aθ =



θ△tH+
1,1 (1 + θ△tH+

2,1) θ△tH+
3,1 0 0 0 · · · 0 0

0 θ△tH+
1,2 (1 + θ△tH+

2,2) θ△tH+
3,2 0 0 0 0

0 0
. . .

. . .
. . . 0

...
...

...
... θ△tH+

1,i (1 + θ△tH+
2,i) θ△tH+

3,i 0 0

0 0
. . .

. . .
. . . 0

0 0 · · · θ△tH+
1,M−1 (1 + θ△tH+

2,M−1) θ△tH+
3,M−1


(2.2.10)
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A1−θ =



(1− θ)△tH−
1,1 (1 + (1− θ)△tH−

21) (1− θ)△tH−
3,1 0 0

0 (1− θ)△tH−
1,2 (1 + (1− θ)△tH−

2,2) (1− θ)△tH−
3,2 0

0
. . . . . . ...

... (1− θ)△tH−
1,i (1 + (1− θ)△tH−

2,i) (1− θ)△tH−
3,i

0
. . . . . . . . . 0

0 0 (1− θ)△tH1−M−1 (1 + (1− θ)△tH2−M−1) (1− θ)△tH3−M−1


(2.2.11)

b =


(1
2
r − 1

2
σ2)(θf j

0 + (1− θ)f j+1
0 )

...

...

(1
2
r(M − 1)− 1

2
σ2(M − 1)2)(θf j

0 + (1− θ)f j+1
0 )


(2.2.12)

27



Consider the same parameters for the exact one in previous section,

r = 0.10, σ = 0.40, T = 0.5, K = 50,

and select SL = 0 and SU = 100. When M = 50 i.e., ∆S = 2, then the computation ae

result of the European call option price for various time steps is described below

For explicit method i.e., θ = 0, the selction of N must be greater or equal to 164 in

order to satisfy the CFL condition for obtain stable solution. The corresponding solutions

for various N are plotted in Figure 2.4. For the implicit method θ = 1 and Crank-Nicolson

method i.e., θ = 0.5 with N = 160 the computational results are given in Figure 2.5 with

comparison to the exact solution and explicit method for N = 160.

N = 100 N = 156

N = 158 N = 160

Figure 2.4. Computation result for the explicit method
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Exact Solution Implicit method

Crank-Nicolson method Explicit with N = 160

Figure 2.5. The result comparison for various finite difference methods,
N = 160 for implicit and Crank-Nicolson method.

Figure 2.6 shows the level curve of absolute error which is absolute difference between

exact solution and FDM for Crank-Nicolson method with M = 5, 10, 25, 50, 75, 100 , and we

can see the selction of M must be greater or equal to 25 in order to obtain the numerical

solution with accuracy 4× 10−3.
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Figure 2.6. The absolute error of Crank-Nicolson method for various M

And we discuss the root mean square error between the exact solution and FDM with

N = 25, 50, 75, 100 and M = 5, 50, 100, 150, 200, 250, 300, 350, 400, 450, 500. Obviously in

Figure 2.7, the time steps increase, the error decreases.

Figure 2.7. The root mean square error between the exact solution and the
Crank-Nicolson method
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2.3. The Radial Basis Function Method

The Black scholes equation for the evaluation of an call option price equation (2.1.1) is

restated here:
∂fc
∂t

+ rS
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

= rfc, fc = fc(S, t),

Four radial basis functions are used:

TPS : ϕk(S) = ∥S − Sk∥4 log(∥S − Sk∥)

MQ : ϕk(S) =
√
C2 + ∥S − Sk∥2

Cubic : ϕk(S) = ∥S − Sk∥3

Gaussian : ϕk(S) = e−
∥S−Sk∥2

C2

(2.3.1)

where∥S − Sk∥is the Euclidean norm and C is an arbitrary constant.

Figure 2.8 and 2.9 show the graphs of these four RBF’s centered at Sk = 0, 20, 40, 60, 80, 100,

respectively.

MQ Cubic

Figure 2.8. The graph of MQ-RBF, Cubic-RBF centered at various Sk
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Gaussian TPS

Figure 2.9. The graph of Gaussian-RBF, TPS-RBF centered at various Sk

We choose data points ξ = {ξ0, ξ1, ξ2, ξ3, · · · , ξM}, i = 0, 1, · · · ,M , and centers S =

{S0, S1 · · · , SL}, and ∆t = T−0
N

, tj = j ·∆t, j = 0, 1, · · · , N . Then the call price, fc, can be

expressed by

fc(t, S) =
L∑

k=0

ak(t)ϕk(S) (2.3.2)

and the derivatives of fc are computed by

∂fc
∂S

=
L∑

k=0

ak(t)ϕ
′
k(S)

∂2fc
∂S2

=
L∑

k=0

ak(t)ϕ
′′
k(S)

(2.3.3)

To satisfy the terminal condition

fc(Si, T ) =
L∑

k=0

ak(T )ϕk(ξi)

= max {S(T )−K, 0}

= fc(Si)

(2.3.4)

and the boundary conditions S are then given by:

1.when t = T and S = ξ0:
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∂fc
∂S

(ξ0, T )− rfc(ξ0, T ) = 0

⇒
L∑

k=0

ak(T )ϕ
′
k(ξ0)− r

l∑
k=0

ak(T )ϕk(ξ0)

⇒
L∑

k=0

(ϕ′
k(ξ0)− rϕk(ξ0))ak(T ) = 0

= 0 (2.3.5)

2.when t = T and S = ξM :

∂2fc
∂S2

(ξM , T ) = 0

⇒
L∑

k=0

ak(T )ϕ
′′
k(ξM) = 0

(2.3.6)

we can finally obtain



ϕ0(ξ0) ϕ1(ξ0) · · · ϕL(ξ0)

ϕ0(ξ1) ϕ1(ξ1) · · · ϕL(ξ1)

... ... ... ...

ϕ0(ξM−1) ϕ1(ξM−1) · · · ϕL(ξM−1)

ϕ0(ξM) ϕ1(ξM) · · · ϕL(ξM)





aN0

aN1
...

aNL−1

aNL


=



fc(S0)

fc(S1)

...

fc(SM−1)

fc(SM)


(2.3.7)

Denote

a(N) =
{
aN0 , a

N
1 , · · · , aNL−1, a

N
L

}
and

M =



ϕ0(ξ0) ϕ1(ξ0) · · · ϕL(ξ0)

ϕ0(ξ1) ϕ1(ξ1) · · · ϕL(ξ1)

... ... ... ...

ϕ0(ξM−1) ϕ1(ξM−1) · · · ϕL(ξM−1)

ϕ0(ξM) ϕ1(ξM) · · · ϕL(ξM)


b =

[
fc(S0), · · · , fc(SM)

]T
then (2.3.7) becomes

M · a(N) = b
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thus

a(N) =M+ · b (2.3.8)

where M+ is the pseudo inverse of M .

The descritization of the PDE is described below. Substituting the derivatives into PDE,

−r∆t[(1− θ)
L∑

k=0

ak(j + 1)ϕk(ξi) + θ
L∑

k=0

ak(j)ϕk(ξi)]

+[
L∑

k=0

ak(j + 1)ϕk(ξi)−
L∑

k=0

ak(j)ϕk(ξi)]

+rξi∆t[(1− θ)
L∑

k=0

ak(j + 1)ϕ′
k(ξi) + θ

L∑
k=0

ak(j)ϕ
′
k(ξi)]

+
1

2
σ2ξ2i [(1− θ)

L∑
k=0

ak(j + 1)ϕ′′
k(ξi) + θ

L∑
k=0

ak(j)ϕ
′′
k(ξi)] = 0

⇒
L∑

k=0

ak(j)

{
ϕk(ξi)− θ∆t[rξiϕ

′
k(ξi) +

1

2
σ2ξ2i ϕ

′′
k(ξi)− rϕ(ξi)]

}
=

L∑
k=0

ak(j + 1)
{
ϕk(ξi) + (1− θ)∆t[rξiϕ

′
k(ξi) +

1
2
σ2ξ2i ϕ

′′
k(ξi)− rϕ(ξi)]

}
we get

[1− θ∆t(rξi
∂
∂S

+ 1
2
σ2ξ2i

∂2

∂S2 − r)]
∑L

k=0 ak(j)ϕk(ξi)

= [1 + (1− θ)∆t(rξi
∂

∂S
+

1

2
σ2ξ2i

∂2

∂S2
− r)]

L∑
k=0

ak(j + 1)ϕk(ξi)
(2.3.9)

where i = 1, 2, 3, · · · ,M − 1 , 0 ≤ θ ≤ 1, and we define two new operators D and E by

D = [1 + (1− θ)∆t(rξi
∂

∂S
+

1

2
σ2ξ2i

∂2

∂S2
− r)]

E = [1− θ∆t(rξi
∂

∂S
+

1

2
σ2ξ2i

∂2

∂S2
− r)]

(2.3.10)

The operator H+ and H− are applied to the approximation (2.3.9) to yield:

D

L∑
k=0

ak(j)ϕk(ξi) = E

L∑
k=0

ak(j + 1)ϕk(ξi)

Expressed in matrix form
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d0(ξ0) d1(ξ0) · · · dL(ξ0)

d0(ξ1) d1(ξ1) · · · dL(ξ1)

...

d0(ξM−1) d1(ξM−1) · · · dL(ξM−1)

d0(ξM) d1(ξM) · · · dL(ξM)





aj0

aj1
...

ajL−1

ajL


=



e0(ξ0) e1(ξ0) · · · eL(ξ0)

e0(ξ1) e1(ξ1) · · · eL(ξ1)

... ... . . . ...

e0(ξM−1) e1(ξM−1) · · · eL(ξM−1)

e0(ξM) e1(ξM) · · · eL(MM−1)





aj+1
0

aj+1
1

...

aj+1
L−1

aj+1
L



(2.3.11)

four radial basis functionswhere

dk(ξi) = ϕk(ξi)− (1− θ)∆t[rϕ′
k(ξi) +

1
2
σ2ξ2i ϕ

′′
k(ξi)− rϕ(ξi)]

ek(ξi) = ϕk(ξi)− θ∆t[rϕ′
k(ξi) +

1
2
σ2ξ2i ϕ

′′
k(ξi)− rϕ(ξi)]

or equivalently,
D · a(j) = E · a(j+1)

⇒ a(j) = D−1E · a(j+1)
(2.3.12)

for j = 0, 1, 2, · · · , N .

Given the following and parameters: r = 0.10, σ = 0.40, T = 0.5, K = 50.00, and

selecting SL = 0 and SU = 100.00 with appropriate initial and boundary conditions. We

adapte the collocated method i.e. ξk = Sk, k = 0, · · · , L, in our computation. Let M = 25,

i.e., ∆t = 0.005 and ∆S = 0.4975, c = 2.9 ·△S then the computation result of the basic stock

call option price and the error at the terminal condition are described in Figure 2.10-2.12.

For MQ-RBF and Cubic-RBF with M = 5, 10, 15, 20, 25, 30 , we can know the selction of M

must be greater or equal to 15 in order to obtain accurate solution with max error ≤ 0.1.

For Gaussian-RBF with M = 5, 10, 15, 20, 25, 30, we can know the solution is worse than

MQ and Cubic. The reason is the matrix D for Gaussian by collocation method is nearly

singular. Because we are using the collcation method, the TPS-RBF can not form a matrix.
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MQ result MQ update result

Termial condition verification Absolute Error

Absolute Error Error withM = 5, 10, 15, 20, 25, 30

Figure 2.10. Computation ae result and error of using MQ-RBF
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Cubic result Cubic update result

Termial condition verification Absolute Error

Absolute Error Error withM = 5, 10, 15, 20, 25, 30

Figure 2.11. Computation ae result and errors of using Cubic-RBF
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Gaussian result Gaussian update result

Termial condition verification Absolute Error

Absolute Error Error withM = 5, 10, 15, 20, 25, 30

Figure 2.12. Computation ae result and errors of using Gaussian-RBF
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The conparison errors of MQ-RBF when M = 15, 17, 19 are described on Figure 2.13.

We can know that the max error are reduced.

MQ-RBF when M=15 MQ-RBF when M=15

MQ-RBF when M=17 MQ-RBF when M=17

MQ-RBF when M=19 MQ-RBF when M=19

Figure 2.13. The absolute error of MQ-RBF for various stock price partition
M = 15, 17, 19

39



Figure 2.14 shows the European call options for exact solution, FDM and RBF methods

at t = 0 with N = 200 and M = 50. We can see only the explicit method lower than the

exact solution at the price of 30. At the price of 50 all of finite difference methods relatively

low than the exact solution. Finally, after the price of 70 just Gaussian and MQ functions

are greater than the exact solution.

At the price 30 At the price 50

At the price 70 At the price 90

Figure 2.14. The European Call Options at t = 0
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We discuss the root mean square error between the exact solution and FDM with N =

25, 50, 75, 100 and M = 5, 10, 15, 25. Obviously, the partition number of times is bigger, the

error is smaller. And we can know from the Figure 2.15 that

RMSE ∼M−2 ∼ (∆S)2

Figure 2.15. The root mean square error between the exact solution and RBF
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CHAPTER 3

Pricing a European Call in a Jump Diffusion Model

In this chapter we show the exact solution of a double exponential jump-diffusion model.

3.1. A Jump Diffusion Model for European Call options pricing

In this section we present the Kou’s analytical option price formula [15]. The following

dynamics is proposed to model the asset price, St , under the physical probability measure

P :

dS(t)

S(t−)
= rdt+ σdW (t) + d(

N(t)∑
i=1

(Vi − 1)) (3.1.1)

where W (t) is a standard Brownian motion, N(t) is a Poisson process with rate λ, and {Vi} is

a sequence of independent identically distributed (i.i.d.) nonnegative random variables such

that Y = logV has an asymmetric double exponential distribution with the density

fY (y) ∼ pη1e
−η1yI{y=0} + qη2e

η2yI{y<0} (3.1.2)

where p, q = 0 and p+ q = 1, represent the probabilities of upward and downward jumps.

Solving the stochastic differential equation gives the dynamics of the asset price:

S(T ) = S(t)e{(r−
1
2
σ2)(T−t)+σW (T−t)}

N(t)∏
i=1

Vi (3.1.3)

Hence

fc(t, St) = e−r(T−t)Ep(fc(T, ST )|Ft)

= S(t)Υ(r + 1
2
σ2 − λς, σ, λ̃, P̃ , η̃1, η̃2; log( K

S(t)
), T − t)

−Ke−r(T−t)Υ(r − 1
2
σ2 − λς, σ, λP, η1, η2; log( K

S(t)
), T − t)

(3.1.4)
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where P̃ = p
1+ς

· η1
η1−1

,η̃1 = η1 − 1,η̃2 = η2 + 1,λ̃ = λ(ς + 1),ς = p
η1
η̃1

+ q
η2
η̃2

, and for any given

probability P , the notation Υ define:

Υ(µ, σ, λP, η1, η2; a, T ) := P{Z(t) = a} (3.1.5)

where Z(t) = µt+ σW (t) +

N(t)∑
i=1

Vi, V has a double exponential distribution with density

fY (y) ∼ pη1e
−η1y1{y=0} + qη2e

η2y1{y<0}, and N(t) is a Poisson process with rate λ.

Brownian Poisson

double exponential distribution

Figure 3.1. Brownian, Poisson and double exponential distribution
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Consider the following and parameters:

r = 0.10, σ = 0.40, T = 1, K = 50.00, λ = 1, p = 0.4 , η1 = 10, η2 = 5,

and selecting SL = 0 and SU = 100.00 with initial and boundary conditions. We apply

various numbers of Brownian motion W (t) to evaluate the exact solution by the equation

(3.1.4) whose result is shown in Figure 3.2. It is evident that there exists no diffusion effect

when the time is decreasing from 0.5 to 0 which means that our computation of the exact

solution in this way is not correct and we will not refer to this result for verification in the

numerical solution of PIDE.

number = 5 number = 50

number = 500 number = 50000

Figure 3.2. The exact solution of JDM for various numbers of Brownian
motion W (t) to be 5, 50, 500, 50000
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3.2. A Jump Diffusion Model in PIDE Form

In this section we present the Shreve’s approach[22] to set up the PIDE for the JDM

model. The exact solution of the Jump-Diffusion partial differential equation in one space

dimension with terminal and boundary conditions:

−(λ+ r)fc +
∂fc
∂t

+ (r − λ)S
∂C

∂S
+

1

2
S2∂fc
∂S

+ λ
´∞
0
P (η)C(t, ηS(t))dη = 0, fc = fc(S, t)

∂fc
∂S

− rfc = 0, S → 0

∂2fc
∂S2

= 0, S → ∞

fc(S, T ) = max{S(T )−K, 0}
(3.2.1)

On the probability space (Ω,F , P ), there are M independent Poisson Processes

N1(t), N2(t), · · · , NM(t), 0 ≤ t ≤ T

and λm > 0 denotes the intensity of the m-th Poisson process. Define W (t) to be a Brownian

motion, and F (t) to be the filtration generated by the Brownian motion and M Poisson

processes. Let 0 < η1 < η2 < · · · < ηM be constant, and

N(t) =
M∑

m=1

Nm(t),

Q(t) =
M∑

m=1

ηmNm(t)

where N is a Poisson process with instensity λ =
M∑

m=1

λm and Q is a compound Poisson

process consisting from M independent Poisson Processes N1(t), N2(t), · · · , NM(t) .Let Yi

denote the size of the i-th jump of Q . The random variables Vi , 1 ≤ i ≤ m take values in

the set {η1, η2, · · · , ηM} and Q(t) can be written as
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Q(t) =

N(t)∑
i=1

Vi (3.2.2)

with the probability of intensity of the m-th Poisson process given by P (ηm) =
λm
λ

. The

random variables V1, V2, · · · , Vm are indenpendent and identically distributed, with

Vi i.i.d.−−→ P{Vi = ηm} = P (ηm).

Set β to denote the expectation of the random variables, i.e.,

β = Ep(Vi) =
M∑

m=1

ηmP (ηm) =
1

λ

M∑
m=1

λmηm (3.2.3)

then

Q(t)− βλt = Q(t)−
M∑

m=1

λmηmt (3.2.4)

is a martingale.

In the following, the stock will be modeled by the stochastic differential equation

dS(t)

S(t−)
= µdt+ σdW (t) + d(Q(t)− βλt)

= (µ− βλ)dt+ σdW (t) + dQ(t)

(3.2.5)

and we let β = 1 , then it’s asset price.

dS(t)

S(t−)
= µdt+ σdW (t) + d(Q(t)− λt)

= (µ− λ)dt+ σdW (t) + d(

N(t)∑
i=1

Vi)

(3.2.6)

under the original probability measure P where the mean rate on the stock is µ and t−

denotes the moment just before the time t. The assumption that ηi > 0 for i = 1, 2, · · · ,M

guarantees that although the stock price can jump down, it cannot jump frome a positive to

a negative value or to zero. Denote the set S = {St | t ∈ [0, T ]} to be the collection of the

stock satisfying
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dS(t)

S(t−)
= (µ− λ)dt+ σdW (t) + d(

N(t)∑
i=1

Vi) (3.2.7)

Because the mean rate of return of the stock under P is µ which is not equal to the interset

rate r, we must chang it by now constructing a risk-neutral measure.

Let θ be a constant and λ̃1, λ̃2, · · · , λ̃M be positive constants. Define

Z0(t) = e
−θW (t)− 1

2
θ2t

,

Zm(t) = e(λm − λ̃m)t(
λ̃m
λm

)Nm(t),m = 1, 2, 3 · · ·M,

and

Z(t) = Z0(t)
M∏

m=1

Zm(t)

P̃ (A) =

ˆ
A

Z(T )dP

for all A ∈ F . Under the probability measure P̃ , the following facts hold:

• the process W̃ (t) = W (t) + θt is a brownian motion,

• each Nm is a Poisson process with intensity λ̃,

• W̃ and N1, N2, · · · , Nm are independent of each other.

Denoting

λ̃ =
M∑

m=1

λ̃m, P̃ (vm) =
λ̃m

λ̃

and under the measure P̃ , the process Ñ(t) =
M∑

m=1

Ñm(t) is Poisson with intensity λ̃ , the

jump-size random variables V1, V2, · · · are independent and identically distribution with

Vi i.i.d.−−→ P̃{Vi = ηm} = P̃ (η).

The corresponding expectation of jump-size becomes
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β̃ = Ep̃(Vi) =
M∑

m=1

ηmP̃ (ηm) =
1

λ̃

M∑
m=1

λ̃mηm = 1

Since the probability measure P̃ is risk-neutral if and only if the mean rate of return of the

stock under P̃ is the interest rate r, we need to examine the stock model under new measure

which gives us

dS(t)

S(t−)
= (µ− λ)dt+ σdW (t) + d(

Ñ(t)∑
i=1

Vi)

= (r − λ̃)dt+ σdW̃ (t) + d(

Ñ(t)∑
i=1

Vi)

(3.2.8)

with its solution given by

S(t) = S(0)e
{σW̃ (t) + (r − λ̃− 1

2
σ2)t}Ñ(t)∏

i=1

Vi. (3.2.9)

We can verify that S(t) satisfy the stochastic differential equation.

Define the continuous stochastic process

X(t) = S(0)e
σW̃ (t) + (r − λ̃− 1

2
σ2)t

and the pure jump process

J(t) =

Ñ(t)∏
i=1

Vi

then S(t) = X(t)J(t). The Itô formula gives us the differential forms of the continuous

process

dX(t) = (r − λ̃)X(t)dt+ σX(t)dW̃ (t)

and the pure jump process

dJ(t) = J(t−)dQ̃(t)

Itô product rule for jump process implies that
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S(t) = X(t)J(t) = S(0) +

ˆ t

0

X(u−)dJ(u) +

ˆ t

0

J(u)dX(u) + [X, J ](t)

Since J(t) is a pure process and X(t) is continuous with [X, J ] = 0, thus

S(t) = X(t)J(t)

= S(0) +

ˆ t

0
X(u−)J(u−)dQ̃(u) + (r − λ̃)

ˆ t

0
J(u)X(u)du+ σ

ˆ t

0
J(u)X(u)dW̃ (u)

in which the differential form is

dS(t) = d(X(t)J(t)) = X(t−)J(t−)dQ̃(t) + (r − λ̃)J(t)X(t)dt+ σJ(t)X(t)dW̃ (t)

= S(t−)dQ̃(t) + (r − λ̃)S(t)dt+ σS(t)dW̃ (t)

For 0 ≤ t ≤ T , the risk-neutral price of a call

fc(S, t) = Ẽ[e−r(T − t)(S(T )−K)+ | F (t)] (3.2.10)

where S(T ) = S(t)e
{σW̃ (T − t) + (r − λ̃− 1

2
σ2)(T − t)} Ñ(T )∏

i=N(t)+1

Vi. The call price satis-

fies the following differential-difference equation. From the differential form of stock price
dS(t)

S(t−)
= (r − λ̃)Sdt+ σdW̃ (t) + d(

Ñ(t)∑
i=1

Vi), the Itô formula implies

e−rtfc(S(t), t) = fc(S(0), 0) +

ˆ t

0

e−ru
t

0

[−rfc(S(u), u) +
∂fc
∂t

(S(u), u) + (r − λ̃)S(u)
∂fc
∂S

(S(u), u)

+
1

2
σ2S2(u)

∂2fc
∂S2

(S(u), u)]du+
´ t

0
e−ruσS(u)∂fc

∂S
(S(u), u)dW̃ (u)

+
∑

0≤u≤t

e−ru[fc(S(u), u)− fc(S(u
−), u−)]

We examine the last term. If u is the time where a jump occurs in the m-th Poisson

process Nm, the stock price satisfies S(u) = ηmS(u
−). Therefore,
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∑
0≤u≤t

e−ru[fc(S(u), u)− fc(S(u
−), u−)]

=
M∑

m=1

∑
0≤u≤t

e−ru[fc(ηmS(u−), u−)− fc(S(u
−), u−)]∆Ñm(u)

=
M∑

m=1

´ t

0
e−ru[fc(ηmS(u−), u−)− fc(S(u

−), u−)]d(Ñm(u)− λ̃u)

+
´ t

0
e−ru[

M∑
m=1

λ̃m

λ̃
fc(ηmS(u), u)− fc(S(u), u)]λ̃du

=
M∑

m=1

´ t

0
e−ru[fc(ηmS(u−), u−)− fc(S(u

−), u−)]d(Ñm(u)− λ̃u)

+
´ t

0
e−ruλ̃[

M∑
m=1

P̃ (η)fc(ηmS(u), u)− fc(S(u), u)]du.

Substituting and taking derivatives, we arrive at

d(e−rtfc(S(t), t))

= e−rt{−rfc(S(t), t) +
∂fc
∂t

(S(t), t) + (r − λ̃)S(t)
∂fc
∂S

(S(t), t) +
1

2
σ2S(t)2

∂2fc
∂S2

(S(t), t)

+λ̃[
M∑

m=1

P̃ (ηm)fc(ηmS(u), u)− fc(S(u), u)]dt+ e−ruσS(t)∂fc
∂S

(S(t), t)dW̃ (t)

+
M∑

m=1

e−ru[fc(ηmS(t−), t−)− fc(S(t
−), t−)]d(Ñm(t)− λ̃t)

The integrators Ñm(u)− λ̃u and dW̃ (t) are martingales under P̃ which implies the coefficient

in dt term must be equal to zero. Thus, the call price fc(S(t), t) of the stock

dS(t)

S(t−)
= (r − λ̃)dt+ σdW̃ (t) + d(

Ñ(t)∑
i=1

Vi)

must satisfy the equation

−rfc(S(t), t) +
∂fc
∂t

(S(t), t) + (r − λ̃)S(t)
∂fc
∂S

(S(t), t)

+
1

2
σ2S2(t)

∂2fc
∂S2

(S(t), t) + λ̃[
M∑

m=1

P̃ (ηm)fc(ηmS(t), t)− fc(S(t), t) = 0
(3.2.11)
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where 0 ≤ t ≤ T, S(t) ≥ 0, and the terminal condition

fc(S, T ) = (S(T )−K)+, S(T ) ≥ 0.

Consider the last term of the equation (3.2.11) by taking the jump size M → ∞, and

then we can obtain

λ̃
M∑

m=1

P̃ (ηm)C(ηmS(u), u) → λ̃

ˆ ∞

0

P̃ (η)fc(ηS(t), t)dη

therefore the associated PIDE can be written as

− (λ̃+ r)fc +
∂fc
∂t

+ (r − λ̃)S
∂fc
∂S

+
1

2
S2∂fc
∂S

+ λ̃

ˆ ∞

0

P̃ (η)fc(ηS(t), t)dη = 0 (3.2.12)

where 0 ≤ t ≤ T, S(t) ≥ 0, and the terminal condition

fc(S, T ) = (S(T )−K)+, S(T ) ≥ 0.

On the probability space (Ω,F , P̃ ), we can write the equation (3.2.12) to be

− (λ+ r)fc +
∂fc
∂t

+ (r − λ)S
∂C

∂S
+

1

2
S2∂fc
∂S

+ λ

ˆ ∞

0

P (η)C(ηS(t), t)dη = 0 (3.2.13)

for convenience.
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CHAPTER 4

Th Numerical Solution of the Jump Diffusion Model

4.1. Truncation of Integration Domain

We rewrite the integral term in equation (3.2.13) so that it is formulated form for com-

putational purpose. Consider the change of variables:

y = log η, x = logS

then the integral term becomes

λ

ˆ ∞

0

P (η)fc(ηS(t), t)dη = λ

ˆ ∞

−∞
P (ey)eyfc(e

yex, t)dy (4.1.1)

and where P (ey)ey = 1√
2πδ

e(−
y2

2δ2
). It is refered to Zemanian [23] for more detail disussion.

The integral term in (4.1.1) is defined on an infinite interval and we must truncate this to

a finite interval such that we can compute its approximation value. In general, the procedure

is to choose two finite values A and B such that the difference between the infinite and

truncated integrals is less than a given tolerance ϵ:

∣∣∣∣ˆ ∞

−∞
P (ey)eyfc(e

yex, t)dy −
ˆ B

A

P (ey)eyfc(e
yex, t)dy

∣∣∣∣ < ϵ

In the our problem we have a specific type of integrand (kerne), namely a probability density

function, of the form

P (ey)ey =
1√
2πδ

e(−
y2

2δ2
)

This function goes to zero very quickly and we only look at this when it values are greater than

a given tolerance ε. Following the suggestion by Chioma [?] then we have the inequalities:
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P (ey)ey ≥ ε

⇐⇒ −
√
−2δ2 log(εδ

√
2π) ≤ y ≤

√
−2δ2 log(εδ

√
2π)

(4.1.2)

Therefore

λ

ˆ ∞

−∞
P (ey)eyfc(e

yex, t)dy

= λ

ˆ ∞

−∞

1√
2πδ

e
(− y2

2δ2
)
fc(e

yex, t)dy

≈ λ

ˆ √
−2δ2 log(εδ

√
2π)

−
√

−2δ2 log(εδ
√
2π)

1√
2πδ

e(−
y2

2δ2
)fc(e

yex, t)dy

Transform back to original (S, η) domain, whereA = e−
√

−2δ2 log(εδ
√
2π), B = e

√
−2δ2 log(εδ

√
2π).

λ

ˆ ∞

0

P (η)fc(ηS(t), t)dη

= λ

ˆ e
√

−2δ2 log(εδ
√

2π)

e−
√

−2δ2 log(εδ
√

2π)

1√
2πδ

e(−
(log(η))2

2δ2
)fc(ηS, t)

1

η
dη

= λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(ηS, t)dη

Thus the PIDE is approximately the following PIDE:

−(λ+r)fc+
∂fc
∂t

+(r−λ)S∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

+λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(ηS, t)dη = 0 (4.1.3)

Together with the boundary condition

∂fc
∂S

− rfc = 0, S → 0

∂2fc
∂S2

= 0, S → ∞
(4.1.4)

and the terminal condition

fc(T, ST ) = max {ST −K, 0} (4.1.5)
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4.2. Finite difference Method

Fixed tϵ[0, T ], Stϵ[SL, SU ], and ηϵ[A,B]. Define wj
i = fc(Si, tj) with

∆S =
SU − SL

M
, Si = SL+ i∆S, i = 0, 1, · · · ,M

∆t =
T − 0

N
, tj = j∆t, j = 0, 1, · · · , N

∆η =
B − A

L
, ηi = A+ k∆η, k = 0, 1, · · · , L

and the terminal condition is modeled at j = N, for i = 1, 2, · · · ,M − 1 are described by

fN
c = max {S(T )−K, 0}

The boundary conditioni = 0andi =M ,j = 0, 1, · · · , N

• at i = 0

lim
S→0

∂fc
∂S

− rfc = 0

⇒ f j
1 − wj

0

∆S
− rf j

0 = 0

⇒ (1 + r∆S)f j
0 = f j

1

⇒ f j
0 =

1

(1 + r∆S)
f j
1

• at i =M

lim
S→0

∂2fc
∂S2

= 0

⇒
f j
M−2 − 2f j

M−1 + f j
M

∂S2
= 0

⇒ f j
M = 2f j

M−1 − f j
M−2

The integral part is computed by Simpson’s rule:

λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(ηS, t)dη

= λ
∆η

3

1√
2πδ

[
1

A
e−

(log A)2

2δ2 fc(ASi, tj) + 4
1

η1
e−

(log η1)
2

2δ2 fc(η1Si, tj) + 2
1

η2
e−

(log η2)
2

2δ2 fc(η2Si, tj)

+4
1

η3
e−

(log η3)
2

2δ2 fc(η3Si, tj) + · · ·+ 4
1

ηn−1

e−
(log ηn−1)

2

2δ2 fc(ηn−1Si, tj) +
1

B
e−

(log B)2

2δ2 fc(BSi, tj)]
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We let

Ij = λ∆η

3
√
2πδ

[ 1
A
e−

(log A)2

2δ2 fc(AS, tj) + 2

L
2
−1∑

k=1

1

η2k
e−

(log η2k)2

2δ2 fc(η2kS, tj)

+4

L
2∑

k=1

1

η2k−1

e−
(log η2k−1)

2

2δ2 fc(η2k−1S, tj) +
1
B
e−

(log B)2

2δ2 fc(BS, tj)]

(4.2.1)

and fc(Si, tj) = f j
i , so the PIDE becomes

−(λ+ r)fc +
∂fc
∂t

+ (r − λ)S
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

+ λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(ηS, t)dη = 0

i.e.,

⇒ −(λ+ r)[θ1f
j
i + (1− θ1)f

j+1
i ] +

f j+1
i − f j

i

∆t

+(r − λ)(i∆S)[θ1
f j
i+1 − f j

i−1

2∆S
+ (1− θ1)

f j+1
i+1 − f j+1

i−1

2∆S
]

+
1

2
σ2i2[θ1

f j
i−1 − 2f j

i + f j
i+1

∆S2
+ (1− θ1)

f j+1
i−1 − 2f j+1

i + f j+1
i+1

∆S2
]

+∆t[θ2Ij + (1− θ2)Ij+1] = 0

Since we don’t know the value f j in advance, we choose θ2 = 0 for simplicity:

[θ△t(1
2
(r − λ)i− 1

2
σ2i2)f j

i−1 + (1 + θ△t(σ2i2 + r + λ))f j
i ...

+θ△t(−1
2
(r − λ)i− 1

2
σ2i2)f j

i+1]

= [(1− θ)△t(−1
2
(r − λ)i+ 1

2
σ2i2)f j+1

i−1 + (1 + (1− θ)△t(−σ2i2 − r − λ))f j+1
i ...

+(1− θ)△t(1
2
(r − λ)i+ 1

2
σ2i2)f j+1

i+1 ] + ∆tIj+1

(4.2.2)

where i = 1, 2, 3, · · · ,M − 1and j = 0, 1, · · · , N ,

Define H+
1,i =

1
2
(r − λ)i − 1

2
σ2i2 , H+

2,i = σ2i2 + r + λ , H+
3,i = −1

2
(r − λ)i − 1

2
σ2i2 , and

H−
1,i = −H+

1,i , H−
2,i = −H+

2,i , H−
3,i = −H+

3,i then (4.2.2) becomes

[θ△tH+
1,if

j
i−1f

j
i + (1 + θ△tH+

2,i) + θ△tH+
3,if

j
i+1]

= [(1− θ)△tH−
1,if

j+1
i−1 + (1 + (1− θ)△tH−

2,i)f
j+1
i + (1− θ)△tH−

3,if
j+1
i+1 ] + ∆tIj+1

(4.2.3)
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The boundary condition at i = 1

[θ△tH+
1,1f

j
0 + (1 + θ△tH+

2,1)f
j
1 + θ△tH+

3,1f
j
2 ]

= [(1− θ)△tH−
1,1f

j+1
0 + (1 + (1− θ)△tH−

2,1)f
j+1
1 + (1− θ)△tH−

3,1f
j+1
2 ] + ∆tIj+1

(4.2.4)

and the boundary condition at i =M − 1 gives

[θ△tH+
1,M−1f

j
M−2 + (1 + θ△tH+

2,M−1)f
j
M−1 + θ△tH+

3,M−1f
j
M ]

= [(1− θ)△tH−
1,M−1f

j+1
M−2 + (1 + (1− θ)△tH−

2,M−1)f
j+1
M−1 + (1− θ)△tH−

3,M−1f
j+1
M ] + ∆tIj+1

(4.2.5)

Thus we can recapulate into the matrix form:

Aθf(j) = A1−θf(j+1) +△tIj+1 + b

⇒ f(j) = A−1
θ (A1−θf(j+1) +△tIj+1 + b)

(4.2.6)

where

fj =
[
f j
1 f j

2 · · · f j
M−2 f j

M−1

] T

(4.2.7)

Aθ =



1 + θ△tH+
2,1 θ△tH+

3,1 0 0 · · · 0

θ△tH+
1,2 1 + θ△tH+

2,2 θ△tH+
3,2 0

0
. . . . . . . . . ...

0 θ△tH+
1,i 1 + θ△tH+

2,i θ△tH+
3,i 0

... . . . . . . . . . 0

0 θ△tH+
1,M−2 1 + θ△tH+

2,M−2 θ△tH+
3,M−2

0 0 · · · 0 θ△tH+
1,M−1 1 + θ△tH+

2,M−1


(4.2.8)
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A1−θ =



1 + θ△tH−
2,1 θ△tH−

3,1 0 0 · · · 0

θ△tH−
1,2 1 + θ△tH−

2,2 θ△tH−
3,2 0

0
. . . . . . . . . ...

0 θ△tH−
1,i 1 + θ△tH−

2,i θ△tH−
3,i 0

... . . . . . . . . . 0

0 θ△tH−
1,M−2 1 + θ△tH−

2,M−2 θ△tH−
3,M−2

0 0 · · · 0 θ△tH−
1,M−1 1 + θ△tH−

2,M−1


(4.2.9)

b =



−θ△tH+
1,1f

j
0 + (1− θ)△tH−

1,1f
j+1
0

0

...

0

−θ△tH+
3,M−1f

j
M + (1− θ)△tH−

3,M−1f
j+1
M



⇒ b =



△tH−
1,1(θf

j
0 + (1− θ)f j+1

0 )

0

...

0

△tH−
3,M−1(θf

j
M + (1− θ)f j+1

M )



(4.2.10)

Ij =



Ij1

Ij2
...

IjM−2

IjM−1


(4.2.11)
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with the component Iji given by

Iji = λ∆η

3
√
2πδ

[ 1
A
e−

(log A)2

2δ2 fc(ASi, tj) + 2

L
2
−1∑

k=1

1

η2k
e−

(log η2k)2

2δ2 fc(η2kSi, tj)

+4

L
2∑

k=1

1

η2k−1

e−
(log η2k−1)

2

2δ2 fc(η2k−1Si, tj) +
1
B
e−

(log B)2

2δ2 fc(BSi, tj)

(4.2.12)

Since substitute λ = 0

−(λ+ r)fc +
∂fc
∂t

+ (r − λ)S
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

+ λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(t, ηS)dη = 0

becomes

−rfc +
∂fc
∂t

+ rS
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

= 0

i.e., the PDE of the BSM model, we can use this to verify the implementation of our code

for PIDE and is gualified after.

r = 0.10, σ = 0.40, T = 0.5, K = 50.00

Given select SL = 0 and SU = 100.00 with appropriate initial and boundary conditions

compaired with the BSM exact one. The computation results with M = 100 for JDM with

λ = 0 is shown in Figure 2.12.
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FDM for JDM with λ = 0 BSM exact solution

Termial condition verification Absolute Error

Figure 4.1. Computate the JDM result with λ = 0

After setting the following parameters for jump behavior:

λ = 1, p = 0.4, q = 0.6, η1 = 10, η2 = 5, δ = 1
2
σ2

the numerical solution of FDM is depicted in Figure 4.2
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FDM

Figure 4.2. Numerical solution of the JDM via FDM
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4.3. Meshfree RBF Method

We choose data points ξ = {ξ1, ξ2, ξ3, · · · , ξM}, i = 0, 1, · · · ,M and basis functions

ϕk(S) = e−
x2k
C2 = e−

|S−Sk|2
C2 where centers S = {S0, S1 · · · , SL},k = 0, 1, · · · , L and ∆t = T−0

N
,

tj = j∆t, j = 0, 1, · · · , N and ∆η = B−A
P

, ηh = h∆η, h = 0, 1, · · · , P

The derivatives of the call function are approximated the same in Chapter 2. Since

fc(t, S) =
L∑

k=0

ak(t)ϕk(S), the integral part in PIDE is computed by using Simpson rule:

Iji = λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(ηξi, tj)dη

= λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)

L∑
k=0

ak(tj)ϕk(ηξi)dη

=
L∑

k=0

ak(tj)
λ√
2πδ

ˆ B

A

1

η
e(−

(log(η))2

2δ2
)ϕk(ηξi)dη

≈
L∑

k=0

ak(tj)
λ√
2πδ

∆η

3
[
1

A
e(−

(log(A))2

2δ2
)ϕk(Aξi) + 2

P
2
−1∑

h=1

1

η2h
e(−

(log(η2h))2

2δ2
)ϕk(η2hξi)

+4

P
2
−1∑

h=1

1

η2h−1

e(−
(log(η2h−1))

2

2δ2
)ϕk(η2h−1ξi) +

1

B
e(−

(log(B))2

2δ2
)ϕk(Bξi)].

(4.3.1)

To satisfy the terminal condition

fc(Si, T ) =
L∑

k=0

ak(T )ϕk(ξi)

= max {S(T )−K, 0}

= fc(Si)

(4.3.2)

and the boundary conditions S are then given by:

(1) when t = Tand S = ξ0:

∂fc
∂S

(ξ0, T )− rfc(ξ0, T ) = 0

⇒
L∑

k=0

ak(T )ϕ
′
k(ξ0)− r

l∑
k=0

ak(T )ϕk(ξ0)

⇒
L∑

k=0

(ϕ′
k(ξ0)− rϕk(ξ0))ak(T ) = 0

= 0 (4.3.3)
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(2) when t = Tand S = ξM :

∂2fc
∂S2

(ξM , T ) = 0

⇒
L∑

k=0

ak(T )ϕ
′′
k(ξM) = 0

(4.3.4)

we can finally obtain



ϕ0(ξ0) ϕ1(ξ0) · · · ϕL(ξ0)

ϕ0(ξ1) ϕ1(ξ1) · · · ϕL(ξ1)

... ... ... ...

ϕ0(ξM−1) ϕ1(ξM−1) · · · ϕL(ξM−1)

ϕ0(ξM) ϕ1(ξM) · · · ϕL(ξM)





aN0

aN1
...

aNL−1

aNL


=



fc(S0)

fc(S1)

...

fc(SM−1)

fc(SM)


(4.3.5)

Denote

a(N) =
{
aN0 , a

N
1 , · · · , aNL−1, a

N
L

}
and

M =



ϕ0(ξ0) ϕ1(ξ0) · · · ϕL(ξ0)

ϕ0(ξ1) ϕ1(ξ1) · · · ϕL(ξ1)

... ... ... ...

ϕ0(ξM−1) ϕ1(ξM−1) · · · ϕL(ξM−1)

ϕ0(ξM) ϕ1(ξM) · · · ϕL(ξM)


,

b =
[
fc(S0), · · · , fc(SM)

]T
,

then (4.3.5) becomes

M · a(N) = b

thus

a(N) =M+ · b (4.3.6)

where M+ is the pseudo inverse of M .

The PIDE to
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−(λ+ r)fc +
∂fc
∂t

+ (r − λ)S
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

+ λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(t, ηS)dη = 0

⇒ −(λ+ r)∆t[θ1

L∑
k=0

ak(j + 1)ϕk(ξi) + (1− θ1)
L∑

k=0

ak(j)ϕk(ξi)]

+[
L∑

k=0

ak(j + 1)ϕk(ξi) +
L∑

k=0

ak(j)ϕk(ξi)]

+(r − λ)ξi∆t[θ1

L∑
k=0

ak(j + 1)ϕ′
k(ξi) + (1− θ1)

L∑
k=0

ak(j)ϕ
′
k(ξi)]

+
1

2
σ2ξ2i [θ1

L∑
k=0

ak(j + 1)ϕ′′
k(ξi) + (1− θ1)

L∑
k=0

ak(j)ϕ
′′
k(ξi)] + ∆t[(1− θ2)Ij + θ2Ij+1] = 0

⇒
L∑

k=0

ak(j)

{
ϕk(ξi)− (1− θ)∆t[(r − λ)ϕ′

k(ξi) +
1

2
σ2ξ2i ϕ

′′
k(ξi)− (r + λ)ϕk(ξi)]

}
+∆t(1− θ)Iji

=
L∑

k=0

ak(j + 1)
{
ϕk(ξi)− θ∆t[(r − λβ)ϕ′

k(ξi) +
1
2
σ2ξ2i ϕ

′′
k(ξi)− (r + λ)ϕk(ξi)]

}
+∆tθIj+1

i

so the equation can been rewritten

−(λ+ r)fc +
∂fc
∂t

+ (r − λ)S
∂fc
∂S

+
1

2
σ2S2∂

2fc
∂S2

+ λ

ˆ B

A

1√
2πδη

e(−
(log(η))2

2δ2
)fc(t, ηS)dη = 0

⇒
L∑

k=0

ak(j)

{
ϕk(ξi)− (1− θ1)∆t[(r − λ)ϕ′

k(ξi) +
1

2
σ2ξ2i ϕ

′′
k(ξi)− (r + λ)ϕk(ξi)]

}
+∆t(1− θ2)Ij

=
L∑

k=0

ak(j + 1)
{
ϕk(ξi)− θ1∆t[(r − λ)ϕ′

k(ξi) +
1
2
σ2ξ2i ϕ

′′
k(ξi)− (r + λ)ϕk(ξi)]

}
+∆tθ2Ij+1

(4.3.7)

where i = 1, 2, 3, · · · , N − 1 and let

dk(ξi) = ϕk(ξi)− (1− θ)∆t[(r − λ)ϕ′
k(ξi) +

1
2
σ2ξ2i ϕ

′′
k(ξi)− (r + λ)ϕk(ξi)]

ek(ξi) = ϕk(ξi)− θ∆t[(r − λ)ϕ′
k(ξi) +

1
2
σ2ξ2i ϕ

′′
k(ξi)− (r + λ)ϕk(ξi)]

(4.3.8)

Therefore
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d0(ξ0) d1(ξ0) · · · dL(01)

d0(ξ1) d1(ξ1) · · · dL(ξ1)

... ... . . . ...

d0(ξM−1) d1(ξM−1) · · · dL(ξM−1)

d0(ξM) d1(ξM) · · · · · · dL(ξM)





aj0

aj1
...

ajL−1

ajL


+

∆t(1− θ2)


ψ0(ξ0) ψ1(ξ0) · · · ψL(ξ0)

ψ0(ξ1) ψ1(ξ1) · · · ψL(ξ1)

... ... . . . ...

ψ0(ξM) ψ1(ξM) · · · ψL(ξM)




aj0

aj1
...

ajL


=



e0(ξ0) e1(ξ0) · · · eL(ξ0)

e0(ξ1) e1(ξ1) · · · eL(ξ1)

... ... . . . ...

e0(ξM−1) e1(ξM−1) · · · eL(ξM−1)

e0(ξM) e1(ξM) · · · eL(ξM)





aj+1
0

aj+1
1

...

aj+1
L−1

aj+1
L


+

∆tθ2


ψ0(ξ0) ψ1(ξ0) · · · ψL(ξ0)

ψ0(ξ1) ψ1(ξ1) · · · ψL(ξ1)

... ... . . . ...

ψ0(ξM) ψ1(ξM) · · · ψL(ξM)




aj+1
0

aj+1
1

...

aj+1
L


where

ψk(ξi) =
λ√
2πδ

∆η

3
[
1

A
e(−

(log(A))2

2δ2
)ϕk(Aξi) + 2

p
2
−1∑

h=1

1

η2h
e(−

(log(η2h))2

2δ2
)ϕk(η2hξi)

+4

p
2
−1∑

h=1

1

η2h−1

e(−
(log(η2h−1))

2

2δ2
)ϕk(η2h−1ξi) +

1

B
e(−

(log(B))2

2δ2
)ϕk(Bξi)]

(4.3.9)
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D =



d0(ξ0) d1(ξ0) · · · dL(01)

d0(ξ1) d1(ξ1) · · · dL(ξ1)

... ... . . . ...

d0(ξM−1) d1(ξM−1) · · · dL(ξM−1)

d0(ξM) d1(ξM) · · · · · · dL(ξM)


(4.3.10)

E =



e0(ξ0) e1(ξ0) · · · eL(ξ0)

e0(ξ1) e1(ξ1) · · · eL(ξ1)

... ... . . . ...

e0(ξM−1) e1(ξM−1) · · · eL(ξM−1)

e0(ξM) e1(ξM) · · · eL(ξM)


(4.3.11)

with i = 0, 1, 2, · · · ,M, k = 0, 1, 2, · · · , L, h = 0, 1, 2, · · · , P

Denote as:

D · a(j) +∆t · (1− θ2) · I · a(j) = E · a(j+1) +∆t · θ2 · I · a(j+1)

⇒ [D +∆t · (1− θ2) · I] · a(j) = [E +∆t · θ2 · I] · a(j+1)

⇒ a(j) = [D +∆t · (1− θ2) · I]−1 · [E +∆t · θ2 · I] · a(j+1)

(4.3.12)

where j = 0, 1, 2, · · · , N

For the parameters are

r = 0.10, σ = 0.40, T = 0.5, K = 50.00, λ = 1, p = 0.4, q = 0.6, η1 = 10, η2 = 5,

δ = 1
2
σ2,

with SL = 0 and SU = 100.00, the numerical solution computed by RBF’s are presented in

Figure4.3, and their difference to FDM is given in Figure 4.3. Thus, we know the Cubic and

MQ RBF have better performace than TPS and Gaussian RBF. Also the Cubic RBF can

avoid the open question of choosing an optimal shape parameter c.
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RBF-MQ The difference between FDM and MQ

RBF-Gaussian The difference between FDM and Gaussian

RBF-Cubic The difference between FDM and Cubic

Figure 4.3. The numerical result and the difference between FDM of three RBFs
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CHAPTER 5

Conclusion

The aim of this paper is to compute that European call option prices in Black-Scholes

and Jump-Diffusion models via Finite Difference Method and meshfree methods based on

Radial Basis Functions.

In Chapter 2 we present the follow things. First, derive that exact solution of the Black-

Scholes partial differential equation in one space dimension. Secondly using explicit, implicit

and Crank-Nicolson of Finite difference Method to compute the Black-Scholes European call

option prices. Thirdly four radial basis functions are used to pricing compute the Black-

Scholes European call option numerically.

In Chapter 3 we disscuss the exact solution on the problem of pricing a European call when

the underlying asset is dirven by a Brownian motion and a compound Poisson process. In

the model, one should notice that the price jump process Vi is i.i.d so for each iϵ{1, 2, 3, · · · },

Vi has the same mean and variance. PIDE consists of a ’classical’ Black Scholes part and an

intergral part. Starting with the jump-diffusion model for the underlying asset we motivate

how to find the corresponding PIDE that models a derivative quantity on that asset.

In Chapter 4 we discuss numerical methods that approximate the solution of the PIDE

that models contingent claims with jumps. And a partial integral difference equation is

obtained to describe the JDM model. We define a finite integral of integration for improper

integral and propose simple numerical algorithms for finding a finite computational range of

an improper integral term in the PIDE so that the accuracy of approximation of the integral

can be improved. And final we use FDM and RBF to propose for numerically solving initial

value and free boundary problem for the Jump-Diffusion model.

In summery, two different approaches, i.e., FDM and meshfree method with RBF are

use to numerically solve the PDE of BSM and PIDE of JDM with appropriate buondary
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conditions for pricing European call options. In general, the RBF meshfree method is faster

than FDM with the same tolerance, and it is obviously the Cubic and MQ function have

better performance than Gaussian and TPS functions. Beside, the Cubic function can avoid

the open question of choosing an optimal shape parameter c.

In the future, we can suggest to extend the present method in two assets. Alternatively,

the maximal likelihood method can be used to obtain the appropriate parameters from the

market informations instead of using historical information. And then we can use these

parameters into our numerical model to pricing the options.
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