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ESTIMATION OF THE TRUNCATION PROBABILITY
IN THE RANDOM TRUNCATION MODEL

ABSTRACT

Under random truncation, a pair of independent random variables U* and V* is observable only
if U* is larger than V*. The resulting model is the conditional probability H(z,y) = P(U* <
z,V* < y|lU* > V*). For the truncation probability a = P(U* > V*), a proper estimate is «,, =
f G, (s)dF,(s), where F, and G,, are nonparametric maximum likelihood estimate (NPMLE) of the
distributions F' and G. He and Yang (1998) showed that «, is equivalent to a simpler representation
Qn. In this article, using coupled inverse-probability-of-truncation weighted estimators, we propose
an alternative proof of the equivalence. Similarly, for left-truncated and right-censored data, two
estimators (denoted by &, and &.) are considered. It is shown that the equivalence of &, and &,
does not hold. Simulation results shows that the mean-squared error of @,, is smaller than that of

Q.-

Key Words: Product-limit estimator; Truncation probability.



1 INTRODUCTION

Let U* and V* be the target and truncation variables with distribution functions F' and G re-
spectively. Assume that U* and V* are independent. For left-truncated data, both U* and V*
are observable only when U* > V*. Truncated data occur in astronomy (e.g., Lynden-Bell (1),
Woodroofe (2)), epidemiology, biometry (e.g., Wang, Jewell and Tsai (3), Tsai, Jewell and Wang
(4)) and possibly in other field such as economics. For any distribution function K denote the left and
right endpoints of its support by ax = inf{t: K(t) > 0} and bx = inf{t: K(t) = 1}, respectively.
Woodroofe (2) pointed out that if ag < ap and bg < bp, then both F' and G are identifiable. Let
(U1, V1),...,(Un, Vi) denote the truncated sample. Hence, H(u,v) = P(U; < u,V; <wv) = P(U* <
u, V* <olU* > V*). Let I4) be the indicator function of the event A. Let Np(u) = S Ty, <u)s
Ne(v) = 3212 Ivi<u), and Ry (u) = Ne(u) — Np(u—) = 3500 Iivi<u<o)-

Let Uy < Uy < --- < Uy denote the distinct ordered statistics of the sample Ujs. Let
d; = Nrp(U)) — Np(Ugy—) denote the number of failure times at Uy for @ = 1,...,r. Similarly,
let Vi) < Vigy < -+ < V4 be the distinct order statistics of sample V1,Vs,...,V,, and e; =
Ng(V(;)) — Na(V(;)—) denote the number of truncation times at V{;). A necessary and sufficient
condition for the existence of the nonparametric maximum likelihood estimate (NPMLE) of F(x)
is R,(Uy) > d; for i = 1,...,r, for the existence of the NPMLE of G(z) is R,(V(;) > e; for
j=1,...,¢—1 (see Wang (5)). Under these regularity conditions, the NPMLEs of F(x) and G(x)

are uniquely determined and given by

Fo(z) =1 —2[1 _ dJZ%VnF(S;)}’

-5
>) () N (v-).

and

where dNp(u) = Np(u) — Np(u—) and dNg(

For the truncation probability & = P(U* > V*), a proper estimate is a,, = [ Gy, (s)dF),(s). Since F,

and G,, have complicated product-limit forms, it is generally not easy to study the properties of a,.



Since R(z) = nP(V* <z < U*|U* > V*) = na™'G(2)[1 — F(z—)], replacing G, F and R by G,,, F,,
and R, yields another estimate &, (z) = nG,(z)[1 — F,(x—)]/R,(x) for all x such that R, (x) > 0.
He and Yang (6) showed that o, is equivalent to a &, (x) for all 2 such that R, (x) > 0. In Section 2,
using coupled inverse-probability-of-truncation weighted estimators, we give an alternative proof of
equivalence. In Section 3, two estimators (denoted by &, and &.) are considered for left-truncated
and right-censored data. It is shown that the equivalence of &, and &, does not hold. In Section 4,

a simulation study is conducted to examine the performance of &, and G,



2 EQUIVALENCE OF q, and é,(z)

First, we consider an inverse-probability-of-truncation weighted estimator of F(x) and G(z) (see
Robins and Rotnitzky (7); Satten and Datta (8); Shen (9)). We simultaneously estimate F'(x) and
G(z) using coupled inverse-probability-of-truncation weighted estimators. Let F.(z) and Ge(z) be

given by

Fyo() = lz 1/Ge(Us) Z QU(;])

and
n 1-1

Gelx) = [Z V-0l g _I;fo;? s

Shen (9) shows that F’c and GC are equivalent to F,, and G, respectively. Based on ﬁ‘c and CJC, the

following theorem shows that a,, and &, (x) are equivalent.

Lemma 2.1.

Suppose that R, (U)) >0 and R, (V) >0fori=1...,rand k =1,...,q. Then o, = G ()
for all x € [Vi1y, Uyl

Proof:

First,

T

- - Ge(Ugy))d;

ey ' = GUG)[S i/ GelU))]

31 di/Ge(Ug))
Since F.(Uwy) — Fe(Uii—1)) = Fn(Uwy) — Fa(Ugi_1y), we have
d; di[1 — F,(Ugi—1))]

Ge(Ua)[Xjo di/Ge(U)] Rn(Ugs))

Hence,

Qy =

- nA =nG, Ul —F,(U;—1 R, (U
Sy GulUgy Ul EnUn Il U)



=nGn(Ui))[1 = Fu(Uiy=)l/Ru(Uy) = an(Ug))-

Similarly,

:Z [ (V(J) )] €j _ n _ .
F(Vi—)| [/l = BVl | T e/l = BV )]

j=1 [
Since Ge(Vigy) — Ge(Vie—1y) = Gn(Viy) — Gn(Vis—1)), we have

ek exGn(Viry)

[1 - B Vi )] [ e/~ BV Fn(Viw)

Hence,

Qp = S znGnV 1-F, /R, (V, Vv 29
S el gy Ve B ) = aalV). - 22

Note that the jumps of &, (x) occur at the distinct order statistics U;)’s and Viz’s. Since &, (Upy) =

Gn(Vigy) fori=1...,rand k =1,...,s, it follows that a,, = &, () for all z € [V(y), U]
Note that by (2.1) and (2.2) in Lemma 2.1 it follows that

j [Zm)

i=1

n —1




3 LEFT-TRUNCATED AND RIGHT-CENSORED DATA

Let (U}, C;, V;*) be i.i.d. random vectors such that (C;, V;*) is independent of U;*. Tt will be assumed
throughout this section that C; > V*. Let F', @) and G denote the common distribution function of
U;, C; and V;*, respectively. For left-truncated and right-censored data, one can observe nothing if
U <V and observe (X7, 4;), with X7 = min(U;, C;) and 6} = [jy><c,), if U > V;*. Woodroofe

(2) pointed out that if ag < min(ar, ag) and b < min(bp,bg), then F, @ and G are all identifiable.

Data of this kind often arise in epidemiology and individual follow-up study (see Wang (10)).

Notation

Let (X1,01,V1),..., (X, 0, V,) denote the left-truncated and right-censored sample.

Let Uy < Uggy < -+ < Upyy be the distinct ordered failure times and ds be the number of failure

times at Uy for s =1,...,r.

Similarly, let V(1) < V(g) <+ < V|, be the distinct ordered truncation times and e; be the number

of truncation times at V(;) fort =1,...,q.

Let Cq) < Crgy < -+ < Cy) be the distinct ordered censoring times and ¢; be the number of

censoring times at C(jy for [ =1,... h.

For each Vi (t = 1,...,q), let Crip)y < Cray) < -+ < Cur)) be the distinct ordered censoring

times and ¢;(4) be the number of censoring times at C()) for I =1,...,h(t).

Let Q(z|v) = P(C < z|V* = v) denote the conditional distribution function of C' given V* = v. Let

a=PU;>V*),dF(z) = F(x)—F(x—), dG(z) = G(x)—G(xz—), and dQ(z|v) = Q(z|v) —Q(z—|v).

The likelihood function L can be decomposed into three factors (see Wang (10), Gross and Lai



(11)), yielding

f[{ Vol - X, Wo/a} < TT{d@EXIv)dG 1 - F(X))/a)

=1
et}

“F(X — F(X,))1 % Z
{H e I

[ H Q(Xi — Vi) [dQ(Xi“/(t))]l_éi] } = L1 Ly L3,

Vi=Viy

1-6;

<.

dG(V(t))[l - F(V(t)_)]

«

where L1, Lo, and L3 represent the likelihoods in the first, second, and third brace, respectively.

Let Ry(u) = Y1, Iiv,<u<x,] and Np(u) = 30 Iix,<u.s,—1]- A necessary and sufficient condi-
tion for the existence of the NPMLE of Ly is R,(Uy)) > ds = Np(Us)) = Np(Us—) for s =1,...,7
(see Wang (5)). Under this regularity condition, the NPMLE of F'(z) from L, is uniquely determined

and given by

e I 480

where dNp(u) = Np(u) — Np(u—).
Based on La, the NPMLE of G(z) is uniquely determined and given by

-1
i ey, <y)
=l Fa(Vin—)

Gn(y) = [Z —Fn(‘/(t)_)

=1 L
Next, let R;(U) = Z?:l I[ViSUSXi’Vz‘:V(f,)] and Né(u) = Z?:l I[Xiﬁu,@:O,Vi:V(t)]' For each ‘/Y(t),
a necessary and sufficient condition for the existence of the NPMLE of Q(z|V(y)) is R;(C(l(t))) >
c) = Nfg(Cl(t)) — Né(Cl(t)—) for I = 1,...,h(t). Under these regularity conditions, the NPMLE

of Q(x|V(4)) from L3 is uniquely determined and given by

3 B dAN§ (u)
QntalVio) =1 [T [1- % 7]

ulx

where dﬁé(u) = N§(u) — N§(u—).

When Q,L(xﬂ/(t)) exists for all Vi3)’s, the NPMLE of @ (denoted by Q») can be written as

Qn (Vi) [Gn(Vig)) — Gn(Vig—1))]-

HMQ



Note that when the bivariate distribution of (Cj, V;*) is continuous, the NPMLE of Q(x|V()

does not exist.

Shen (9) considered the inverse-probability-weighted estimators by simultaneously estimating F,

G and Q. Let F.(x), Go(z) and Q.(z) be given by

. 5 1 8ilix,<a]
Fo(z)= > = . . = , 3.1
( ) |J1 Ge(Xi) - Qe(Xi_)_ i=1 Ge(Xi) - Qe(Xi_) ( )

~ - n 1 17t I[Vin]
Gl = [Zl—FWi—)_ 2 A (32

i=1
and

-1
" (1= 8)ix, <4
Z% (3.3)
= 1= F(Xi—)

A " 1
Qe(x) = [Z T(Vz—)

i=1
Shen (9) showed the equivalence of F, and Fe, and hence, the equivalence of G,, and G.. However,

the equivalence of Q,, and Q. does not hold. The justification of using Q. is given in Shen (9).

For the truncation probability « = P(U* > V*), a proper estimate is

&, = [ Gn(s)dF,(s). Instead, under the assumption (C;, V;*) is independent of Uy and P(V;* <
C;) =1, we have

=PV <z,C;>xz)P(U > z)/a=[P(V] <z)—P(C; <x)]P(U; > x)/a
= [G(x) = Qz—)][1 = F(z—)]/e.

For all z such that R, (x) > 0, we can obtain an alternative estimator for a as

@e(x) = H[GE(CL‘) - Qe(x_)][l - Fe(l‘—)]/Rn((E)

To derive the explicit relationship between &, and é.(x), we consider the estimation of ag = P(V;* <
Uy < C;). Note that a = ag + a., where a. = P(C; < U}). Let ag = [[Gn(x) — Qc(z—)|dE, ().
For R, (z) > 0, let

aa(r) = ng[Ge(@) = Qe(z=)][1 = Fe(2-)]/Ra(2),

where ng = Zf:l d, denotes the number of death.



Lemma 3.1.

Suppose that ]:Zn(U(,-)) >0fori=1...,r. Then aq = &q(Ug) for all i =1,... 7.
Proof:

By (3.1), we have

Qg = /[én(x) = Qe(z—)]|dF,(x) = Z[ée(U(i)) — QUi NIFe(Uy) — Fe(Ugi—n)]

r di
- _ _ . 34
" ; Ge(Ugy) — Qe(Ugiy—) 34

Since Fe(U(i)) - FE(U(q;_l)) = Fn(U(l)) - .Z*:;I(Z'j(i_l))7 we have

1 ~

d; di[1 — F,(Ugi—1))]

[GeUy) — Qe(Uy—)] Ry (Ugy)

Hence,

r d;
Z Ge(Ugiy) — Qe(Ugiy—)

i=1

The proof is completed.

Lemma 3.2.
Suppose that R,(U;)) > 0 for i = 1...,7. Then &c(Ugy) = ée(Uyy) for i =2,...,r. Proof:

From Lemma 3.1, for i = 1,...,r, we have

~ n . n .
Oée(U(i)) = ;dad(U(i)) = nfdad.

The proof is completed.

Lemma 3.3.

10



11

Proof: By (3.2) and (3.3), we have

By (3.4),

dd:nd

i=1

The proof is completed.

Lemma 3.4.

Suppose that Rn(U(Z-)) > 0and R, (V) > 0fori=1,...,7and j = 1,...,t. Then &.(Uy)) =

Ge(Vijy) fori=1,...,rand j =1,...,t.

Proof:

Let us denote by V(*i) < Vé) < e < V(Z) the distinct ordered values of Vj in [Uj;_1), U], i.e.,
U1y < Vi) < Vo) <+ < Vi) <Ug)-

Let A(z) = Ge(z) — Qe(z—) and B(z) = [1 — F.(z—)]/Rp ().

For any VG) in [Uq—1), U], we have
be(Ugp)) — ae(V(5)) = nA(Ue))B(Up)) — nA(V))B(V()

= n[AUw) — AVGIB(VG) + nAU@)[B(Ue) — BVE)]-



12

Note that for any Vy in [V, Ugy], 1— F.(Vi—) = 1—F.(Uj_1)). Similarly, for any X}, in Ve Uil
— F(X—)=1—F.(Ujy_1)).

Hence, by (3.2) and (3.3), we have

-1 n
D=1 vy <vie<u) = vy <xi<uin)

[AU) = AVE)IBVG) = [Z N e

i=1 * Fe(‘/l_) RTL(‘/G))
Note that
Z(I[V(  <Ve<U] — I[V(§)§Xk<U(i)])
k=1
= (I[VkSU(i)] Xk<U(L> Z I[Vk<V* 1= IXk<V )])
k=1 k=1
=) Tvi<v<xi) — Z Ivi<vy <o) = Rn(Ug)) — Ru(V5)).
k=1
Hence,

Next,

AU@)[BUG) = BV = [Ge(Ugiy) = Qe(Ugsy [ = Fe(Upi—1))—=

R7L(‘/(§))Rn(U(z))
Note that
(1= F(Uu-1)l/Rna(Ugy) = [1 = Fo(Ui—1))l/Ra(Ugiy) = [Fn(Uy) — Fa(Ug-1y)]/ds
B (U) ~ Bl )i = |3 S
w = i=1 Ge(Xi) - Qe(Xz_) Ge(Ui) - Qe(Uz_)
Hence,

The proof is completed.

Lemma 3.5.
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Suppose that Rn(U(i)) > 0 and R,(Cy)) > 0fori=1,...,rand I = 1,...,h. Then &.(Uy)) =
Ge(Cqpy) fori=1,...,rand [ =1,...,h.

Proof:
The proof is similar to that of Lemma 3.4 and is omitted.

Lemma 3.6.

Suppose that R, (Ug)) > 0, Ry(Viy)) > 0 and R,(C)) > 0fori =1...,r,and ¢t = 1,...,q and

I =1,...,h. Then G.(z) is constant for all x € [V(yy, U]
Proof:

Note that the jumps of &.(z) occur at the distinct order statistics U;)’s, Viy)’s and C(;y’s. By Lemma
3.2, 3.4 and 3.5, Gc(Up)) = Ge(Vip)) = ae(Cypy) fori =1,...,r,t =1,...,q and all Cyy < Upyy, it

follows that é.(z) is constant for any = € [V(1), U]

Lemma 3.7.

Suppose that RH(U(Z-)) >0fori=1...,r. Thenforalli=1...,r.

ng 1 d:Ge(Ugy) . ]
n " n(z CATYe(U(i)) _QE(U(i)_) d) .

i=1

Proof:

= [ Gul@dale) = [ Gu@dEu(a) = [[Gu@) - Qula-)dEu(a) + [ Qula-)aF (o)

-1, .
diQe(Ugiy—)

i=1 e(U(z')) - Qe(U(i)_)
deAe(U(l)) . nd‘| .
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The proof is completed.

Note that

n

Z d:Ge(Uw)/[Ge(Ugy) — Qe(Uiiy—)] = Z(siée(Xi)/[ée(Xi) — Qe(Xi—)].

hence, ng/n+1/n(};_; diée(U(i))/[Ge(U(i)) - QB(U@)—)] — ng) actually estimates 1.
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4 SIMULATION STUDY

For left-truncated and right-censored data, a simulation study is conducted to examine the perfor-
mance of the &, and G.. The U/’s are exponentially distributed: F(z) =1 — e * for x > 0. The
V;*’s are Weibull distribution: G(z) =1— e~ for z > 0, with varying parameters $ = 0.5, 1.0, and
2.0. The Cj’s are defined by C; = D} + V;*, where D}’s are independent of V;* and exponentially
distributed: P(D} < z) =1 — e * for z > 0. Hence, P(V;* < C;) = 1 The sample size is chosen
as 100 and 200 and the replication is 5000 times. The estimator F.(z) = E,(z) is obtained based
on the product-limit form. The estimators G (z) and Q. () are obtained based on (3.2) and (3.3).
To demonstrate the performances of F‘e(ac)7 Ge(x) and Q. (x), Table 1 shows the biases, standard
deviation (std) and squared root of mean squared error (v/mse) of the three estimators at z = 1.0
and x = 2.0. Table 1 also shows the proportion of truncation («) and the proportion of death
(p = ng/n). Table 2 shows the biases, standard deviation (std) and squared root of mean squared
error (y/mse) of the the two estimators &.(z) and &,. To obtain d&.(z), the values of x are set at

Usoy and Uy1gpy for n = 100 and n = 200, respectively.

Table 1 shows that the three estimators E.(x), Ge(x) and Q.(z) work satisfactorily for moderate
sample size. Table 2 shows that the &, is less biased than &.. The mean-squared error of &, is

smaller than that of &, for all the cases considered.



Table 1. Simulation results for biases, std and /mse

of the estimators F,(z), Ge(x) and Q. ()

F,(1.0) Ge(1.0) Q.(1.0)

I} n « D bias std mse bias std mse bias std mse
0.5 100 0.55 0.72 -0.021 0.062 0.065 0.121 0.120 0.171  0.116 0.079 0.140
0.5 200 0.55 0.72 -0.020 0.041 0.045 0.106 0.099 0.145 0.107 0.063 0.125
1.0 100 0.50 0.75 -0.032 0.073 0.080 0.022 0.089 0.092 0.007 0.062 0.062
1.0 200 0.50 0.75 -0.030 0.055 0.063 0.013 0.067 0.068 0.001 0.042 0.042
2.0 100 0.44 0.77 -0.046 0.126 0.134 0.017 0.083 0.085 -0.074 0.045 0.087
2.0 200 0.44 0.77 -0.027 0.115 0.118 0.005 0.082 0.082 -0.071 0.044 0.085

F.(2.0) Ge(2.0) Q.(2.0)

I5] n « P bias std mse bias std mse bias std mse
0.5 100 0.55 0.72 -0.012 0.059 0.060 0.023 0.126 0.128 0.068 0.117 0.135
0.5 200 0.55 0.72 -0.013 0.043 0.045 0.002 0.108 0.108 0.051 0.088 0.102
1.0 100 0.50 0.75 -0.016 0.052 0.054 0.020 0.089 0.092 0.008 0.087 0.088
1.0 200 0.50 0.75 -0.015 0.035 0.038 0.006 0.077 0.078 -0.005 0.063 0.063
2.0 100 0.44 0.77 -0.018 0.059 0.062 0.115 0.033 0.117 0.021 0.135 0.135
2.0 200 044 0.77 -0.008 0.046 0.047 0.112 0.018 0.115 0.010 0.120 0.120

Table 2. Simulation results for biases, std and \/mse
of the estimators &, and &,
bias std mse
I6] n «o ) Qe Qo Qe ay, Qe ay,
0.5 100 0.55 0.72 0.1026 0.0904 0.1129 0.1202 0.1526 0.1505
0.5 200 0.55 0.72 0.0948 0.0818 0.0856 0.0895 0.1277 0.1212
1.0 100 0.50 0.75 0.0389 0.0192 0.0924 0.0963 0.1003 0.0982
1.0 200 0.50 0.75 0.0228 0.0087 0.0688 0.0691 0.0726 0.0697
2.0 100 0.44 0.77 0.0378 0.0143 0.1400 0.1328 0.1450 0.1336
2.0 200 0.44 0.77 0.0244 0.0069 0.1112 0.1074 0.1138 0.1077
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