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����1���0L���"#����������>"#����
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ÀÆ�Ë�ÌÍÎ@Ä1Ï�^Ð��Ñ�ÀÆÒÓ�jÔÀÆ�ÕÖ
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Ï�^���SÝ�Þßàá ÀÆÒÓ�âãä7
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¯�ÍÎ�ö�ÒÓ÷Ï�^�ö�ÒÓ÷ÀÆÒÓøø7
(2)ùú�©ª^ìbûü©ª^LrÀýþÍÎ�À�ýþÏ�^�ÿÀ
Æ�M!�ú(ñh�'A��ÀÆ�ÿ�ÌÀÆ�Ï�^�e¨åÀÆ
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2 ����

���
2.1 ��
�

DE !"O#$È���%H¤&,M!=O$'()�*×iç
O+,�%À-./Ö�!012ÿ34�!�ÛR�4�×�012ÿ
�pWX!5Û6;�¡!�2ÿ�678SWXÛ934:#6;01
O;�<�K���/=O#>��?6À�P@A�Ø%BKCDQR
E@��£%!Fö�7%WX��/Ö34MGDEL�9�����
ïH+/Öb#IJ7

�	D KOè���L�!e�ýM%N1O#��� 9O`A

PQ7%!  �!R���lST�OT�Û?-�²OTÛQU7�
VO+��EW��e��XO����ÃKÀY	8Z7�[�EW�
O\Õ]�qL�¨å��7 f�b#!eK^�DEy�Ù���l
S#O`� H�O£s�²3O#£A − s�?-@QUy�O\ÙS#
`�_��L�Ù��A`a7

DEÀ$�O#�uIJ�b£KLr�2c®O#O`��	Ä1
�O`0d1�ÑLr�(�ei#d1�Ñ2f�`_�O\KLrÀ!
1)7Ä�DEL�cO#O`n�b#`ÀQmÄ1Lrç��°AA��
ÙA@ sd]ÂnH�`7Ä��y�äg�Ân`<H:OO`�2f£
1/n�h�g1IJL��ÂnHc®O#�2O`¤7

i�bj�QRWXÀIO#IJ���LKL��Ûé#�÷k#
�÷M!�i�34lm!nä�7é#�DEL�bo ��ls�r�
A− s− r�h.y�é^Ù��pÕ��L���q+�A7Or+Ê�D
E!ÙA�LÛm#��h.DE���lx1, x2, x3, · · · , xm−1(mod n)��
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�sÛ Hm− 1#��tèh#��ÛO`A−∑m−1
k=1 xk (modn)7

2.1.1 ���

�TOuDEK�¤�����}e�QRWXÀ$�IJ�DEÙ
���LÛi`�N1^�×Ø���¨å/�v��Ä1�0�¸��
�qL�¨å7��1�NÎ�h�-./Ö4Ä�DEL�wxOè�
!y1y��OP;��L�Xl�}e�b�!D�è+�K��z{
e7

�|}@~���/��S}��9��|Q������V���
¯��;��7¡!�bo2��M���Oä��_�¨�N1�ä�
���Ã�1Oä����qrj���M�����7�:�H�d
��O#����1éRÒÓ��y�SRÒÓÑ/�¸��L����
�7

h."b´$��×K�9ËOu�����e�b£Ù���Ûé
�(���=÷��=@}�P¿�KOäé�À1/�Ñ/ç��MG
1�ç}�¤�Ä����!e!1�^��ÃK� Õ¡¢£��$È7

b£1�i�Käb¤�����e!K�f9�DEL�¥9z{
e+t�û¦IJ�Ã�!Ê�y�P;���N1^�DE�L�`a
��7�è�D §¨©ªz{e�«¬äg7

ägì t ≤ w�t@w£S#
O`���DE��9O# (t, w)z{
e�b!Ù'AM�ÛwÜ��N1^�}e��b#}eH�y�� 
H�� tÜN1^�DE�L�`a��M�ý�vC t#¥g�e¨å
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M7

1979®�î¯�°Kç�}e�á]¯�°z{eM!±²³´µ¶
e�!+FCDE·HÄÝm�§¨P`�¯�I�S¸L��äO¹º
»�I�é¸L��äO#W¼Éøø7�è�!b#}e�µw7

½ c®O#¾`p�QCÄ1�'AÃQCÄ1Ï�^�`7V/Ä
1��0�Âp`<H�ÿ��ý¿9Õl`PQ�h.èÀÄ	��Á
ÂLrg1ÃeÄÅ¤7

Ù°AMÆÇlÂp`<H�O#`�ØDE�ÈÉ!�Ù°AM�
�ÛwÜÏ�^�¡y� H���tÜ�L�¨åVO°AM� �2�
c®Âpè t − 1#O`á�£si�i = 1, 2, 3, · · · , t − 1]£iÊÉ s(x)T iÊ
�Ë`�×pÙ°AM�Ì��`Ê�ÜÌ7Ä�DE	�O#iÊÉ

s(x) = M + s1x + s2x
2 + s3x

3 + · · ·+ st−1x
t−1 (mod p)

 �`Ê�!q°AM�Í¢ s(0) ≡ M(modp)7BbwÜÏ�^�DE
 c®�»�O`x1, x2, x3, · · · , xw(mod p)�×pÎsÛ:#�O��`B
(xi, yi)� Hyi ≡ s(xi) (mod p)7Ï¯+Êì1, 2, 3, · · · , wÐ!bcxÑÒÕ
ÖBF×�O#cÓ�Ä�DEÙ`B

(1, s(1)), (2, s(2)), (3, s(3)), · · · , (w, s(w))

sÛbw#��O�O#7¾`p!Ä1�0����¡iÊÉ s(x)��Ô
��7

2.1.2 ��

Shamirz{e����1é#Í��IJì
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1. Kr1ÕÖ���$^�×Ø�¢!�$^��$;��/�LrÀ
ÛÙ#��^�$ý�;�����Úa���l½�eÚaç
j
����i`�ÛÜ¦§¤bO¸7

2. KrÝÞ��^�×Ø�¢!1c��^�Úa��/Kßý�;�
��Ø� ��l½�eÚa
j���7

3. �Úa���àá�Ï���Úa�l½ÀÙFâ�;��sãÛO
ÜÕl^�îÕl^+PÆÄ1Ï�^ÚaÐ����QP;�ÛÜ
H�Õl^¬��!Ï���Úa�Ð�^�b�^���Õl^�
Úa��pKÀKßý���Û �Ï���Úa���^7
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2.2 ����
�

���¬äH�DEKç«CåLB`IJ�������æ§çVæ§
Kèéêçëì�$^�µ�Ä1Ï�^�×Øÿ£�BL��e¼�$
��qKÑ�����d1íî§¨÷���·øï¸7�I1L���
����}m�ðñ�V����Z[òñ?�`ó(ôõ?�bVÕf
ñ·7  ö�e�èì
2.2.1 �����	

1. UD !<=����$^� UD c®O#Q¾` p ÷Â p �O#q
ø g , p QCÄ1�'AÃQCÄ1Ï�^��`7 Ui !T i #Ï�
^� �;ù�S£ δi (i = 1, 2, · · · , w)7

2. Ù'A k ÆÇlÂ p `<H�O#`�ØDE�Ù'A k ��Û
w ÜÏ�^�¡y� H� t Ü¥LtçVO'A7 UD  ��
K = gk (mod p)7

3. :O# Ui (i = 1, 2, · · · , w) �2cOO` xi £öÒ��ç Xi = g xi

�(ñÛ UD 7

4. UD �2c® t #O` aj (j = 0, 1, 2, · · · , t − 1) ]£iÊÉ f(x) H
xj Ê�Ë`7Ä�	�OiÊÉ

f(x) = a0 + a1x + a2x
2 + a3x

3 + · · ·+ at−1x
t−1 (mod p− 1),

UD �� s = k + a0(mod p− 1) ,��ç Aj = gaj (mod p) ,

j = 0, 1, 2, · · · , t− 1;�÷:O# f(δi) (mod p− 1) , i = 1, 2, · · · , w 7

5. UD �2c®O` r ,��� R = gr (mod p)7
B i = 1, · · · , w �çbi = f(δi) + Xi

r (mod p),�÷ci = s + Xi
r (mod p)7

6. UD Ù p , g , R , K ; bi , ci , δi ( i = 1, · · · , w ) ; Aj ( j = 0, 1, · · · , t−1 )

µ�7

2.2.2 
���	

1. :O# Ui (i = 1, 2, · · · , w) �9 öÒ xi �ç Rxi (mod p)á�£
Di ,×p�ç Bi = bi − Di (mod p) ÷ Ci = ci − Di (mod p)7
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2. :O# Ui (i = 1, 2, · · · , w) L��èúøÉ!ylæ

gCi = K · A0 (mod p), gBi =
t∏

j=1

Aj−1
δi

j−1

(mod p)

¿øÉlæ�Ê-¤ UD g1×Øÿ£7
¿øÉKlæ��µ� UD �×Øÿ£7

2.2.3 ����

1. �� gCi = K · A0 (mod p)

�-ì
b£ Di = Rxi = (gr)xi = (gxi)r = Xi

r (mod p)

Ä� Ci = ci − Di = s + Xi
r − Xi

r = s (mod p)

Bb£ s = k + a0 (mod p− 1)

⇒ Ci = (k + a0) + n · (p− 1)

� K = gk (mod p− 1)� A0 = ga0 (mod p− 1)

∴ gCi = g(k + a0)+n·(p−1) = gk · ga0 · gn·(p−1) = K · A0 · (gp−1)n

= K · A0 (mod p)bV	�ûÉ=üÉ��	�7

2. �� gBi =
t∏

j=1

Aj−1
δi

j−1

(mod p)

�-ì
b£ Di = Xi

r (mod p)

Ä� Bi = bi − Di = f(δi) + Xi
r − Xi

r = f(δi) (mod p)

I� Ai = gai (mod p)

Ù δi P1 f(x) = a0 + a1x + a2x
2 + a3x

3 + · · ·+ at−1x
t−1 (mod p− 1)

	�
f(δi) = (a0 + a1δi + a2δi

2 + a3δi
3 + · · ·+ at−1δi

t−1) + n · (p− 1)

∴ûÉ= gf(δi) = g(a0+a1δi+a2δi
2+a3δi

3+···+at−1δi
t−1)+n·(p−1)

= g(a0+a1δi+a2δi
2+a3δi

3+···+at−1δi
t−1) · (gp−1)n

= g(a0+a1δi+a2δi
2+a3δi

3+···+at−1δi
t−1) (mod p)

= ga0 · ga1δi · ga2δi
2 · · · · · gat−1δi

t−1

= (ga0) · (ga1)δi · (ga2)δi
2 · · · · · (gat−1)δi

t−1

9



= A0 · A1
δi · A2

δi
2 · · · · · At−1

δi
t−1

=
t∏

j=1

Aj−1
δi

j−1

= üÉ��	�7

2.2.4 �����	

1. ýM1 t ÜÊ! U1 , U2 , · · · , Ut ÐÑ�q��7:#Ï��l½ Ui

Ù³F� Bi (ñÛÕl^ UA 7

2. Õl^ UA ½ �� gBi =
t∏

j=1

Aj−1
δi

j−1

(mod p), i = 1 , · · · , t!yl

æ7¿læ�Ê-��^ Ui g1×Øÿ£ç¿Klæ���¹ ¨
ý$ñFâþH�&'7

3. � UA Y	Ok`ó ( δi , Bi ), i = 1 , · · · , t,îLagrangeµ¶iÊÉ
¹çJmV t ¸� t− 1 ¼iÊÉ L(T ) ,�Ù L(0) ÿ�Ï����q
���^7

4. ��^�� A0 = gL(0) (mod p) !ylæ���læ��Ê- UA g
1×Øÿ£��p���^ Ui �� Ci − L(0) ç�!Ä�¹���
k ,b£ Ci = s , L(0) = a0
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2.3 ����

���1980®P�H���� (Miller)���æ´ (Koblitz)Ù���»��
�Su�H�«ØM�¤O	ý��S<=7���»�S<=�ñC(
=�S<=�ï¸�O��Cp^�9¤��Q�ÒÓ+�Ô����Ø
Ë^¦
K���V�Q�ÒÓ¥rKßÙ´¬ò���7èú}¬É�
óÈDEá�£���»

E : y2 ≡ x3 + ax + b (mod p )

�V/ a , b £���9�pÕ��1Ö`÷f`÷Z`÷Â p �è�
O`M1e`�7 Ep(a, b) = E ∪ {∞} , H 4a3 + 27b2 6= 0 7Ø�V/
� ∞ á�£�e�¸ (Point at infinity)M�¸ (Zero point)�7V¸�
§¨�O#/Ö}É�!Ù�d]� y ���à}7bL������
����è���/Ö�¡àÀºï��HBDE+�I�~¤7LÏ
x Silverman�TateW�ÄÕi��ì���»à�1Ö¸ (RationalPoint

On EllipticCurves)çML.C. Washington�Elliptic Curves Number Theory and

Cryptography7¿Ù y ��è}�¸dl�à}�¸�� ∞ Ã!ÜC y

���è}7�f`�@�è�óÈy1S´Lr�ÈÉ��!ü�h#
é¼iÊÉ1é#�»�føM!O#føØä7¨ø�$�B²��
���DEýMé¼iÊÉ E : y2 = x3 + ax + b g1¨ø7

2.3.1 ���������

����`�DEq ����» Ep(a, b) à�+dd���»à�¸!
���_�7
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�������P + Q = R �������P + P = R

��

1. ���» E à��»S¸ P ÷ Q �_�LJîóOHïð P + Q =

R ��èìJm P ÷ Q W¸�Oº» L 7º» L ����» E s
C −R �×p® E à� −R BáCx-��¸ R (¢ y �É�8 )7

2. ���» E à�O¸ P ��� P + P = R �LJîóWHïð
P + Q = R ��èìJm P ¸ ���» E �!» L 7º» L �
���» E sC −R �×p® E à� −R BáCx-��¸ R 7

3. _e¨ÜÅ¤ìDE$� P +∞ = P �b£Jm P � ∞ ¸�º»
!"ºx-���Ä�Vº»ÙÀ� E F×�sC − P �ØÎ®Bá
¸¢£ P ��	 P +∞ = P 7Ñ/ÍL�-V_ed1íÕ��s
o�ì

(P + Q) + R = P + (Q + R)

P + Q = Q + P

bV����» E à�¸�V_e#��è�ÈlO#so$��e
��¸ ∞ �!���»�_e¨ÜÅ¤7

4. ���»_e#��µÉì
 P = (x1, y1), Q = (x2, y2)£���»à�S¸��� P 6= Q ��

12



P + Q = R = (x3, y3) 7V/

x3 ≡ m2 − x1 − x2 (mod p ),

y3 ≡ m(x1 − x3)− y1 ( mod p ).

 H�m£

m =





y2 − y1

x2 − x1

, if P 6= Q

3x2
1 + a

2y1

, if P = Q

2.3.2 ����������� !�"#

��Ù-Û°A%SØl£���»à�¸�IJ��K"(=�$�h
o§¨7bj1O#Koblitz�}e7 !e�èì E : y2 ≡ x3 + ax + b

(mod p) £O���»7IJ`a.�°A m Ùdl!b���»à�
ÙO¸� x �É7×Ø m3 + am + b �Â p �è!&}`��f'v
1/27bVDE� m pÀ�àO#ÜÅl£²O#`�á�£ x �í	(
OVÜÅº�DE	�O# x �	 x3 + ax + b �Âp�è£&}`7

���-jÖÊ�K£O#QO`�	Ù°A%Sl£���»à�¸
/� E)f£1/2K!L�*�7ýMm��(m+1)K < p�ÙV°AmÆ
ÇlO#È�x = mK+j�`�V`0 ≤ j ≤ K7Bj = 0, 1, · · · , K−1���
x3 + ax + b����Âp�è�&}ø7¿1O&}øy��®Pm = (x, y)�
y�Ù j+_ 1Èlý�x�×p¨Zà,�-7�VbrÖ�ºø�.
	¤O#&}øM! j = K7�� j�!øCK�h.Bb#°AØ/�D
E��0��e%l7b£x3 + ax + bQ11OT�/�!O#&}`�Ä
�DEQ111/2KE)�2À7

��î¸Pm = (x, y)���`a�q°A34è��� x
K
�® O`P�¢

L7Ä�m = [ x
K

]�V/ [ x
K

]£·2 8��!?CMøC x
K
��QO`7

���p = 179�ýMDE����»£y2 = x3+2x+77¿L��*1/210

�E)f��®K = 107b£DE�¹ (m + 1)K < 179�� 0 ≤ m ≤ 167

13



ýMDE�°A£m = 57x3È�mK + j = 50 + j�mÑ�Lr�cÓ
£50, 51, · · · , 597Bx = 51�DE	�

x3 + 2x + 7 ≡ 121 (mod 179) , 112 ≡ 121 (mod 179)

bVDE9¸Pm = (51, 11)+ÆÇ°Am = 57bV°AmL�q�èì
m = [51

11
] = 57

2.3.3 ������$%

����1�`´���»�_ /t�}eH�DEyd H�§x�O
´}e7½ <=Ù�ñ�-Û m %Sl���»à�¸ Pm 7¸ Pm

À4_�l�Û���5pÀ4tS7�bj�6úO¸�DEKr¨7
�Ù'A%SlÙ#¸�xMy�É�b£�K!Ä1�bû�É0À8�
E(mod p) à7�O#ÒÓso<=H� _ /t�<=��S#Ï`�α

@���»E(mod p)7
��½ ��9^ A cÓOö�ÒÓ aA �×p�9FOµ�ÒÓ
βA = aAα 7Ño��9^ B ÃcÓOö�ÒÓ aB �×p�9FOµ�Ò
Ó βB = aBα 7
��£¤Ù'A Pm _�p(ñÛ B � A cÓO�2O` k ���9F
O#îS¸Äkl�Û Cm 7

Cm = { kα , Pm + kβB}

�b A 9�! B �µ�ÒÓ βB 7£¤t��Û� B 9Fâ�ö�ÒÓ
ÃàTO¸�Î9TW¸:�	��í��L	

Pm + kβB − aB(kα) = Pm + k(aBα)− aB(kα) = Pm

A íî_à kβB +;<'A Pm 7�¤ A �3g��� k Ñ�Ä�¢�
βB !µ��ÒÓ�Ãg�r=�M;<9� kβB 7
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3 ���	
��

ÍÎ��ÀÆÒÓ�â���l¬@Ï�^�`l
ð�V<=89
89��_�e@ (t, n)z{����eÄM��%�>?l¬�ï¸�V
<=L�ÌÏ�^��ÀÆÒÓ!y£ÍÎÄ�Ú�²3Ãx3¤Ï�^
�e�À�$È�bV89¤ (t, n)z{e�e��Ï�^�`��%�z
{Ñ�à�qr¨åÀÆÒÓ��ÿÀÆ7<=�£<=@A÷¼ÒÓ�
Ú÷çÎÀÆBÿ÷ÀÆÒÓ9Fkàá��è©ª³àám¬ì

3.1 � !"#

<=CÖ^åæ�ägèúÏ`�D`ì
pì£O#Q¾`
qì£O#p− 1�Q¾b`
gì£Âp�O#qø
H(.)ìÆÇO#HashD`
×p<=µE�àD`@Ï`7
<=�9^�� F<=GH�:ÜÏ�^cÓOR³F�ö�ÒÓ
xi∈Z∗q����BW�µ�ÒÓyi = gxi(modp)�×pÙµ�ÒÓñÛ<
=Ô��µE7

3.2 $�	
%"#

ýMU1, U2, · · · , Un£ÀÆÏ�^�Uc£ÀÆÍÎ�ÍÎcÓO#ÀÆ
ÒÓCK�×påæO#��iÊÉ�89ViÊÉ��:O#Ï�^�¼
ÒÓKi�89��_�e9Fbc¼ÒÓ���_�'A (Ci, Ri, S)�ÀÆ
ÒÓIä (R, S)�Õá£ÀÆÒÓ'A�×pJKÛÏ�^7ÍÎLÿ�è
-ì
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1. ýM t!ÀÆz{Ñ (ÀÆÕe�`)�ÍÎUcåæO# t − 1¼}�i
ÊÉf(x)ì

f(x) = CK + a1x
1 + a2x

2 + · · ·+ at−1x
t−1(modp)

 Hai∈Zp(i = 1, 2, · · · , t− 1)�at−1 6= 0

2. øó��iÊÉf(x)���Ï�^�¼ÒÓKiì

Ki = f(i)(modp)

3. «<=H®	O#/MT�cÓO#�2N`v∈Zq���
A = gv(modp)

Bi = yv
i (modp)

Ci = Ki·Bi(modq)

Ri = H(Ki‖A)(modq)

R = H(CK‖A)(modq)

S = v −H(T‖R‖R1‖R2‖ · · · ‖Rn)·xc(modq)

 H (Ci, Ri, S)£ÍÎB¼ÒÓ9F���_�'A�(R, S)£ÍÎB
ÀÆÒÓ9F�Iä'A7

4. ÙÀÆÒÓ'A (C1, C2, · · · , Cn, R, R1, R2, · · · , Rn, S, T, t)JKÛÏ�^
Ui7

3.3 &'��()"#

çÎÀÆ�Ï�^Ui��ÀÆÒÓ'A(C1, C2, · · · , Cn, R, R1, R2, · · · , Rn, S, T, t)

�p��9Ï�^¬��ö�ÒÓ«ÀÆÒÓ'AHtç¼ÒÓKi���
¼ÒÓ�1Õ��IjÔ¼ÒÓ!y£ÍÎ�Ú�ý��-¤¼ÒÓ!1
Õ���Ù¼ÒÓJmJK��(ñÛ �Ï�^�]£çÎÀÆBÿ7
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Ï�^UiLÿèú-ì

1. ��ÀÆÒÓ'AHT�
j��ý�K
j�HOÀÆÒÓåæ¬
P�QR��'A�¨ñ©ª7

2. �9ö�ÒÓ��

A′ = gS · yH(T‖R‖R1‖R2···‖Rn)
c (modp)

Ki = Ci · ((A′
)ximodp)−1(modq)

3. ��èúøÉì
Ri = H(Ki‖A′)(modq)

��àÉlæ��UijÔ (Ci, Ri, S)£ÍÎB¼ÒÓKi�Iä��-
Kijf£ÍÎÄ�Ú���Klæ�ÆÇ1�ýþÍÎ���À��
�HOÀÆ7

4. R�mÔ��¼ÒÓKi�JîJK��(ñÛ �Ï�^�]£çÎ
ÀÆ�Bÿ7

3.4 ���	*+"#

ÀÆÏ�^Uj��� �Ï�^UiJîJK(ñ�¼ÒÓKi�p�
����¼ÒÓKi�1Õ��jÔ!y£ÍÎÄ�Ú�¿¼ÒÓ1Õ�P
ÆUi1Ï�ÀÆ&²�S£Õe�Ï�^��ÀÆÏ�^Uj��1Õ�¼
ÒÓ`ÈQCz{Ñ�¢L89bc¼ÒÓ¨åç��iÊÉ���ÍÎ
�ÀÆÒÓ��p�ÀÆÏ�^Uj����ÍÎBÀÆÒÓ�Iä!y1
Õ�jÔVÀÆÒÓjf£ÍÎ�Ú7ÀÆÏ�^Uj�ÿ�è-ì
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1. øó����¼ÒÓKi�BWÍÎ�ËJK�Ri���èúøÉì
Ri = H(Ki‖A′)(modq)

��àÉlæ��ÀÆÏ�^UjjÔKijf£ÍÎ�ÚÛUi�PÆUi

d1�À&²���Klæ�RK
j�¼ÒÓT�7

2. �	� tR�à�1Õ¼ÒÓ/�ÆÇÏ_ÀÆ�`Um�?z{�Ï
�^L�åæO#LagrangeiÊÉ�¨å��iÊÉf(x)7

3. øó¨å�iÊÉf(x)���çÀÆÒÓCKì
CK = f(0)(modp)

4. øó��ç�ÀÆÒÓ�BWÍÎ�ËJK�R���ì
R = H(CK‖A′)(modq)

��àÉlæ��UjjÔ (R,S)£ÍÎBÀÆÒÓCK�Iä��-
CKjf!ÍÎ�Ú��¿Klæ�PÆÍÎ(ñh��¼ÒÓ�V
l¨å/�h�
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4 �����	
��

W�àOä�ÀÆÒÓ�â<=��bjDE_1���»+PQHashD
`�L�:v���Z[ò�@�9:X#���^�7�è©ª��À
ÆÒÓ�â<=�m¬7

4.1 � !"#

1. ÍÎc®O#Q¾`p÷Âp�qøg�pQCÄ1�'AÃQCÄ1Ï
�^��`�Ui!T i#Ï�^� ��ù�S£δi(i = 1, 2, · · · , w)7

2. ÍÎÙÀÆÒÓkÆÇlÂp`<H�O#`�ØDE�ÙÀÆÒÓk

��ÛwÜÏ�^�¡ z{Ñ£ t�ÍÎ ��K = gk(modp)7

4.2 $�	
%"#

1. ÍÎ�2c® t#O`aj(j = 0, 1, 2, · · · , t− 1)]£iÊÉf(x)HxjÊ�
Ë`�Ä�	�OiÊÉ

f(x) = a0 + a1x + a2x
2 + · · ·+ at−1x

t−1(modp− 1)

�	ÍÎ�� s = k + a0(modp − 1)���ç:O#Aj = gaj(modp)�
j = 0, 1, 2, · · · , t− 1ç�÷:O#f(δi)(modp− 1)�i = 1, 2, · · · , w7

2. ÍÎc®O���»Ep(a, b)��µ��ç:O#Ï�^Ui����»
Ep(a, b)àc®O¸αi�Î�2c®OO`xi£ö�ÒÓ�×p���
βi = xiαi�Ùαi�βiµ��¡!xi�Ôö�7

3. ÍÎÙ f(δi)nolEp(a, b)à�O¸Pi��Ù snolEp(a, b)à�O
¸Q7c®�2O` r���ç z1i = rαi, z2i = Pi + rβi, z3i = Q + rβi�
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Ù`B (z1i, z2i, z3i)(ÛUi� i = 1, 2, · · · , w7

4. ÍÎÙèúÏ`µ�ìp, g, K, z1i, z2i, z3i, δi(i = 1, · · · , w), Aj(j = 0, 1, · · · , t−
1)

4.3 ,-./01"#

1. :O#Ï�^Ui�9ö�ÒÓxi��bi = z2i−xiz1i÷ci = z3i−xiz1i�Î
Ù bi, ci`a qÑ��£Bi, Ci7(V bi¢Pi,ci¢Q,Ä�Bi�!f(δi),Ci

�!s)

2. :O#Ï�^UiL��èúøÉ!ylæ
gCi = K·A0(modp),gBi = Πt

j=1A
δj−1
i

j−1 (modp)

¿øÉlæ�Ê-¤ÍÎg1×Øÿ£ç¿!Klæ��µ�ÍÎ�
×Øÿ£7

4.4 ���	23"#

��ýM1 tÜÏ�^ÐÑ�q���Ê!U1, U2, · · · , Ut�:#Ï��qÒ
Ó�Ï�^ÙÙFâ¬�� bi_�p(ñÛÕl^�ÎîÕl^�qÀÆ
ÒÓ7

1. :O#Ï�^Ui9Õl^UA�αA, βA��÷Ï�^¬�þà�xi, bi�
ç e1i = xiαA, e2i = bi + xiβA�ÎÙ`B (e1i, e2i)(ÛÕl^UA7

2. Õl^UA	�Ok (e1i, e2i)�i = 1, 2, · · · , t�p��9Fâ�ö�ÒÓ
xAtçe2i − xAe1i�Î`a qÑTi(i = 1, · · · , t)7
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3. Õl^UA½ ��

gTi = Πt
j=1A

δj−1
i

j−1 (modp),i = 1, · · · , t

(b£Ti�!�Ë�Bi�i = 1, · · · , t)
¿læ�Ê-Ï��q^Uig1×Øÿ£ç¿!Klæ���¹Ï�
�q^Ui¨ý$ñFâþà�&'7

4. �Õl^UA�YOk`ó (δi, Ti)�i = 1, · · · , t�JîLagrangeµ¶iÊ
É¹çL(T )���� �`ÊL(0)�ÎÙL(0)ÆÇ£���»Ep(a, b)

à�O¸R�Õl^UAÎ��m1i = xAαi,m2i = R+xAβi(i = 1, · · · , t)�
�Ù`B (m1i,m2i)(ñÛ:O#Ï��qÀÆÒÓ�Ï�^Ui7

5. Ï�^Ui89Fâ�ö�ÒÓxi��ni = m2i − xim1i(i = 1, · · · , t)�Î
Ùni`a qÑNi (V/ni�!R,bØNi�!L(0))�Ï�^Ui��
A0 = gNi(modp)!ylæ�¿!læ�Ê-Õl^UAg1×Øÿ£ç
¿!Klæ���¹Õl^UA¨ý$ñ��í�7�p�Ï�^Ui�
�ÀÆÒÓk = Ci −Ni(modp− 1)7
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5 ��

5.1 456
7

�àOäDE©ª¤��ÀÆÒÓ�â<=��	Ù��ÀÆÒÓ�
â<= ���à��Z7

1. ½ DE ��©ª^!yL�«µ�&'H	�ÀÆÒÓ�
©ª^L�	�ëì���»Ep(a, b)�:#Ï�^c®��2¸
αi�βi�øÏ`�¡!O#<=Jm���»#��p��q/�
�JmåLB`�#��b!1 �^��Î_à©ª^�K�
�ÀÆÏ�^�ö�ÒÓxi�!�e	�ÀÆÒÓ�7

2. ¿!©ª^ê®ÀÆÏ�^�ÒÓ+Ï_ÀÆBX��WB4£
¤��\Ç�:¼ÍÎL�c®KÑÀÆÒÓ�Ä�:¼���
¼ÒÓÃÀKÑ�Ø��qàá/�Õl^L�é�çÒÓ�Õ
e��Ã�!1Õ���BL�	�1©ª^Ï�b¼ÀÆ7

3. ý�ÍÎ1ö�!�×ØÏ�^�Fâ[�ÀÆÒÓBX��4
�ÀÆÏ�^0KßFâ�ö�ÒÓ�p�ÍÎv�ú(ñK

j���'AÛÏ�^�úó\ØÏ�ÀÆ�l½�¡!��'
A��àá:ÜÏ�^L�í	����øÉ�+�-ÍÎ�×
Øÿ£�Ä�b´©ª^!�þ]ÍÎ��M!ÍÎ¬�!�[
����0!KLÿ�7

4. ��ÀÆÏ�^g1�~�Ï�^ÒÓ!yL�tçÀÆÒÓ34
îC��qàá�1Õ�¼ÒÓ!��é���¿!g1�~�
¼ÒÓ�!�e¨å��iÊÉ�^V�ÒÓJmé�!À4_
`���VO+�1Õ�¼ÒÓ`È?CÀÆÏ��Õe�`�
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!�e¨åÀÆÒÓ7Ä��©ª^g1�~�¼ÒÓM!^V
¼ÒÓ�©ªÿ£�0!À4é�ç+7

5.2 �8

�¬aÛH�DE89���»+¥bq¬�ÀÆÒÓ�â
<=�q<=�&'���H�9¤HashD`]£é���'A�}
e�¡!�N¸!��õ��YQ�ÃðñZ[�BC��9c+�
�!KLr��ØBC���»+Ê���õ@`óL�ñ?�ÃL
��9c+���+_Kv¥8�7ØÀÆ�Ï�^��E�e��
 �Ï�^�'A�Ã��e��ÀÆÒÓ7²3�ÀÆÒÓ!L�
�e¼�ý�y�ÍÎ¨Z�â�]¢L7��âm¬H�ÍÎ^�
QRÀ�âý'AÛÏ�^�Vl`aÀÆÒÓ�h��M!Oc�
��h�'A��DE���m¬H ¤1Õ�jÔ���bû$È
$F7BC�p�RÒÓ`a�Õl^��`am¬HLr�]ýÿ
£�Ã�!KKß��'AÛ �Ï�^�Ã ¤�����-7
�b#ÀÆÒÓ�â<=H�©ª^L�Y	ëì���»�µ�µ
�'A�¡!�v�e	�ÍÎM! �Ï�^�ö�ÒÓ�«C#
�åLB`��^��©ª^!�e	�ÀÆÒÓ7
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