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A numerical method using the level set method for solving in-

compressible two-phase flow with moving interface is discussed in

this thesis. The interface is identified as the zero level set of a

smooth function. We maintain the level set function as a smooth

distance function allowing us to give the interface a thickness fixed

in time. Density and viscosity both depend on the level set func-

tion being a distance function. In this thesis, we compute incom-

pressible air-water flows using the level set method and solve the

three-dimensional incompressible Navier-Stokes equations by the fi-

nite difference method. In addition, we consider the density and

viscosity. We used a long rectangular lake and a water drop to fall

into the ground or fall to the water on three-dimensional as model

to observe a change in the interface.

Key Words : incompressible flow; level set
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2.1���������������

;�=�$89:=n$��&?
[1]���

��&?3��
ux + vy = 0 (1)

��&?3��

ut + (u2)x + (uv)y =
−px

ρ
+

uxx + uyy

Re
+ gx (2)

vt + (uv)x + (v2)y =
−py

ρ
+

vxx + vyy

Re
+ gy (3)

�3@�
ρ
�HI�

µ
�KLM��

p
�:��

u
J
v
[�4

x
J
y

&�>�I�
gx
J
gy

����
Re
�OP�

(Reynolds number)'
OP�

(Reynolds number)
Bj��=�KLpu=�=�>
 ¡�¢=�£�¤p�

(inertial force)¥Kp�(viscous force)
$

¦%�9j�§���

Re =
ρV L

µ

V
�̈©=��

L
�opªI'
+��&?3

(2)«(3)
@�9j�&?3[¬�§m®[�

•
°̄±�

(u2)x + (uv)y«(uv)x + (v2)y

⇒²�=�>̄°�I

•
:�±�

px«py ⇒²�:�>³[±
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•
µ́±�

uxx + uyy«vxx + vyy ⇒²�́µ�I

•¶�±�gx«gy ⇒²�¶�®[(��)
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589:½=$01¥2¾¿?@�ÀÁÂ̂>ÃÄ&�8
Å�&?3ÆµR>CDÇÈÉÊËÌ8Å'5ÍÎB>&��
ÏÐÑÂ&�'ÏÐÑÂ>Ò§&34Ó&?3@>�I±ÔÄ
5ÑÂÕ��:�±ÔÄ5ÑÂÖ@×'5ØBÏÐÑÂÙ�Ê
ÚÃËÛÜ[&�ØB'
ËÛÜ&�ÝÞßmß�à�

u(x)
_áâ�ßã³[±9j

��¬�§3ä�

ux(x) =

(

∂u

∂x

)

(x)

= lim
hx→0

u(x + hx) − u(x)

hxåß�à�
u(x)
5©æÂ̂�ÀÁÂ̂çÆ

hx
JÂ̂�

n cell
�

9jB

hx(i) = |xi+1 − xi|, i = 1, · · · , n cell

_��èßmÂ̂>̂ç���éÌ��5ÍBui

��
u(xi)
�

-
x1 x2 xi xi+1xi−1

hx

x

ê
1:ëìíîê

j]ï
ui−1(x)«ui+1(x)
>ðñòó3�

ui+1 = ui + hx(ux)i +
h2

x

2!
(uxx)i +

h3
x

3!
(uxxx)i + · · · , (4)

5



ui−1 = ui − hx(ux)i +
h2

x

2!
(uxx)i −

h3
x

3!
(uxxx)i + · · · , (5)

+
(4)
N

(5)
F39jôõ�§ËÛÜ[&?3

•ßö÷wÜ[

(ux)i =
ui+1 − ui

hx
+ O(hx)

•ßöøùÜ[

(ux)i =
ui − ui−1

hx
+ O(hx)

•;ö@×Ü[

(ux)i =
ui+1 − ui−1

2hx
+ O(h2

x)

•;ö@×Ü[(;ã³[)

(uxx)i =
ui+1 − 2ui + ui−1

h2
x

+ O(h2
x)

5�3@
O(hx)«(h2

x)
4+ðñòó3£1øÌúû>üÜ�
ÀÁýþI>8Åu/ÿ01rv>üÜÊúûß�> ¡'

��ÏÐÑÂ��é(1)
5CD

k · du

dx

Ù���>Ü[&3�
�

k
4Ö�Ù�ØBøùÜ[��

k
4��Ù�ØB÷wÜ[�

��Ì��
[

du

dx

]

i

:=
(1 + ε)(ui − ui−1) + (1 − ε)(ui+1 − ui)

2δx
with ε := sign(k)
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���

γ ·
��±

+ (1 − γ) ·
@×Ü[±

γ ∈ [0, 1].
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γ
�����

7
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2.3.1������������
 !"�#$%&'()*+,(-(i, j)./0123

[(i− 1)δx, iδx]× [(j − 1)δy, jδy]4(-125467*+-.8
9:

p
123(-;�4<=>?u123(-@A.AB;-
C4DE>?v123(-CFAB.;-CG
HIFJK

(1)LMNO3(-;P4Q;∂u

∂x

R∂v

∂y

S !
"�#TUQ(-;PVW4F#XYZ

[

∂u

∂x

]

i,j

:=
ui,j − ui−1,j

δx
,

[

∂v

∂y

]

i,j

:=
vi,j − vi−1,j

δy

[\FJK
(2)
R

(3)
�]LMNO3(-.AB;-C4Q;

∂2u

∂x2
,

∂2u

∂y2
,

∂2v

∂x2
,
R∂2v

∂y2

Ŝ_;̀"�#abGc
x
[\FJ

K
(2)
Z

[

∂(u2)

∂x

]

i,j

=
1

δx

(

(

ui,j + ui+1,j

2

)2

−
(

ui−1,j + ui,j

2

)2
)

+ γ
1

δx

( |ui,j + ui+1,j|
2

(ui,j − ui+1,j)

2
− |ui−1,j + ui,j|

2

(ui−1,j − ui,j)

2

)

[

∂(uv)

∂y

]

i,j

=
1

δy

(

(vi,j + vi+1,j)

2

(ui,j + ui+1,j)

2
− (vi,j−1 + vi+1,j−1)

2

(ui,j−1 + ui,j)

2

)

+ γ
1

δy

( |vi,j + vi+1,j|
2

(ui,j − ui,j+1)

2
− |vi,j−1 + vi+1,j−1|

2

(ui,j−1 − ui,j)

2

)

[

∂2u

∂x2

]

i,j

=
ui+1,j − 2ui,j + ui−1,j

(δx)2

[

∂2u

∂y2

]

i,j

=
ui,j+1 − 2ui,j + ui,j−1

(δy)2

[

∂p

∂x

]

i,j

=
pi+1,j − pi,j

δx

8



[

∂(px/ρ)

∂x

]

i,j

=
(px/ρ)i+1,j − (px/ρ)i,j

δx

c
y
[\FJK

(3)
Z

[

∂(uv)

∂x

]

i,j

=
1

δx

(

(ui,j + ui,j+1)

2

(vi,j + vi+1,j)

2
− (ui−1,j + ui−1,j+1)

2

(vi−1,j + vi,j)

2

)

+ γ
1

δx

( |ui,j + ui,j+1|
2

(vi,j − vi+1,j)

2
− |ui−1,j + ui−1,j+1|

2

(vi−1,j − vi,j)

2

)

[

∂(v2)

∂y

]

i,j

=
1

δy

(

(

vi,j + vi,j+1

2

)2

−
(

vi,j−1 + vi,j

2

)2
)

+ γ
1

δy

( |vi,j + vi,j+1|
2

(vi,j − vi,j+1)

2
− |vi,j−1 + vi,j|

2

(vi,j−1 − vi,j)

2

)

[

∂2v

∂x2

]

i,j

=
vi+1,j − 2vi,j + vi−1,j

(δx)2

[

∂2v

∂y2

]

i,j

=
vi,j+1 − 2vi,j + vi,j−1

(δy)2

[

∂p

∂y

]

i,j

=
pi,j+1 − pi,j

δy
[

∂(py/ρ)

∂y

]

i,j

=
(py/ρ)i+1,j − (py/ρ)i,j

δy

2.3.2ddd���������

d�C.MNOXδu
δt

Rδv
δt
4ef7g .d�([0, tend])h�i

njkl.d�[nδt, (n + 1)δt]4n = 0, · · · , tend

δt
− 14

mnop+_"�7δu
δt

Rδv
δt

qrXYZ

[

δu

δt

]n+1

:=
un+1 − un

δt
,

[

δv

δt

]n+1

:=
vn+1 − vn

δt
(6)

9



2.4
������sssttt���uuuvvvwwwxxx

2.4.1
MMMNNNyyyJJJ
zp !"�F#7[\FJK

(2)
R

(3)
MNO

14{|}~
W

u
R

v.�14��Sc∂u

∂t

R∂v

∂t

�d�C.MN4��F
JKZ

u(n+1) = u(n) + δt

[

1

Re

(

∂2u

∂x2
+

∂2u

∂y2

)

− ∂(u2)

∂x
− ∂(uv)

∂y
+ gx

]

− δt · px

ρ

v(n+1) = v(n) + δt

[

1

Re

(

∂2v

∂x2
+

∂2v

∂y2

)

− ∂(uv)

∂x
− ∂(v2)

∂y
+ gy

]

− δt · py

ρ
12

F
R

G4��12FRG��d��n�489p123d�

.�n+1�4XYZ

F (n) = u(n) + δt

[

1

Re

(

∂2u

∂x2
+

∂2u

∂y2

)

− ∂(u2)

∂x
− ∂(uv)

∂y
+ gx

]

G(n) = v(n) + δt

[

1

Re

(

∂2v

∂x2
+

∂2v

∂y2

)

− ∂(uv)

∂x
− ∂(v2)

∂y
+ gy

]

��7
F
R

G���K

u(n+1) = F (n) − δt · ∂p(n+1)

∂x
· 1

ρ
(7)

v(n+1) = G(n) − δt · ∂p(n+1)

∂y
· 1

ρ
(8)

7
(7)�(8)�K�]cx�y����5k�4��7HIFJ
K

(1).��K��4��b�SYK�Z

0 =
∂u(n+1)

∂x
+

∂v(n+1)

∂y

1�������[1]

10



=
∂F (n)

∂x
+

∂G(n)

∂y
− δt ·

∂(
∂p(n+1)

∂x
· 1

ρ
)

∂x
− δt ·

∂(
∂p(n+1)

∂y
· 1

ρ
)

∂y

=⇒
∂(

∂p(n+1)

∂x
· 1

ρ
)

∂x
+

∂(
∂p(n+1)

∂y
· 1

ρ
)

∂y
=

1

δt

(

∂F (n)

∂x
+

∂G(n)

∂y

)

(9)

zpK�
(9)
U�3d��n+1�.89p546��(7)�(8)
K

�4TU��.>? \u�vG

11



2.5¡¡¡¢¢¢£££¤¤¤

¥¦§̈©Wª«¬®̄°�±²©W³́.µ1
¶4δx�δyRδt·̧¹ºµ1»¼XYZ

2δt

Re
< (

1

δx2
+

1

δy2
)−1, |umax|δt < δx, |vmax|δt < δy. (10)

|umax|
R

|vmax|�q.$½,>?u�v;¾cW.¿À:GδtÁÂF#XYZ

δt := τmin

(

Re

2
(

1

δx2
+

1

δy2
)−1,

δx

umax
,

δy

vmax

)

Q;
τ ∈ [0, 1]
¥Ã1Ä�G

12



2.6ÅÅÅÆÆÆÇÇÇÈÈÈxxxÉÉÉÊÊÊ

1)
�1

t := 0, n := 0

2)
�1

u, v, p.}~W

3)Ët < tend

4)ÌÍδt
5)Î1uRv.AÏ»¼

6)
TU

F (n)
R

G(n)
VW

7)
TU

pxx + pyy

VW

8) Ëit < itmax

�
‖ rit ‖> tol

9) Ëit < itmax

�
pnew − pold > tol

10)
zpÐ�#ª�pVW

11)
TU89FJK;.‖ rit ‖

12) it := it + 1

13)
TU

u(n+1)
R

v(n+1)
VW

14) t := t + δt

15) n := n + 1

13



3ÑÑÑÒÒÒÓÓÓvvvxxx

lÔÕ©#
(Level Set Method)
$SÖB×OØÙ¥Ú4S

ª��FJ¥ÛÜ4ÝÞ�Sßk�àá.â-ãä#GÝ3å
æ[AÏçè4éêëåæ[ÖìRÖìFJKV�.�í¶4
îïãäðñGËzplÔÕ©#ãäAÏòOd4¿Úó.ô
-$éêó¿}Î1}~ÖB4ÖBõö÷ø>?Õ©.Àùú
[òO4ÄûopC�ÝüýG
lÔÕ©#

(Level Set Method)
¿þ$|

S. J. Osher
R

J. A.

Sethian
�

1988ÿg��.4�$+�àáÖìòO.F#G
�

(2)
¥̂�=ì��4�(3)
;4Z�¥lÔÕ©4��̂�=ì

�i��	
���4��$lÔÕ©#.Úó�-G��7
��ãäAÏ.��|N������N+1
������G

?

6

3

~+

Y

�
2:�x2 + y2 = 1���� �

!ãä.AÏ"#SlÔÕ©�qrGËφ=0d4�g�i

."#4X�(3)
gqr.4$¥%lÔ&(Zero Level Set)
Gïl

%Ô&'()*+!ãä,-Ï"./01*+2134ÔÕ5

14



6

q

:

x

y

z = φ(x(t), y(t)) = x2 + y2 − 1

φ = C

φ = 0

�
3:��6789�

:;�5<=>/?@ABCD<EF
0
/0GH,

(x,y)IJ(
FKL@0BMN,-OP.Q
FRSTOU,VW/TX

φ
FYZ[\]OÛ_,̀a

bcQ
φdefghij0kdlmQknOUoφ = 0
/pq5

rst2NHuv1w,=L̂xy
2Q

φt + (~U · 5)φ = 0 (11)

2z{|}[2]~}[3]

15



3.1���������������������

k��Z[�/C5��\x = −1�x = 1
n����n

(−∞,−1)
/
(−1, 1)�(1,∞)
/�2TX

Ω+ = (−∞,−1)∪ (1,∞)
F����/

Ω− = (−1, 1)
F����/

∂Ω = −1, 1
FOU�

nQ��/
φ(x) = x2 − 1
,�4V/�

φ(x) = 0��01,\�
�Q���

∂Ω = {−1, 1} = {x|φ(x) = 0}Q��(4)
Qk���

 �/¡¢5
φ(x)
TXk£�Z[¤�D��OU¥4V¢5
¦Tk��Z[Q

-

6

x

φ = x2 − 1

outsideoutside
inside

Ω+, φ > 0Ω−, φ < 0Ω+, φ > 0

]7

interfaceinterface

∂Ω φ = 0∂Ω φ = 0

§
4: φ(x) = x2 − 1 Ω̈+©Ω−

ª̈«¬®
∂Ω

�̄�OU¥4V����°�±¤�²¦CZ[n�³�
 Z[Q���� ́µt¤¡¢5φ(~x) = x2 + y2 − 1

¤
~x =

(x, y)
¤
φ(~x) = 0
F��¶V·Q�2TX¶V·¥P̧∂Ω =

{~x| |~x| = 1}
FOU¤¶V·¥��¹ºF

Ω− = {~x| |~x| < 1}¤

16



¶V·¥��¹ºF
Ω+ = {~x| |~x| > 1}Q¹º¥�»�¤�
�

(5)Q

-

6

Ω+, φ > 0 Ω−, φ < 0

insideoutside
k

∂Ω
φ = x2 + y2 − 1 = 0

interface

x

y

§
5:¼½φ(~x) = x2 + y2 − 1
6̈7¾

�̄�OU¥4V����°U±¤�²�¦CZ[n�
³� Z[Q¿À�� ́µt¤¡¢5

φ(~x) = x2 + y2 +

z2 − 1
¤
~x = (x, y, z)
¤
φ(~x) = 0
F��¶VÁQ�2TX¶V

Á¥P̧
∂Ω = {~x| |~x| = 1}
FOU¤Â¶VÁ¥��¹ºF

Ω− = {~x| |~x| < 1}¤¶VÁ¥��¹ºFΩ+ = {~x| |~x| > 1}Q
ÃÄ¤k�ÅÆÇÈw¤¡¢5φ(~x) ∀~x ∈ R

n¤�D4V
�

(
OU

)
¥�ÉF

n − 1
�Q

17



3.2ÊÊÊËËËÌÌÌÍÍÍ������

ko�Î¤ÏTX¡¢5k��¹ºΩ−±φ(~x) ≤ 0
¤k�

�¹º
Ω+
±

φ(~x) > 0
¤ÐÑkÒOo

∂Ω
±

φ(~x) = 0
Qk��

ÎÓB�ÔÕÖ_¢5×¡¢5d[¥ØÙQÖ_¢5F¡¢5
¥�� ��¤Ö_¢5ÚR×¡¢5�Àk��¹ºhe¤k
��¹ºhf¤ÑkÒOoh�<d�QÛ�¤ÜÝÞ��ßà

|∇φ(~x)| = 1Q

3.2.1
bbbccc¢¢¢555
áâ¤TXbc¢5

d(~x)

d(~x) = min(|~x − ~xI |) ∀~xI ∈ ∂Ω (12)

k̄ÒOo
~x ∈ ∂Ω
±¤�

d(~x) = 0QÐ�ÅǼãä¤�å

~x ∈ ∂Ω
¤�

d(~x) = 0Q

3.2.2
ÖÖÖ___bbbccc
¡¢5

φ
F�bc¢5¤æjçè¥~x¤|φ(~x)| = d(~x)QÃ
Ä¤

φ(~x) =



















0 ∀~x ∈ ∂Ω

d(~x) ∀~x ∈ Ω+

−d(~x) ∀~x ∈ Ω−

18



Ä�¤Ö_¢5�éêwë¥Æì

|∇φ| = 1 (13)

19



3.3 Hamilton-Jacobi Equations

3.3.1íííîîîïïï
ð

~V (~x)
FOU

φ(~x) = 0
o¥ñÉQò�Gón̂x

y
(ODE)
¤M~V (~x)

d~x

dt
= ~V (~x) (14)

çè¥
~x
kOUo¤ô��µ¤

φ(~x) = 0
Q�y 

(14)õFOU
öL̂xy¥

Lagrangian formulation
Q

3.3.2
ooo÷÷÷øøø
ò�cù̂øú>û��ü\w��±[ý¥φþ

ūi > 0

D− =
∂φ

∂x
=

φi − φi−1

4x
(15)

ūi < 0

D+ =
∂φ

∂x
=

φi+1 − φi

4x
(16)

3.3.3
OOOUUUdddöööLLL̂̂̂xxx
ð

φ(t = 0, x)
¤D�

x ∈ R
NÿTXF

φ(t = 0, x) = ±d (17)

20



D�
d
F�bc¢�¤�x]Γ(t = 0) = {x|φ(t = 0, x) = 0}.
ÐwF̂xy¥�î�

φ(t, x(t)) = 0 (18)

(1) x(t = 0)
�»

Γ(t = 0)
o¥\Q

(2) xt · ~n = ~V (x(t))

����

0 = φ(t, x(t))

0 = φt + ∇φ(t, x(t)) · x′

(t)

= φt + ∇φ · x′

(t)

= φt + ∇φ · ~V

= φt + ∇φ · (Vn( ~N) + Vt(~T ))

= φt + ∇φ · Vn
~N

= φt + |∇φ| · Vn

D��~N · ∇φ =
∇φ

|∇φ| · ∇φ =
|∇φ|2
|∇φ| = |∇φ|

φt + (
−→
U · 5)φ = 0

φn+1 − φn

∆t
= −(u · ∂φ

∂x
+ v · ∂φ

∂y
)

φn+1 = φn − ∆t(u · ∂φ

∂x
+ v · ∂φ

∂y
)

21



3.4���ÌÌÌÍÍÍ���

kÄñÉ	¥TXF
~V = a ~N
Vn = a
¤D�

a
F���Q

�V¢�̂xy¥�»øF

φt + a|∇φ| = 0 (19)

D�
a
èefg�¥�XQ̄a > 0
¤��»OU�̀a

(
ø

�
)
_̂KL¤Â̄

a < 0
��»OU��̀a

(
ø�

)
_̂KLQ

ā = 0
¤��V¢�̂xy��

φt = 0
¤�

φ
k��±[w�

F��Q
φ̄
FÖ_¢�Ñbc¢�±¤�̂xy

(19)
¦��

φt =

−a
¤
φ
¥þiTja¥ef�gQ
��þ̂øG|∇φ| = f(~x)
¤
f
F�����É¥��¢�Q

p�
f(~x) = 1
¤�

φ
¥GF�Ö_bc¢�QÂky (19)
¥�

g�Ò�Þ
f(~x)
��ï¤�N]

φt + |∇φ| = f(~x) (20)

D��qx�]�T !w"#Q̄
φ
¥þ"#$�¤ô��

φt = 0
±¤��»�]�T !

(steady state)
QÄ±y 

(20)
¦

�F
|∇φ| = f(~x)
Qy 

(20)
Ð̀a

(
ø�

)
_̂%&¤Â%&¥̂

_�
φdþ'¥]φþ(¥Q
)bc�̂xyF

φt + S(φ0)(|∇φ| − 1) = 0 (21)

22



D�
S(φ0)
F�Ö_¢�¤kΩ+
±DþF1¤kΩ−±Dþ

F
-1
¤ÂkOUo±DþF0¤ÃǞφ�T±Dþ¦*+F0Q
k̂xy

(21)
¤D�

S(φ0)|∇φ|
��ï��þn,µt¤D�

à̂_KLQD�þ-.

φt + S(φ0)(|∇φ| − 1) = 0

φt = S(φ0)(1 − |∇φ|)

S(φ0)
���Ö_¢�

S(φ0) =



















1 Ω+

0 interface

−1 Ω−

S(φ0) =
φ0

√

φ2
0 + (4x)2

(22)

φn+1 = φn + 4t [ S(φ)(1 − |∇φ|) ]

= φn + 4t [ S(φ) − S(φ)|∇φ| ]

D�

|∇φ| =

√

(
φi+1,j − φi−1,j

2dx
)2 + (

φi,j+1 − φi,j−1

2dx
)2

23



4///000111222333444555666777888999

kò��V¢�
φ
:́;<×=>¥?@A±¤BCDE�
@AFçGHI��JKL@AFIMN

ρOPQR�µOSTU
�

Re
�V

4.1WWWXXXYYYZZZ[[[\\\]]]̂̂̂___̀̀̀]]]

•
MNSPQRa

ρ =























1 if φ > 0
ρa

ρw
if φ < 0

ρa + ρw

2ρw
if φ = 0

µ =























1 if φ > 0
µa

µw
if φ < 0

µa + µw

2µw
if φ = 0

bcd@AefgHahijklmJn
ρa/ρw ¿ 1opq

rstuVvwnxyz{|}~w���V

ρ(φ) = H(φ) + (ρa/ρw)(1 − H(φ))

µ(φ) = H(φ) + (µa/µw)(1 − H(φ))

24



��
H(φ)
s�����pHeaviside function
J

H(φ) =























0 if φ < −ε

1

2

(

1 +
φ

ε
+

1

π
sin(

πφ

ε
)

)

if |φ| ≤ ε

1 if φ > ε

-

6

−ε ε x

y

1

�
6: Smoothed Heaviside function

vwMNSPQRa���s

ρ(φ) =























1 if φ > ε
ρa

ρw
if φ < −ε

H(φ) + (1 − H(φ)) · ρa

ρw
if |φ| ≤ ε

µ(φ) =























1 if φ > ε
µa

µw
if φ < −ε

H(φ) + (1 − H(φ)) · µa

µw
if |φ| ≤ ε

z{�I
ε����s1.5∼3.0�I�����NV

•
TUa

Re
Ik�s

Re =
ρLU

µ

25



���
a���=>J���w���<JB=>S<ITU
a��s

Rew =
ρwLU

µw
, Rea =

ρaLU

µa

� ¡cdpTUa�¢�

Rea =
ρaLU

µa

=

ρa

ρw
× ρwLU

µa

µw
× µw

=

ρa

ρw
µa

µw

× ρwLU

µw

=

ρa

ρw
µa

µw

× Rew

vw
Rea =

ρ(φ)

µ(φ)
× Rew

£¤@A¥¦I�§JB̈©ª«z
(Navier-Stokes Equation)
�

�¬

ux + vy = 0 (23)

ut + (u2)x + (uv)y =
−Px

ρ(φ)
+

µ(φ)

ρ(φ)
· uxx + uyy

Re
+ gx (24)

vt + (uv)x + (v2)y =
−Py

ρ(φ)
+

µ(φ)

ρ(φ)
· vxx + vyy

Re
+ gy (25)

26



4.2®®®̄̄̄°°°±±±

1)²kt := 0, n := 0

2)²ku, v, p
I³́h

3)²kφI³́hφ0

4)µt < tend

5)�¶δt
6) ·̧ρ(φ)Oµ(φ)
S

Re

7)¹kuºvI»¼¥¦

8) ·̧F (n)ºG(n)
ph

9) ·̧∂(px/ρ)
∂x +

∂(py/ρ)
∂y

ph

10) µit < itmax½‖ rit ‖> tol

11) µit < itmax½pnew − pold > tol

12) ¾¿ÀÁÂ}Ãpph

13) ·̧ÄÅª«z�I‖ rit ‖

14) it := it + 1

15) ·̧u(n+1)ºv(n+1)
ph

16)
uÆÇ�·̧ÈIφ

17) t := t + δt

18) n := n + 1

27
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]]]ÉÉÉÊÊÊËËËÌÌÌÍÍÍÎÎÎÏÏÏ

5.1ÐÐÐÑÑÑÒÒÒÓÓÓÔÔÔÕÕÕ

bwn�Ö×ØÙ|ÚÛ�ÜÝÞ§�ß²kØÙ�àáß
·̧âbãvä�å�s1.0æç�èßàs1.0æç�èßá
s

1.0æç�èßcdéØên0.5
sëìß¹kÜÝbØÙíî

ïÞáèßðñïÞáès
0.4
ßòñïÞáès

0.6
ßðóïÞ

áès
0.4
ßòóïÞáès

0.6
Vb·̧ôõ��10 × 10 × 10
ß

ökoÆs0.02
ß÷øùØÞúèûs

0.001
ß÷øùØÞüýþ

aûs
0.01
ßÿ�as

1000
ß��a3s0.8�bÇ�ªÂôß¾
¿

SOR
ªÂÀÁß��ÀÁäas

80
ä�be�¼Ý���ª

Ýß
Heaviside function
z{�Þ

ε���	s1.5∼3.0�Þ��
���è�bw·̧
�«z�ßn2.0�s��·̧
�Þ
����

(8)∼
�

(12)�Ã�è(U�V�W)
ßÄÅ

P
ß�

divergence
Þ���jk���i��

6

j
:

z

x

y

0.4

0.4
0.6

0.6

0

1

�
7:������ !"#�

3$%&Fr(Froude number)'()*+,-./0123-.4567+8*+/9:2;'Fr =
V√
gL

()2<=>
g?*+@AB2L?C7DBE

28



 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0  10  20  30  40  50  60  70  80  90  100

m
a
x_

d
iff

_
U

t

Convergence and Stability of U

 case sink 

�
8:

U !F GH IJK
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 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0  10  20  30  40  50  60  70  80  90  100

m
a
x_

d
iff

_
V

t

Convergence and Stability of V

 case sink 

�
9:

V !F GH IJK
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 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0  10  20  30  40  50  60  70  80  90  100

m
a
x_

d
iff

_
W

t

Convergence and Stability of W

 case sink 

�
10:

W
!F GH IJK
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 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0  10  20  30  40  50  60  70  80  90  100

m
a
x_

d
iff

_
P

t

Convergence and Stability of P

 case sink 

�
11:

P !F GH IJK
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 1e-13

 1e-12

 1e-11

 1e-10

 0  10  20  30  40  50  60  70  80  90  100

m
a
x_

d
iv

t

Convergence and Stability of Divergence

 case sink 

�
12:

d
iv !F GH IJK
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5.2ÐÐÐLLLÔÔÔÕÕÕ

·̧âbãvä�å�s1.0æç�èßàs1.0æç�èß
ás

1.0æç�èßb·̧ôõ�a�40 × 40 × 40�cdbM·
â̧NOß�çM

0.4∼0.575æç�è�àçM0.4∼0.575æç
�è�áçM0.725æç�èÞØP�bª«zÞ§a¹kôß
÷øùØÞúèûs

0.001
ß÷øùØÞüýþaûs

0.01
ßÿ�

as
1000
ß��as

0.8�bÇ�ªÂôß¾¿SOR
ªÂÀÁ�

6

~

:

z

x

y

(0,0,0)
(0.4,0.4,0)

(0,1,0)

(1,1,0)

(1,0,1)

(0.575,0.575,0.725)

�
13:�QRSTU� !"#�

�
(16)∼
�

(22)
ØPcVÞ
���
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5.3ÐÐÐWWWÔÔÔÕÕÕ

·̧âbãvä�å�s1.0æç�èßàs1.0æç�èß
ás

1.0æç�èß·̧ôõ��40 × 40 × 40�cdbM·̧â
NOß�çM

0.4∼0.575æç�è�àçM0∼1.0æç�è�á
çM

0∼0.75æç�èÞ�ÝØX�bª«zÞ§a¹kôß÷
øùØÞúèûs

0.001
ß÷øùØÞüýþaûs

0.01
ßÿ�a

s
1000
ß��as

0.8�bÇ�ªÂôß¾¿SOR
ªÂÀÁ�

6

~

:

z

x

y

(0,0,0) (0,1,0)

(1,1,0)

(1,0,1)

(0.575,1,0.75)

(0.4,0,0)�
14:�YRSTU� !"#�

�
(23)∼
�

(30)
sØXcVÞ
���
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