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Abstract

Input data analysis (IDA) plays an extremely important role in
system simulation. Inappropriate IDA may lead an analyst to employ
incorrect probability distributions (.d.’ s) to generate random variables,
and consequently, it would jeopardize validity of the results from system
smulation.

Using conventional IDA, an analyst may have to try al the known
p.d.’s to fit the sample data points. However, it often leads to an
embarrassing Situation — an anayst may have no probability distribution
which could meet the confidence level required in the goodness-of-fit test.
Therefore, one may be enforced to use empirical distributions for data
fitting. However, an andyst may have the following problems. (1) most
of the continuous p.d.’ s are skewed-to-the-right, if the size of the sample
data points is not large, the probability of generating random variables at
the right-tall of the p.d. is dim; (2) empirica distribution is unable to
generate any random variable that is larger than the largest sample point.
These problems may cause serious consequence in the results of system
smulation.

In the past two decades, researchers have been addressing their
efforts in applying Johnson distribution to improve the conventional 1DA.
Four fitting approaches have been derived to fit the sample data points



with certain Johnson distribution; they are: (1) moment matching, (2)
percentile matching, (3) least square, and (4) least L,-norm approaches. In
the literature, researchers proposed to use the value of (b, b,) (from the
skewness and the kurtosis of the sample data) to choose an appropriate
distribution family when one fits the sample data using Johnson
distribution.

The focus of this study is to help the andyst to determine the most
suitable fitting approach using the information of b, and b,. For this
purpose, we generate more than 4000 sets of randomly data with 25
sample points in each data set. Then, we analyze each data set using the
four aforementioned fitting approaches and evauate the goodness-of-fit
for these approaches by Kolmogorov-Smirnov test. We assart that both
the moment matching and the percentile matching approaches are inferior
to the other two. Importantly, usng a hypothess testing method and
logistic regression, we indicate the specific regions on the (b, b,) plane
where the least-square approach surpasses the least L,-norm approach,
and vice versa. Our conclusion assists an analyst to efficiently choose the
best fitting approaches when the analyst employs Johnson distribution to
find the most appropriate distribution in Input Data Anadyss.
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1.1

(system simulation)

(input data analysis)

(validity)

Kelton and Law[24]
(continuous)
(skewed to the right)

(statistical process control)



(pattern)

1.2

[2,7,17,30,31,32]

4, Chi-Squaretest  Kolmogorov-Smirnov test (

(Goodness-of-fit test)

K-S test)



(continuous)

(Johnson
System) Wilson
[12,37,38,39,40]
Moment Matching
Percentile Matching Least Squares

L,-norm

[53]

[44] (<30)

L,-norm

(Johnson trandation system) Johnson
(data pattern) 3 4
(distribution family) 3 4

Bup2 (I

(B 1B 2)



Impossible Area

3 *SH Syscem
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5, SB System
o
&
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B2
1-1 8. B
1.3
( )
1 (Moment Matching)
2. (Percentile Matching)
3. (Least Squares)
4. L,-norm  (Minimum L, Norm Estimation)
(E
B2 4000

Kolmogorov-Smirnov Test( K-S )



1.4

(Genetic Algorithm)

Kolmogorov-Smirnov Test(

(B 1B 2)
(B 1B 2)

Visud Basc

25
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(system simulation)
(input data analysis)

(validity)

2.1

Keton and Law

(trace-driven smulation)



(fit)
(Exponentia distribution) (Poisson
distribution)

2-1

Law, A.M. and W.D. Kelton, Smulation Modeling & Analysis, 7" ED.,
New Y ork,1990,p.326.



v
2

v
3

v

4.  Chi-Sguaretest  Kolmogorov-Smirnov
test ( K-S test)

v

2-1

2.2

221
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2-2
Xw»Xn)
M X (n)
o X i is odd
Xos X0-5(n) _{[)éin/:le((nIZ)ﬂ)]/Z if n is even
o? S*(n)
/S 2 0 2
»QV = - Cv(n):«/S (n)
X(n) .3
E|(X - m)® ‘ A 32X, - X(n)y /
u = ( . 3/2) ] J(n) = 28 (Mg "
(S ) lsz(n)lez
Law, A.M. and W.D. Kelton, Smulation Modeling & Analysis, 7" ED.,
New Y ork,1990,p.326.
X, X5, .. Xp

(Quantile Summaries) (Box Plots)

1



X1, X, Xp 2-3

2-3
i = (n +1)/2 X(,) X(,)
j=(@0+y/2 Xaiy Xnij+) [Xg) +Xnj+)]/2
k=(g0+D/2 X Xy | [Xoo ¥Xnkepy]/2
1 Xay X Xy +X@l/2

Law, A.M. and W.D. Kelton, Smulation Modeling & Analysis, 7" ED.,

New Y ork,1990,p.326.

50%

[Xo2s  Xozg] 2-2

L | |

I | | I

2-2

2.2.2
X1, X5, .. X, (11D Independent Identical
Distribution)



(estimator)

(maximum-likelihood estimators , MLES)

1. MLEs
2 MLEs (chi-square)
3. MLEs
1
2.
2.2.3 (Chi-squar e test)

13



K-S-1
2.3
2.2
2
(empirical
distri bution) X(i) X(]_)E X(z) EVaE X(n)
F(x) = {41 + ) Jf Xy £ X< Xpiap,fori =1L ,ny
: n-1 (n- 1)(X(i+1) _ X(i)) (1) (i+1) ?/
. X(n) £ x .
) 1, b
Keton and Law
(continuous) (skewed to the
right)
X

Keton and Law
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2.4
Johnson[20]
(kurtosis) (skewness)
z=g+d &80
el g

y o (shape parameters),
A (scale parameter),
€ (location parameter)

Hahn and Shapiro[14]
Johnson and Lowe[19]

Slifker and Shapiro[33]

Mage(1980)[26] Se
Bowman and Shenton[4]

15

30)



Bowman and Shenton[5] SE SU

Swain, Venkatraman and Wilson[37]
DeBrota, et a[12]
Chou, et a(1994)[10]
:Uniform Beta Exponential Chi-square Gamma F Normal t
Logistic (@) 2 (3)Quartile ratio

Spedding and Rawlingg34]

Chou, Polansky and Mason[9]
Simpson  Chou, Polansky
and Mason
Hubele and Lawrencd 18] Cok

Cox
Hsn-Hung Wu[41]
Clement
99.8680. 135

2.5

[30]

(data mining)

16



25.1

Data Mining (Trend)
(Pattern) (Relationship)
( Knowledge Discovery in Databases, KDD)
(Data Pattern Analysis) (Functional

Dependency Analysis)

[45] (characterization) (discriminate rules)

(classification rule) (association rule)

(clustering rule) (prediction) (deviation mining)

(sequentia pattern)

2.5.2

(discriminant analysis)

[42]
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2.5.3 (logistic regression)

( )
[8]
( )
(logit) (normit) (log-log)
Fisher Yates logit
Cox[11] logistic
[46]
logisatic

18



2.6

(B 1B 2)
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Johnson (Johnson
trandation system of distributions)
(non-normal data)

[23,3,36,21] Beta Gamma Erlang
Lognormal Log-logistic Weibull Pearson
3.1
1 ( Normalizing Trandation)
@) Nomenclature
a X
b. X (CDF)

FOX)=Pr{X£x} -¥ <x<¥
c. X (PDF)
PX) =F (X ¥ <X<¥
d X
Om° E(X) and m, ® E|(X - m°| c=2,34
e. X (Skewness) (kurtosis)

Jb,° r:j'?z and bZO%




2 General Form of the Normalizing Trandation

Z=g+d fgeX " €0
el g
y o (shape parameters),
A (scale parameter),
€ (location parameter),
i In(y) for the S, (log normal) family
( )_{In[y+ y? +1] for the §, (unbounded ) family
= nlyia- ) for the S, (bounded) family
i y for the S, (normal) family
(3 Conventions
a 0>0 A>0
b. Sy (normd) A=1 €=0
C. S (lognormd) A=E1
Generating Johnson Variates
Z
X
x=e+l {8 90
e d g
o€, for the S, (log normal) family,
f_l(z):',%(eZ - e‘z), for theS, (unbounded) family,

|
|
:
i Y[+e?),  fortheS; (bounded) family,
1 for theS, (normal) family.

Properties of Johnson Densities

21



d -ep_ | 1é - ed
= f expi- —g@@+d fe—
0= (T o @t T g

|
i y for theS (lognormal) family,

£( )_J[ }/ for the §, (unbonded) family,
Y21 /JY +1 for s, (bounded) family,

i
{I/[y(i- )] for the S, (normal ) family,

H (support set)

i [e+¥) for the S (log normal) family,
B J. [ ¥ ,+¥] for the §, (unbounded) family,
lee+l] for the S, (bounded) family,

F(- ¥ +¥) for the S, (normal) family,

3.2
fitting)
1 (Moment Matching)
2. (Percentile Matching)
3. (Least Squares)
4. L,-norm  (Minimum L, Norm Estimation)
321 (Moment Matching)

[6,35]

xI H

(Johnson distribution

(Skewness)



(Kurtosis)

Hill, Hill and Holder
[16] Venkatraman and Wilson[39] Debrota et a[12]

(1) CDF F3 {XJ ] =1,Y%,n}
® A (moment) X &
513: Je, éﬁ = b,
Alzlgae(i'xg ézzlgaa(i'xg
n jzl‘é S ﬂ n j:1§ S o
3 BiB2 31 (family)
(1]
1
Impossible Area
2
3 *SH Syscem
- F] 3 '\ l
&
g < ,5* SB System
i N
 J - -:"!-.- \\
0 - 1 2 3 4
B
31B1 B
(4)
@ ©)
(Skewness) (Kurtosis)
X=X+I éan 99 W:f_lgeZ_-gg
e @ ed g
ay =4y © nfi: !’V ]
¥ 6,157 - 1 - 27
<f 1 = ——e /2dZ (skewness
=deg T a aj 7 (Semness)
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a, =b,° 2 =gW*| (kurtosis)

3
(b)
y 3 l9.d)
ta,vig.d)=a, « ()
'Ifaz(\/v;g c]):él2 L (2)

(1) Venkatraman and Wilson[39] L evenberg-Marquardt

Marquardt[27]
Avrid[1]
(10 LINGO[25] MATLAB (
Hansalman and Littlefield[ 15] )
(c) X
1)
X=x+l W |,

m = E[X] =X+ E[W]:x+l m,

s2=Var[X]=1? Var[X]=12s}

S

S\NI\

X~
X =—

N

+1

X >

X=

is =l

———/

A

W
Sy

—_

!
.I.
|

=> I'
!
| _
T W

3.2.2 Per centile Matching

(Percentiles)
Kahneman, Sovic and Tversky[22] Doubilet et a
[13] [26,33,10,9,29]
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L  k {a;;j=1.. (01

2 k
k
by j=1...kY
P T=Lekg
(3) bll bZ
f(3
Z=g+d f?ﬁg
el g
(4) Z,

Xa,
o =x+l e 99 ok
Xa; =X T =
§ d 5
Kk
(9.d,l ,x3

3.2.3 L east Squares
XoE X £4EX ¢y K03

R =F(Xg) n
| (that is, Fx(X ) has
the distribution of the | uniform order statistic; Kendall
and Stuart [23] )

Fx(X) @ F, () =F {g+dxf eugg ¥ <x<¥,
|

g |
F R =F |g+dxt & XU (f
& j %9+ g1 %(or
j=1,..n)
MR =T
R p n (Euclidean space)
[37,12]

25



(1)

X(]_)E X(z) £V0E X(n)

(2 1 uniformized
U(I):F,:'\g‘*dxfg@%é% ,i:1,..,.n
| e u
3 |
meen =1, =
n+1
i r; (1- r; )
variance =
n+2
(4) e © U(|) - T
Ele]=0 and Var[a]—l—r)
(n+ 2)
() 3 weights{wi} {e}
(6)
mnimize  Aw X2
g.d,l x i=1
subjecttod >0
i >0 for §,,
1i>x,-x forS,,
1 =1 forS, andS,
i< X, for S and S,
Xi
i =0 for S,
(7) w=1 ordinary least square(OLS)
W = L fori=1..,n diagonaly-weighted least squares
Var(e)
3.24 L ,-norm Minimum L ,-norm Estimation
L,-norm
n (Euclidean space)

26



L,-norm L,-norm
p A VA
dF(x)g
)

6y .
° go|Fn(x)- F(x)
p B¥

A

Fo-F

(1)
Fo(x)°

(2
F()=Fig+d foo X - ¥ <x<¥
i g1 H

(3) Minimize L, — norm

number of X, £ X
- ¥ <X<¥

n

minimize HF - Fa

gd,l x b
Subjectto d >0
i >0 for §,,
|i>x,-x forS,

1 =1 fors andS,

i<Xx, for S and S,
Xj
i =0 for S
P p Infinity
3.3 (Genetic algorithm)

John Holland 1975
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331
GA

GA

GA

(SGA)
GA

GA

GA

GA

GA

(Population)

(chromosome)

28

GA

Tabu

GA

GA
GA

GA

3-2

(gene)



fitness

population

(fitness)

fitness
Fitness
Fitness
(crossover)
crossover
(mutation)
(reproduction)

(mutation)



(t=1)

« & -

(t=t+1)

3-2 GA

3.3.2



(roulette wheel method)

(proportional selection method)

2.

3.

4. (crossover rate)
GA

3.3.3
GA

GA
1 GA
X2 25
é1 éz
2.

(é* 1'31)2"' (é* 2'?312)2

(

(mutation rate)

Microsoft Visua Basic
GA
3-3)

25 X, X,

>

GA
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GA

Random 20 350hits
14bits X 25 X
v
2 10 b, b,
v
b, b,
<
p o )
v
r Pc
v

33 GA
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3.4

4000
25
0~2500 ( 0) 31
3-1 Datal Data?

582,802,90,624,465,378,397,406,612,321,873,407,972

Datal 1081,501,171, 424,1817,2044,551,252,823,251,995,403

649.7 457.2 1.643 5433
549,831,359,308,64,2030,643,696,702,1070,1068, 1103,
Data? 906,909,63,571,221,1014,936,919,579,585,673,1086,1523

776.3 427.6 0.7245

4211

10

0.0 400.0 800.0 1200.0 1600.0 2000.0
200.0 600.0 1000.0 1400.0 1800.0

Datal

3-3 Datal

Std. Dev = 466.68
Mean = 649.7
N = 25.00




3-3 Datal 3-4 Datal

90 25: 397 501 873 1081 2044
3-4 Datal
35 Daa? 36 Daa?
10
8_

Std. Dev = 436.41

Mean = 776.3
N = 25.00
0.0 400.0 800.0 1200.0 1600.0 2000.0
200.0 600.0 1000.0 1400.0 1800.0
Data2
3-5 Data2
L I .
[ | | |
63 221 571 702 1068 1103 2030
3-6 Data2



K-S (B 1B 2
4.1
1.

4000 25

0~2500 (
0)
2.
(Skewness) (Kurtosis)
( 3D

S (lognorma) Sy(unbounded) Sg(bounded) Sy(normal)



(YoAce)

K-S
K-S
K-S k-s 0.1
0.1 90%
0.1 4-1
v
v
v
v
v

4-1



4.2

4000 Matlab
B:1 B 4-2
S (lognormd) Sy(unbounded) Sg(bounded) Sy(normdl)
(B 1B 2)
B 1B 2

4-2 B. Bo

43( ) AN ) 4
) 4-6( L,-norm )
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e
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345

25

2
LT E

&

i}

5

0.5

4-5

]

25

2

ZPHE

L

i

s

05

;-norm

L

4-6



4.3

4.2
43.1
1
4-3 4-4
1.425%(57/4000)
2. L,-norm
4-5 4-6
Sy(unbounded) Sg(bounded)
(47
4.3.2
1.
80% Ly,-norm
714 154 L,-norm



(o =0.05)

HoP 0.8 H:P 0.8
20 — P- P _0.784- 0.8:_1.049
\ Pg,/n 0.01496
20 Zi)=-1.645 Non-Reject Hp L,-norm
B1 B> Sy(unbounded)

Lp-norm

4-7
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(Threshold
Response Rate) L,-norm

5.1

logit normit log-log

1.
( 1= 2=
) 1 p=prob(Y=1 X)
logit(p)=log[p/(1-P)]=a +B X
X a B X
Y prob(Y=1) Nelder
Wedderburn[ 28] (Link
Function)
2.
1= 2= ()
3= 1,..kk+1

42



glProb(Y i X)=a +B X 1 i k

(k+1) k k )
5.2
(model-fit)
[8]
1
2.
3.
4,
(Y=1) X
(Pearson chi-square test)
[-2 log likelihood] (
) (k k )
Wad X?
5.3
Logigtic
(1)-2 log likelihood
- 2logL =-2§ ;w, log(p;)
W] P, Prob(Y,=i0X)



2 (Akaike Information Criterion,
AlIC=-2LogL+2(k+s)
L Q) k

(3) (Schwartz Criterion, SC)
SC=-2LogL +(k+s)log(N)

L K S D@ N
AIC SC
AIC SC ( )
5.4
(B 1B 2)

L,-norm

54.1
(outliers)
(

SAS

AIC)

(1)

Sy(unbounded)



5.4.2

Y Y=1
L,-norm Y=0 Lp-norm B
B2
logit
logistic regression
The LOGISTIC Procedure
A.Modéd Information
Data Set WORK.NEWS
Response Variable C
Number of Response Levels 2
Number of Observations 3132
Link Function Logit
Optimization Technique Fisher's scoring
B.Testing Global Null Hypothesis: BETA=0
Test Chi-Square DF Pr > ChiSq
Likelihood Ratio 161.0661 2 <.0001
Score 156.2089 2 <.0001
Wald 149.9817 2 <.0001
C.Analysis of Maximum Likelihood Estimates Standard
Parameter DF Estimate Error Chi-Square  Pr > ChiSq
Intercept 1 0.9744 0.1450 45.1878 <.0001
a 1 0.6454 0.0657 96.5579 <.0001
b 1 -0.6181 0.0505 149.9199 <.0001
D.Association of Predicted Probabilities and Observed Responses
Percent Concordant 65.8 Somers' D 0.280
Percent Discordant 33.7 Gamma 0.282
Percent Tied 0.5 Tau-a 0.129
Pairs 2248052 c 0.640
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3132
“ Analysis of Maximum Likelihood Estimates Standard”

Logit(p)=0.9744 + 0.6454* B ;- 0.6181*P ,

“ Association of Predicted Probabilities and
Observed Responses”

65.8
p=0.5
B ,=1.5764+1.0442*(3 ,
5.5 (B 1B 2
(B 11B 2) SB
51 L,-norm 52
5.1 5.2 Sg
B ,=1.5764+1.0442*(3 , ( ) 51
(1862 68.75%) 52
(886 31.25%) 52
(228 60%) 51
(156 40%)
0%
Ss B ,=1.5764+1.0442*(3 ,
B 1 B 2
B 1 B 2
L,-norm



i3]
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2
BRI T HE

1w

1.5

0.a

Lp,-norm

-1

LIFares

348

25

2

~ZTHE

=

(]

1.4

05

5-2
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6.1

(data mining)
3 4 B 1
B2
(B 1B 2
B 1 B 2
k-s
(<30)
B 1B 2



1.425%(57/4000)

L,-norm 4-7 S,
(B 1B 2 (Su)
(Se)
80% L,-norm
a,=1.5764+1.0442*4,
L,-norm

Bi1 B2
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6.2

B 1B 2)

(non-normal data)
(B 1B 2)

(B 1B 2

B 1B 2
(EVAI)
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