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Abstract

A class of vortex solutions of the Gr(n,N) Grassmannian o-Model in (3+1) di-
mensions are presented. These solutions may be regarded as the generalization of the
vortex solutions of the C' P model [1]. The energy density of the vortices are related
to the Noether charge and topological charge.
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1 Introduction

The nonlinear o-models in two dimensions are special interest because they bear many
similarities to the nonabelian gauge theory in four dimensions and have a property of being
an integrable system. However, the Exact topological soliton solutions are rare specialty
in dimensions higher than two. The most well known examples are those provided by
self-dual or BPS solutions like instantons and monopoles. In this paper we present the
vortex-like solutions [1] [2] [3] [4] in (3+1)-dimensional for the Gr(n, N) Grassmannian
o-Model [5] which is based on the homogeneous spaces

SU(N)

GrinN) = Srmy = SUN ) (1)

Grassmannian sigma models are a generalization of C PN ~! sigma models [6]. They share
some common features such as the Euler-Lagrange equations can be written in terms
of projectors, infinite number of conserved quantities and the existence of multisoliton
solutions etc.

We express elements Gr(n, N) using the equivalent class of elements g € SU(N) as

Un 0

lg) = {gv| v = < ; ) Un € SUM),Uy-n € SUN =)}, (2)

UN—n
and decompose g € SU(N) into submatrices X, Y
g:(¢1>"'7¢N): (XaY)a X = (¢1>"'7¢n)a Y:(¢n+1a---7¢N) (3)

where X is an N x n matrix and Y is an N x (/N —n) matrix. Since the unitary condition
gtg = Iy, ie. d)}gﬁk = 01, we find
X'xX=1, X'v=0 Y'X=0 YV=Iy_,. (4)

2 23 be the standard Minkowski coordinates in R*, with the metric

Let 2°, 2t
ds® = —(da®)? + (dz)? + (dz?)* + (da®)2. (5)
In what follows we shall use the notation

z=al4i2?,  zZ=al4idz?,  yr =23+ (6)

2 Euler-Lagrange Equations

Let us assume that Q is an open,connected and simply connected subset in R* with
Minkowski metric (5). We define covariant derivative D, acting on maps X : Q —
Gr(n,N) by

DX =0,X - XX'9,X, p=0,1,23. (7)

In the study of Grassmannian sigma models we are interested in maps X : Q — Gr(n, N)
which are stationary points of the action functional

S = / tr{(D, X)) (D*X)} d'z. (8)
Q
The Lagrangian density can be further developed to get

£ = tr{(DX) (DPX)} = 1r{0" X (8,X)'P} = 5r (0P0,P) (9)



where

P=I-XX'! (10)

is an orthogonal projector, i.e. P2 = P, P! = P satisfying PX = 0, XIP = 0.
The action (8) has the local (gauge) SU(n) symmetry

X - Xh, he(SUO(n) ?) (11)

proving that the model doesn’t depend on the choice of representatives X of the elements
of Gr(n, N). The action also invariant under the SU(N) global symmetry transformation

X —gX, ge SU(N). (12)

These invariance properties are naturally reproduced on the level of Euler-Lagrange equa-
tions.
Taking into account the constraint

P?—-P=0, (13)

the action (8) becomes
1
S = / <2tr{8“738,ﬂ)} + Atr{P? - P}) diz. (14)

Variating the action about P and using the boundary condition P = 0 on the surface
integral, we get the equation of motion as

9P —A(2P — 1) =0. (15)

Next, if we multiply this equation by P from the right and left separately, then we have
two equations

"9, PP—-A2P—-D)P = 0 (16)
POFO,P — AP (2P —1) = 0. (17)

Subtracting (16) from (17), we get the equation of motion in matrix form

[0"0,P,P] =0 (18)
or in the form of a conservation law

Ou[0"P,P]=0. (19)
The conserved current density

JH = [0"P,P| (20)

are invariant under local SU(n) and global SU(N — n) transformations.
The equation (18) can also be written as

P (09, X — 20, XX19"X) =0 (21)
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3 Vortex Solutions

To find the solutions of (18), one can parametrize ¢; in X of (3),

ulj
<Z>j = > (22)
uNj
where
N
¢;‘¢k = > ulhjuar = Ok (23)
A=1

In terms of uy,; the Lagrangian density (9) takes the form

L=20 0"y Ouuag = 3D D> waj uhk O"u; Ouupk (24)
A

A B k j

and the Euler-Lagrangian equation reads

0"0yuaj — 2 (Z Upg 8MUBk> 0Mup; — ugijot (Z upg 8MuBk> =0 (25)
B

B

Any set of functions u4; that depend on the coordinates z* in special form

uA; = ua;i(2,y4) (26)

is a solution of the equation (25). The Minkowski metric in the in the notation (6) becomes
ds* = dzdz + dyy+dy_. It then follows that (26) satisfies simultaneously 0#9,u4; = 0 and
OpuprO*ua; = 0. Amongst the very many solutions of the type (26), there have been
considered in the CPY model in 3 + 1 dimensions [ ]. In this paper we shall consider only
some very special form, i.e.

uaj(z,y4) = (2 = 8)"4i (2 4+ §)mas eharvs, (27)

where § is a real constant and n4j, m4; are integers. The energy density of solutions (26)
takes the form

H = ZZZZ (8 uAg AB ik 0 upk + 8 UA](Az)AB,jk 0y+u3k) , (28)

where
(A?) g, jk = 0aB0jK — UA WS- (29)

When integrated over the z!-z? plane the first term in (28) becomes proportional to the
topological charge of the vortex solution as we will explain below. The second term in
(28) is related to some Noether charges of the Gr(n, N) model. To see this we note that
Gr(n, N) Lagrangian (9) is invariant under the SU(N) global symmetry transformation.
The parametrization of the fields in terms of the u fields given by (22) transform under
the SU(n) gauge symmetry. The Noether currents associated with these symmetries are
given by

n

N
=1 Z Z <uA] AB Jka UBE — 0 uBk(A )BA kJuAJ) (30)
B=11:=1



The total energy density H is split into two parts,i.e.
H=HD+HP, (31)
where H® is the first term in (28) and H® is the second term in (28). One can show

that
N

ZZ > Z By, ul;(A2) g, g Oy, upr = Y. > kajJy Y, (32)
7

A=1j=1

where k4; being the inverse of a wavelength. The Noether charge can be defined as
QNoether /dxldsz(gAj) (33>
For a solution of the type (27) the first term of H reduces to

=35 aa, iluai P+ 333 " (Waa, g — van, jr)luaj)luskl?, (34)
A g A B j k

where, if we define ws = z — 0 and w_s = 2 + 4, the function 94 ;i are given by

WsW_g§ + WsW—_g
2|ws|?|w—s[?

NAjNBk | MAj MBk
|lws|? lw_s|?

—~

Yap,ij(z,2) = + (najmpk + npkma;) 35)

The second term of H reduces to
Z Z Kajluagl® + 5 Z S0 (kag — k) Juagluskl* (36)
A B j k

Therefore, the energy per unit length of the vortex solutions has the form

&= /da:ldac H( /da:lda; HP =7 (Qtop —I—ZZkA]QNoet,W) (37)

where Q0p. is the topological charge.

4 Conclusions

In this paper we have shown that the Gr(n, N) Grassmannian o-Model in (3 4 1) dimen-
sions has many classical solutions. A class of vortex solutions are suggested. These solu-
tions may be regarded as the generalization of vortex solutions, proposed by L.A.Ferreira
et.al. [1], of the CPY model in (3 + 1) dimensions. The energy density are also related to
topological charge and Noether charge as expected.
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