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ABSTRACT

A complete solution for the bending of an overhanging full circular plate
supported on a ring of equally spaced columns is presented. The problem is solved
under the assumptions that the columns do not restrain the rotation of the slabh, and
that the column reaction is a uniformly distributed line load along the ring. Some
limiting cases are investigated and parametric studies are carried out. The results

are presented in the form of charts to facilitate the analysis and the design of such

structures.
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LIST OF SYMBOLS

The following symbols are used:
a = outer radius of slab
b = inner radius of slab
C’,E’,C,E,F,G= integration constants
D,D.,D; = flexural rigidities of slab
k = number of ring columns
M:, M, Mo = radial bending moments per unit width of section

Ms,Me;,Mss = transverse bending moments per unit width of section

n = summation index

Qr,0Q:1,0:2 = radial shearing {orces per unit width of section

Q4,04:,Q02 = transverse shearing forces per unit width of section

q,4q1,92 = intensity of transverse loads

r = polar radius

Ve, Ve, Ve = supplemented (Kirchhoff) shearing forces per unit width of
section

W, Wi, W3 = deflections of slab

2 = central angle subtended by column width

8 = b/a

7 = ag/ax

A = Dg/Dj

a = polar angle

v,v;,v; = Poisson’s ratios

P = dimensionless radius, r/a

The subseripts 1 and 2 refer to the inner and outer domains respectively..
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I INTRODUCTION

Many structural elements such as circular building slabs and circular footings
can be treated as circular plates. The analysis of circular plates supported on
columns has received some attention because of their practical application in flat
plate construction. A full circular plate supported by uniformly distributed reactions
over finite arcs of its boundary and subjected to uniformly distributed transverse
load was analyzed by GIRKMANN (1959). Annular slabs supported by equally
spaced columns along the outer boundary or the inner boundary or the combination
of both were treated by AGABEIN, LEE and DUNDURS (1967). The solution to
an annular slab fixed at the inner boundary, supported by equally spaced colums
along the outer boundary and subjected to uniformly distributed transverse load was
presented by KOSHERICK, DUNDURS and LEE (1968).

In this study, a circular plate free on the outer boundary, supported by a ring
of equally spaced columns and subjected to uniformly distributed transverse load is

nvestigated.
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I METHOD OF ANALYSIS

Figure 1 depicts the coordinate system and significant dimensions of a full
circular plate of radius a supported on k equally spaced columns arranged along a
circle of radius b. The plate is divided into two domains with distinct flexural
properties and loading intensities. The width of each column is taken as 2ab, so
that a column subtends a central angle equal to 2«x.

Assumptions

The following assumptions are made to simplify the problem for mathematical
treatment. The columns offer no restraint against the rotation of the slab. The
force exerted on the slab by each column is a line force uniformly distributed over
the width of the column. In view of Saint-Venant’s principle, this last assumption
should not be very critical provided that the widths of the columns are small in
comparison to the size of the slab.

Governing Equations
The middle plane deflection of the slab must satisfy the plate equations
Viwi=q1/D; )
Viwe=qs/D: @
where V/* denotes the Laplace operator /2 applied twice, w, q and D are the
deflection, the load intensity and the flexural rigidity respectively, and the
subscripts 1 and 2 refer to the inner and outer domains respectively,

In polar coordinates,
22 1 o 1 a2
2. 92" L+ 2 4 4 2"
v"ar2+r or ' r?ag: (3
in which r and 8 are the polar radius and angle respectively. For equally spaced
columns, the slab deflects symmetrically with respect to any diameter bisecting a
column.. Therefore the deflection functions must be even in 6.

Introducing the dimensionless radius @=r/a, the solutions of Egs. 1 and 2 can be

taken in the form

q1a4 ’ ’ ’ ’ 5 [¢e) ’ ’
Wl:”’64D'{'[ P*+Cy +E 02 +(C(P+E;p3)cosb + g}z(cnpwEnan)cosnej

4
Wy =A24232-’ [ P4 + C() -+ EQPZ + F()]ng + Ggpzlogp -+ (C1P+E1P3 +F1P~1

[e.0]
+G1P10gp) 0059 -+ Ez(clxpll +EnP“+2+FnP““+G11P"1+2)cosn6] """"" (5)

4 r
in which C, to E, and C; to Gu are arbitrary constants which are to be determined

from the boundary conditions at Pp=1, and the continuity conditions at Pp=b/a=g.
Boundary and Continuity Conditions
The boundary conditions at P=1 are
(M:2) p=1=0 (6)
(Vo) P=1=0 ‘ @
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where
D 1 a 1 22
Mr= _};27 [ p2+ (_}ﬁ “W p2 agvzv )]..--..u.-.....-u....-..-n---.-.-.. ........................ (8)'
D 1 "
ve= - D g2 i ~—(1"’> 37 E;ﬁ o e ©)

In these equations, Mr and V. are the radial moment and supplemented shearing
force per unit width of section respectively and ¥ denotes Poisson’s ratio.

The continuity conditions at p=@ are

CW1) =(Wz) )
c-f% (?ﬁz)p s " &)
(Mu>p=ﬁ (M), ( | @

(VrZ)P=B—(Vr1>P=ﬁ=f(0> (13

where f(#) represents the line column reactions per unit length expanded in a

Fourier series of the form

100> =Ut g pac e 5 T g ®

Nk, 2Kyere
where ¥=q2/q1.

In view of Eq. 14, substituting Eqs. 4 and 5 in Eqs. 6, 7 and 10 to 13 and
equating the coefficients of each harmonic lead to three sets of simultanuous
equations, the first set involving C(;, E(;, Co, Ey, Fy and Gy, the second CII, Ell,
C,, E{, Fy and G;, and the third C;, E;, Cn, Eu, Fn and Gn. There are five
linearly independent equations each in the first two sets and six in the third sets.

The two additional conditions needed for the determination of the constants of
integration are

(W1) =0 a9
=0
(W1)ps =0 9
27z‘/k
Finally, solving Egs. 6, 7, 10 to 13, 15 and 16 for the constants yields
Com =2 (Si+Eq8°+28)+ BB —4)+Fy (5-—logd) @
’ ’
Co=—(5;+E, B2+ 8% @
Eo = 4(1+2log@)~28° (A=) +-1-Bo=JFy -2 19
’ . __g"z » 1 1-—- vy N
E,= EP(1+1+1, 52) Q(1+1+z;2)] @y
1 1+vw
- 2l rp_ —_—— 1
Gy=—8 22)
where .
o] ’ ’ 2
Sy= 2 B n(Cn+En B ) (23)

n=XK;2ky...



122 %2 % % # + = X

1 3+v; .
P=yiy 6 Gty A=y 14y (@)
1= Ayge
=1ts, &~ ).8 dlog 8 (25)
I-ve g IR SESIIEE s A
M=, A= A0+ 11, G, B0 o
Furthermore,
C;=E;=C,=E,=F,;=G;=0 @7
Finally, for n=k, 2k, - ,
= ,‘1[,» ,N, 2 — w2 «“2n-2
Cu aln—1) Mz,ﬂ [ A+(n—1)BB mHA ] (28)
! 1 N . .
fo‘ﬁ(‘ﬁ:ﬁ —1\7[;% 82 AR+ +p)B ~*[(n(n—1) ~HB “2—np, 8%} (29)
1 N - “2n
Eu=—76 M, (eypg+BE =2t —(n+Due 8721 30)
Byt N G RE Q)8 = (a4 DB Ty 832} (3D
“ n+1M A 8 1 1
1
Fu= 41 M‘ B —~(+DA+uHB 2+, BG -] (32)
N
Gu=— nllM— BU—-A+(~Du; B8~ 2y pe, @202 (33)
in which
_3+vs . »}_34*1/1 1 1- 1:21 ‘ 1+V2 1 1+I'
“1"1_’,2’ ”2*‘1-’- by 1__1}29 “3—'1 hY 1_v > 6 4= 1;1/2 ;\‘ 1—— vy (34)
A = npztpy (35)
B = npy—y ’ (36)
H = n?-1+4p,2 37N
R = p;(1— @732+ [(n2 1A~ @)+ (B2 +p)%]) 32 (38)
N = 8Q+uDE " (g2 +y) BT ' (39)
= [((L+gm)—p(Q4+py G20 2)][#3(/‘1+/3'2"+2)~(1+!*1),3‘2“""2] '
— (%=~ Dpape (1~ GEHEG~2n-2 : (¢))

Stress Resultants
In view of the foregoing the deflection functions, Eqs. 4 and 5, and the stress

resultants take following forms. For the inner domain,

wiDy 1 4 ’ ! e O ’ ks
arat '=='64‘EP +Cp +E P+ b3 (C,02+E, prt)cos nb] (4D
n=Xk,gk,***

Mrl\______':;yg 3+vy 9 1+ vy @® —vy o2

qar = e LA, T Eo - (nCa~1;=" c 0
(D) =2+ 2752DE, prIcosnd} )

Qey 1 & 8 DE. pn-1 0

Tqm 16 38p +n(n+1)E, p*"cosnd] (43)

n=k,2k,*""*
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M 1-—v 14+3» 1+ @ 1-vy 0
71”1";21": -2 { 4"’R1p2 +21 1Eo E [n(n"-l)l_:y‘; cnpn z
ND=ky, oKy eee
+ (el 148w, 1+”1) E,pu) cosnd} (44)
— vy 1-»p,
[ee]
—~%‘—’;~=j% > n(n-l-l)E,:p“‘lsinnH (45)
DKy 9kyens
and for the outer domain,
~“522L—~~ LP#+Co+E p2+Fologp+G,plog2p + E (CuprtEppute
qsat 0 0 0108 olFiog = n n
n=Ky 2k, e
+Fap 24+ Gnp=2+2)cosnd) (46)
*%;22*= - 1%4112‘ §4§+D2{)2 +2i+ "2 By —Fop=t+ Gy (3+ '2+ 21;52108‘19)
S -2 1+ TV n -n=~32
-+ ) [n(n DCupr=24-(n+1) (n+2 )Enp +n(a+1)Fyp
=Ky 2kyoe
1+ Vg -
+(—-1) (- 21_~D2)an nJcosnf} 7

[ee)
i 1804 Gop-1 4 [+ DBt 40 (n=1)Gap =51 Jcosnd} (48)

a
a2 N=KkKy2k,y.

Mgg _ l-fvg 1+31’2

2 p2 +21+?2E0+F P+ GoC 2y 217 10gp)

LR 6 147

(o]
- X En(n~1)Cnpu-2+(n2—nli'!‘;§'_§: 1+D2)Enpn

N=Ky2Kkyens
+n(n—I1)Fyp-n-24 (n2+n11+ 3«,’;2 Z%i_—Z:)an‘“]cosnﬂz (49)
Loz 1 K inE PPl = (n—1)Gnp =11 sinng (50)
qza 16 n=Xk,2k " "

In these equations, M, and Q, are the transverse bending moment and the
transverse shearing force per unit width of section respectively. The subscripts 1

and 2 refer to the inner and outer domains respectively.
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The most immediate limiting case is that of a full circular plate supported

by a ring wall. This is obtained by setting a=w/k. The corresponding
’ ’

deflection functions are given by Eqs. 4 and 5 with Cy, E;, Cy, Ey, Fy and Gy,

as defined by Eqs. 17 to 22, while

Cz,1= E;:-C];:En‘—:Fn:Gn:O (51)
Thus
’ ’ B
""1’“'3413 (p*+ Co+Eop?] (52)
W= »—ME Pt +Co+EoP%+Fologp+GeP2logP] 4 (53)

Another limiting case is obtained by setting @G—1, »(=vy=», q=qz=q and
D;=D;=D in Eq. 4. In this case the outer domain vanishes automatically, leading

to the solution for a full circular plate supported on columns,

[ve] 4 !
F OV S, 23t gy B2 . 23 (Chpmr+Enpat?cosnd]  (54)

==-4 - 4 e
w 64D [P 1+y 1+» 3+» NakygKyree
where
64 ©o Zn+414w sinne

S B T T ey LN i
NGEICENDN ?’ BRECLES D T -
' n(l— )+2(1+1‘) ‘sinng

Cp=— n2(n—1) (1-v)ne R
1_~ 1 sinne :

Eam s D) na | .

Note tht the solution agrees with that of AGABEIN, et al (1967).
Another interesting case is obtained by setting 8—1, v;=wvy=v, q;=qs=q and

D;=Dy=D in Eq. 52 or by setting e =w»/k in Eq..-54. This leads to

4_o3+P g 5,‘“’
W= 64DEP 24P ] (58)

which is the deflection of a simply supported and uniformly loaded full circular
plate.

Two more cases are encountered when ¢—0 and ' —oc, which lead to a full
circular slab subjected to uniformly distibuted load only in the inner domain and
the outer domain respectively. Special treatments are needed for these two cases,

and the final results are presented together with the case where 7v=1 in Figs.

2 to 20.
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IV PARAMETRIC STUDIES AND CONCLUSIONS

For design purpose, the deflection and the stress resultants are plotted against
arguments of P for various values of 8, &, % and k in Figs. 2 to 13. The
transverse stress resultants are plotted against arguments of @ for various values
of p, B, ¥ and k in Figs. 14 to 16 and 18 to 20. In each figure, k is constant,
A=1, ¥=1, 0 and oo, £=0.5,0.75 and 1, v;=2,=0.2 and @ ==/64. The number
columns considered are k=4, 8, 16 and 64. Note that k=64 corresponds to a plate
supported by a ring wall where Qj vanishes everywhere and M, is plotted against
arguments of @ in Fig. 17. The supplemented shearing force V. for #=1 and
0=0, which is identical to the column reaction is also identfied in Figs. 10 to 12.
Figs. 2 to 20 show that increasing k decreases the absolﬁte values of the maximum

deflection and stress resultants for particular values of @ and v,

The deflections for k=16 and 64 are practically equal, while the bending
stress resultants differ slightly for these two values of k with the exception of
the vicinity of the columns. It can be seen from Eqs. 42 and 44 that the values
of M, and M, at the center of the plates, for k>2 and particular values of &
and ¢, are independent of k. This point can be verified in Figs, 6 to 9 and

14 to 17.

It is obvious that the rate of convergence of the infinite series in the solutions
presented increases with increase of the number of columns. An accuracy where
the amplitude of the current term is equal to 0.5% of the current sum is achieved
in computing the deflection and the stress resultant by using less than ten terms
of the series for the most part with the exception of the vicinity of the column
support where around twenty terms are needed. The current sum of the series
involved is a periodic function of the number of terms in the summation. The
shearing forcesQr and Q4 have the slowest rate of convergence. The calculation
of O, requires the arithmetic mean of the fourth period of the series summation to
obtain the same accuracy for p=g8, where the values are kmown. The values of

Qg4 are obtained in the same manner,
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