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Abstract

We consider tachyons in five-dimensional spacetime with the canonical met-
ric and the conformally-flat metric respectively. The four-dimensional effective
cosmological constant A is calculated. The modified Newton’s gravitational force
law is different from that of slower-than-light particles. The vacuum instability
is also discussed.
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1 Introduction

Recently it has been argued that tachyons (faster-than-light particles) might be as a
possible source of dark energy in cosmological models[1]. In addition, tachyons may
have a role in gravitational Cherenkov radiation [2], elementary-particle interactions
and brane dynamics [3]. In the theory of special relativity, objects having a relative
velocity greater than light speed imply the violation of causality. Whereas in general
relativity, velocity is a local notion, so velocity calculated using comoving coordinates
does not have a simple relation to velocity calculated locally. Rules that apply to
relative velocities in special relativity may not apply to relative velocities in comoving
coordinates which are often describes in terms of the expansion between distant galaxies.
So in general relativity might allow the space between distant galaxies to expand in a
way that they have a velocity exceeds the speed of light. Another phenomenon predicted
by general relativity is the travelable wormhole. Traveler moving through the wormhole
would not locally move faster than light which travels through the wormhole alongside
them, but they would be able to reach their destination faster than light traveling
outside the wormhole.

In this paper we investigate tachyons in five-dimensional spacetime with the canon-
ical metric and the conformally-flat metric respectively. To get notation right, let us
start from the special relativity and consider the motion of a particle described by the
four-vector coordinate z#(7), p = 0,1,2,3 and 7 is the proper time. For a free particle
moving in a straight line with velocity v one has,

a(1) = (YT, 7vT). (1)
Defining a# = da*/dr, we calculate
afﬂm'u = Uuuf“x'l' = 72(1 - UQ) =9, (2)
where the signature of the Minkowski space metric 7, is (+, —, —, —) and vy = 1/4/|1 — v?|

is always a real number. The speed of light is ¢ = 1. The value of Q is +1 for normal
(slower-than-light) particles, 0 for light, and —1 for tachyons.
For the case of general relativity[4], the invariant can also be written similarly as

Gurha’ = Q. (3)
The Schwarzschild metric, for example, is

dr?
ds? = (1— Zyar—
R ()

where the Schwarzschild radius ry = 2GM. From the geodesic equation in this metric
one can obtain
rs. dt do
1-2)—~=K 2 r =
( r ) ds T s

— r%d6? — r*sin®0 d¢?, (4)

Ty dr h? B

he (=)D - K

where K and h are constants of integration. For normal particles (Q = +1), these will
give the Kepler orbits for r > r,, along with some relativistic corrections. For tachyons

(Q = —1), these do not give localized orbits but scattering states.
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2 Five-Dimensional Spacetime

The five-dimensional line element including the scalar field ® and the electromagnetic
gauge potential A, has the usual form [5]

ds* = ds® + e®*(dz* + A, dat)?, (6)

where ¢ = +1, both are allowed by the mathematics, determines whether the extra
dimension is spacelike or timelike. The four-dimensional interval is ds? = g,gdz*dz”.
Now let us incorporate tachyons into (6) and the line element can be rewritten as

d5® = Q gap(x7, 1)datdx” + e®?(27, 1)dI?. (7)

In this we have set the electromagnetic potential A, to zero, but the remaining degree
of coordinate freedom are preserved. [ = x* is the fifth coordinate of the spacetime.
Then the components of the five-dimensional Ricci tensor for metric (7) are

— 1 eQ (I),4ga6,4
Raﬁ = Raﬁ - 6(1),01;,6’ + ﬁ T — Gap.44

1 v
+0™ Gornd GBud — 59" Gyt Gap} (8)

® 9" gara 9" Gy
Ry, = —{(Z—222),5— 22N o
4 S e = g )al

1

g 1 ag
+59" 9180 9 Go0a + 597 aGora (9)

1
Ry = —€Q®D¢—§(9Aﬂg/\ﬁ,4)74

1 1
0™ ~4" 1 Guoa- 10
+2q) 4977 grpa T 49 4904 (10)

Here a comma denotes the ordinary partial derivative, a semicolon denotes four-dimensional

covariant derivative, O® = g"'® ..

The vacuum Einstein’s equations in five-dimensional spacetime, R4p = 0, can be
used to construct an induced four-dimensional Ricci tensor R,s, the scalar curvature
tensor R and the equation of a scalar field ®. When the scalar component Ry is set to
zero in accordance with the equation (10), one will get a wave-type equation of ® with
a source induced by the fifth dimension,

g(@,4gAﬁg,\ﬁ,4 I e

0oé =

When the vector components Ry, of (9) are set to zero, one will obtain a set of con-
servation laws which resemble those found in electromagnetism and many other field
theories. They read
1
— (6% Gous — 05" g, =0 12
2@ (g ga' 4 ﬁg gu ,4)}.5 ( )

)
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As for setting R,s = 0 from (8), we will obtain the induced Ricci tensor,

1 eQ @,4%5,4
Hoo =3P = 0g2 g

1 v
— Japua + 9/\“904/\,4 98u4 — 59“ Guva Gap,at- (13)

Contracting Rap in (13) and then combining with (11), the scalar curvature tensor is

e

= 152 {QWA Juva + (9“”9;111,4)2} (14)

3 Cosmological Constant and Modified Newton’s Law

Let us now focus on a special case called the five-dimensional canoical metric. [6] The
line element is given by
2 2 2
ds® = ﬁds —dl (15)
2

= Q ézgaﬂ(xw)dx”dx” — dI? (16)

where L is a constant length introduced for the consistency of physical dimensions. The
induced Ricci tensor R,s and scalar curvature tensor R can be calculated from (13)
and (14) by setting e = —1, ® = 1 and making a replacement

2 L?
gaﬁ($7’ l) — ﬁgaﬁ(lﬁ)) gaﬁ<x77l) — 1729065(1.7). (17)
Then we have 30 120
chﬁ = 12 gaﬁ(lﬁ/% R = 2 (18)
and the Einstein tensor
1 30
Gag = Rag = 5 Jas(@, DR = —5 gap(a”). (19)

The induced cosmological constant A in four-dimensional spacetime can be read from
Rog = A gop(27) or Gop = —A gap(x?),

-390
L2

Another special but physically instructive case we want to look at is the conformally-
flat metric,

A:

: (20)

_ 12 N
ds* = Q5 {f(27,1) na dada”} — dI”. (21)
Here 1,4 is the metric for flat Minkowski space and the signature of 7,4 is also (+, —, —, —).

We are particularly interested in the [— dependence of f(z7,1).



Setting ¢ = —1, ® = 1 and making a replacement
v 2 v aB (. L =1 af
gaﬂ(x ,l) — ﬁf(x al)naﬂa g (ZL‘ al) — l?f (ZE 7l)77 ) (22)

The equation of scalar field (11), i.e. R4y = 0, becomes

2U4+ U?=0 (23)
where F 5
4
== 4 -, 24
U 7 +7 (24)
The solution for the conformal factor f is
2
fen) = o= 2 ) (25)

where [o(27) is an arbitrary length function of integration, k(z") is an arbitrary dimen-
sionless function. f(z7,1) involves both arbitrary functions. However, substituing (22)
into (12), the vector component of the field equation, one will get

fa
f

and this implies [y is indeed a constant. Now the conformal factor becomes

( ),a =0 (26)

[
Ft D) = (1= 2P k), (27)
which involves only one arbitrary function k(z7). Using this conformal factor, the

induced Ricci tensor (13) becomes

-3 QI
aB — afs 28
5= -1 9 (28)
where g5 = f(27,1)n,5. So an effective cosmological constant is given by
== ) 29
5 ) (29)

Furthermore, let us assume a null 5-dimensional path and rewrite the line element (15)
as

12 dl

2 s
Since a massive particle in spacetime has ds? # 0, the velocity in fifth dimension is
given by

)?] ds* = 0. (30)

(7 = (27 (31)
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Thus the solution can be obtained as
[ =loe™", (32)

where it is natural for us to locate the big bang at the zero point of proper time and
to choose [ = [y when s = 0. The cosmological constant now yields
3 9
A=15 (1= evo/L)2’ (33)
In the case of upper minus sign, A decays from an unbounded value at the big bang
(s = 0) to its asymptotic value of —3Q/L? (s — oo). Whereas in the case of lower plus
sign, A decays from an unbounded value at the big bang (s = 0) and approach zero
(s — 00). For normal (slower-than-light) particles, from astrophysical data, the case of
upper minus sign is the one corresponds to our universe.
From the viewpoint of general relativity, the cosmological constant has associated

with the energy density é:fé The cosmological constant (29), A = _529 (+1-)2, may be

1—1
identified the divergence at [ = [, with the big bang. Let us take derivativeos of (29) to

obtain

dA — Q(LGZ)(Z o)l dl. (34)

We are mainly interested in the region near [ = [y. Putting dl = | — [y and using
I = lpe’/" as in (32), one will get
dA ds® = 6. (35)

This implies vacuum instability, [7] since dA — oo for ds — 0.
To investigate the physics further, we assume that the 5-dimensional path may be
null. The 4-dimensional part of the geodesic equation is

d?aH o dx® daf
+ -
ds? B ds ds

= 1 (36)
where f# can be identified as the force ( per unit mass) associated with 5-dimensional
spacetime. To evaluate f*, we can differentiate

_dx”

gos(@?, D’ = @ (e =)

with respect to s. Using symmetries under the exchange of o and /8 to introduce the
Christoffel symbols I', 5, there comes

(37)

dut 0Gap dl
200t (% + Tl ufu) + % T uu? = 0. (38)

Due to the motion of 4-dimensional frame with respect to the fifth dimension is parallel
to the 4-velocity u* , one can substitute

dut
=+ Fgﬁ/uﬁu’y = fu* (39)



into (36) and determine the constant § , then find
= ——— —uu"ut. (40)

After substituting the conformally-flat metric tensor, gos = (1—%)? k(27) 144 into (38),
the result is

B lo  dl da*
"= _QJ(Z—ZO)£ ds (41)
_ de“# (42)

"L (1)

We reintroduce conventional units for the speed of light ¢ and the gravitational constant
G. Adding the velocity-dependent extra force f = —Q(ve/L)(e*/f —1)7! to the usual
Newton’s law, putting s = ¢t in the extra force, then the Newton’s law is modified so
that the force per unit mass becomes

_GM_ (%) 1
r2 L7 (es/t —1)’

F = (43)
where M = M(r) is the mass interior to radius r of for a system with spherical sym-
metry. The gravitational gravitational constant is modified to be

Qvr? ¢ 1

C=Cl+ o Pam—yh

(44)

4 Concluding Remarks

We have considered tachyons in five-dimensional spacetime with the canonical metric
and the conformally-flat metric respectively. The four-dimensional effective cosmo-
logical constant A and the modified Newton’s gravitational force law obtained from
tachyons and normal ( slower-than-light) particles are different in many places by just
a sign factor Q. This means that any experiment claimed that the effects are measured
for normal particles associated with 5-dimensional spacetime might be measured for
the case of tachyons. However, it is also possible that some effects associated with
5-dimensional spacetime cannot be measured just due to the contributions of normal
particles and tachyons are canceled each other.
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