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1 ïïï¡¡¡

1.1 GGG���

�Q&b&9¨é�¢ã��5]�P(PDE)¼�î�A#F]�

P�®�]�P�b�L�vÅ(�GÝ��5]�P¼Ù�x�Î

Î§�¿¢�tÝG«X�ÜÝ]�P²�Ü»¼1��b Euler |

C Navier-Stokes Ýø�æ.]�P��.ú�ÂL8E¡Ý�.ú�]

�P���æ.�Ý Schrödinger ]�P� Dirac ]�P�¿¢îÝ?2

a]�P�t�`«]�P��.h��5]�PÂ½Ý�Tà3I.�

���óÂÿaõF�ï?�r½�Q��{$��5]�PÝ�×��

�|O��t&Î�©�Ý»����5]�P�|��Ýæ.Û3yÍ

�AA»���|ß�]P¿{���0�Í��ãyQtS���¡é

��Õ^Ýs¾�ºàóÂ]°¼O��5]�PÝ���BÎ×�8	

Ý�Ý.I�

3óÂ]°O���5]�PÝÄ���ð¸àÕ�!Ý*»óC

"�Ðó��Àb§-ô°(finite element)�b§��°(finite volume)�

b§-5°(finite difference)õ�O¼ðàÝ�H°(spectral method)��

H°�b§-ô°õb§��°�K�b§-5°b½Û6Ýn;�

¬|è 5vÝÌF¼5�b§-5°õb§��°2ãÝÎ	I�

«(local approximation)ÝÌF�Çí6Þ�Õ ½65W&9��-�

�
�è �5ÝºÕ���H°õb§-ô°JÎ2ãJ��«(global

approximation)ÝÌF��H°Ý[e>�ÎÓ¼ólÝ[e�Ìb0-

[e>�"Ý?��Í0-Ý��
 O(e−αN) � α 
×Ñó� N 
ÃÐ

ó�ã��

\�Ý�H°ÎTày��PÝ®Þî[10]��&��PÝ®Þ

Jã Orszag [4]y1971O�´�è�| Chebyshve 94P®
ÃÐó

1



Ý&Ë�H°*»¡�@�s"�ÿ|Tày&��PÝ�5]�

P�1977O� Gottliet õ Orszag [5]�ñR�H°3ó.îÝóÂ§¡

5��Tà]°��H°�@�s"¬Tày&v�!Ý®Þ�1980O

ã P.Moin õ J.Kim [6]Tàa�H°(Pseudospectral Method)y`���

D¹EPøÝ5��1984O Patera [7]s"��H°¤gb§-ô°Ý�

H-ô°(Spectral Element Method)�1987O Canuto [9]E&Ë�H°Ý

óÂ]°|C3ø�æ.ÝTàb�ÞÝ1��

1.2 @@@~~~]]]°°°���êêêÝÝÝ

3óÂÿaÝTàî�b§-ô°�b§��°�b§-5°�Bb

8		òÝaª��H°ÝTà�J��y1970O���H°x�Î¿à

Ñø94P¼�«O��5]��Ñø94P�\µ�¨yó.r½�

��¬×àÎå×ê�àÕt�ëèO�9�.ï|Ñø94PÝ©P�

è�b[Ý�ó]°�Ñø94Px�Ý©P�ÛÎ¸�|b§Ý4ó�

�«"��=��5ÝÐó�¨²�Ñø94PÌbÝL]n;(1);ó

L]n;(2)�5L]n;�©½¿yé\óÂÆ��ÆhËóÂ]°�

å»j.�&¥Ú�¿àî�L]n;��.0�"�;ó»ðÎp�¶

�ºÕÎp��5ºÕÎpC�5ºÕÎp�.h�O¼Ñø94P�Â

½2Tày�!r½�

ÍZÛÎ"D¿à�HgF°�@~O�×î�Þî�ëî��5

]�P�3�!�L½ìÝ�Â®Þ�\&Â®Þ�ÍZ�óÂ�§�

��Î�Þ��5]�C\&gF¡�ÿÕ3XóCÝFî�ãÎáó


×î"�;óXxWÝÐñ�ó]�à�t¡|�!Ý]°O�hÐñ�

óÎp�Ç�ÿÕgFî��«Â�

2



2 ���HHHgggFFF°°°���+++ÛÛÛ

Í@~Xs"Ý]°Î�HgF°(Spectral Collocation Method)�

ÍaÝ¥F3y+ÛÍ@~ÝÃÍæ§� Fourier ùó� Chebyshev ù

ó�\&�§�2ý»ð�8nóÂ]°�

2.1 ÃÃÃÍÍÍæææ§§§

�HgF°�§ÝÎè �54�` 0ó)¸àb§-5°��H

°ÝÃÍæ§Î¿à×à©ÇÐó®"��Oÿ�5]�PÝ�«��

¸àÐó"�Ý�«�¬�º����æ]�P��Db0-�Ì
õ

�(residual)�.h��¿à�Jõ�°(method of weighted residual)¸0

-¾Õt��

�'u(x, t)
×�á\&f�Ý��5¿âÐó�Í]�P�î





P.D.E. : L(u(x, t)) = f(x, t) x ∈ Ω ⊂ Rd.

B.C. : B(u(y, t)) = 0 y ∈ ∂Ω.

L � B 
è �5ºÕ���'u(x, t)Ý�«� vN(x, t) a3 Hilbert è

 H �Ý×Íb§�è PN �(;ðã L2 è )�J vN(x, t) �|

ã PN è �ÝÃ9Ðó (φ0, φ1, . . . , φN) "�Aì�

vN(x, t) =
N∑

k=0

ak(t)φk(x).

Í��N 
Ã9ÐóÝ�ã�� φk(x)
3O�è î8!ÑøÝ�á�

�Ðó�×�Ì
 trial functions � ak(t) 
��Ý"�;ó�Î` Ý

Ðó�Jõ��LAì�

R(x; a0, a1, ..., aN) = L(vN)− f(x, t)

3



= L(
N∑

k=0

ak(t)φk(x))− f(x, t).

uÐó (χ0, χ1, . . . , χN) �¿à Hilbert è ;ó�¸ÿõ�t��Ç

(χk, R) = 0 ∀k ∈ 0, 1, . . . , N

�JχkÌ
 test functions �

�Jõ�°(MWR)�tn"ÝµÎ trial functions� test functionsÝ

óã� trial functions ðàÝóC]°bb§-ô°�b§��°�b§

-5°õ�H°���Í¡Z2ãÝÎ�H°�.h trial functions Î×

Í global smooth functions ���H°ðà¼óC test functions Ý]°

b Galerkin method � Tau method õ Collocation(gF°) �Í¡Z2ã

ÝÎgF°�

�H° trial functions Ýóã©½¥Úì�ëÍf��

1. �«Â vN(x, t) =
∑N

k=0 ak(t)φk(x) Ä6">Ý[e�

2. u ∂
∂x(

∑N
k=0 ak(t)φk(x)) =

∑N
k=0 bk(t)φk(x) �J	 ak(t) ÝÂ���

`� bk(t) ÝÂÄ6�|�X��

3. 	 ak(t) ;�`� v(xi) Ýõ3Ø° xi Ý/)�Ä68E">Ý;

��

Æ3Í¡Z��Eyb&(bounded)v��}F(periodic grid)®Þ�2

àë�94P(trigonometric polynomials)�Ý Fourier ùó��Eyb

&(bounded)v&��P}F(nonperiodic grid)®Þ�J2àÑø94

P(orthogonal polynomials)�Ý Chebyshev ùó�

	 test functions χk(x)� trial functions φk(x)óã8!ÐóÝ`¡�

u φk(x) ��\&f�`�h]°Ì
 Galerkin method �u φk(x) �

4



��\&f�`�h]°Ì
 Tau method �u test functions χk(x) Î2

à δ-function�Ç χj(z) = δ(z − zj) �Í� zj Î collocation points �h°

Ç
gF°�gF°×��à#��;ó ak(t) ��Î��3gFîÝ�

«Â�ãygF°Ýs"�Bè5�n�v3�§\&®Þb�?Ý[

��Æ3Í¡Z�2à collocation method �

2.2 Fourierùùùóóó

��}F�×�ÎÎ§îÝ�ô&Î2ýè Ý�AÁ2ýT¦«2

ý�Í¡ZÎ2àFourierùó�Tà3��
 2π ÝÁ2ýî�

XÛë�94PÎ

a0 +
N∑

n=1

an cos nx + bn sin nx,

�PÝÐó�Í� N Î×ÍÑJó� x Î@ó�¬�' an, bn ôKÎ@

ó����Ý�ë�94PÎ×Í| 2π 
��ÝÐó�ãEuler identity

eiθ = cos θ + i sin θ, i =
√−1.

�;¶

cos nx =
einx + e−inx

2
, sin nx =

einx − e−inx

2
.

Jë�94P�¶W
N∑

n=−N

cne
inx.

h` x Î@ó� cn Î�ó�

u u(x) Î×Í| 2π 
��ÝÐó�JÍ Fourier ùó"���îW

u(x) =
∞∑

n=−∞
une

inx,

5



JÍ Fourier transform õ inverse Fourier transform 2P�|�îW

û(k) =

∫ ∞

−∞
e−ikxu(x)dx, k ∈ R.

u(x) =
1

2π

∫ ∞

−∞
eikxû(k)dk, x ∈ R.

A�©�Ê x ∈ hZ �.
è Ý�L½ÎÒ÷Ý�X| k Ý�L½

ô�3Î3 R JÍè î�.h�×ÍÊ	Ýb&�L½��
 2π
h �

v)ÊÝP�óCÎ [−π
h , π

h ] �uÐó v Ý�L½
 hZ �v3 xj FÝ

ÐóÂ
 vj �JÍ semidiscrete Fourier transform õ inverse semidiscrete

Fourier transform 2P�|�îW

v̂(k) = h
∞∑

j=−∞
e−ikxjvj, k ∈ [−π

h
,
π

h
].

vj =
1

2π

∫ π
h

−π
h

eikxj v̂(k)dk, j ∈ Z.

�Ðó u(x) ∈ L2 Î×Í| 2π 
��ÝÐó� x ∈ [0, 2π] �3Í¡

Z���}FÝ}FóKã�ó�.h�Þ [0, 2π]�5W N �5� N Î

�ó�vN×ðÝ� h = 2π
N �.
 kÝ5IP�3 [−π

h , π
h ]�v π

h = N
2 �

X| discrete Fourier transform õ inverse discrete Fourier transform 2P

�|�îW

ûk = h

N∑

j=1

e−ikxjuj, k = −N

2
+ 1, · · · , N

2
.

uj =
1

2π

N
2∑

k=−N
2

eikxj ûk, j = 1, · · · , N.

6



ã��Ý delta functions 


δj =





1, j = 0(modN)

0, j 6= 0(modN)

Jã discrete Fourier transform �|ÿÕ δ̂k = h for each k �.
Î��

}F�� p(xj) = vj, x ∈ [0, 2π]

p(x) =
h

2π

N
2∑

k=−N
2

eikx =
h

2π
(
1

2

N
2 −1∑

k=−N
2

eikx +
1

2

N
2∑

k=−N
2 +1

eikx)

=
h

2π
cos(

x

2
)

N
2 − 1

2∑

k=−N
2 + 1

2

eikx

=
h

2π
cos(

x

2
)
ei(−N

2 + 1
2 )x − ei(N

2 + 1
2 )x

1− eix

=
h

2π
cos(

x

2
)
e−i(N

2 )x − ei(N
2 )x

e−( ix
2 ) − e( ix

2 )

=
h

2π
cos(

x

2
)
sin(Nx

2 )

sin(x
2)

ãh�áE delta functions ÝæÂ(interpolant)�u��Ý sinc func-

tion SN(x) =
sin(πx

h )
( 2π

h )tan(x
2 ) �JE��Í�ÝÐóÝ-Â��îAì�

p(x) =
N∑

m=1

SN(x− xm).

.


S
′
N(xj) =





0, j = 0(modN)

1
2(−1)jcot(jh

2 ), j 6= 0(modN)

7



X|�×$ Fourier collocation derivative matrix DN Aì�

(DN)ij =





0, j = 0(modN)

1
2(−1)jcot(jh

2 ), j 6= 0(modN)

ê.


S
′′
N(xj) =




− π2

3h2 − 1
6 , j = 0(modN)

− (−1)j

2 sin2( jh
2 )

, j 6= 0(modN)

X|�Þ$ Fourier collocation derivative matrix DN Aì�

(D2
N)ij =




− π2

3h2 − 1
6 , j = 0(modN)

− (−1)j

2 sin2( jh
2 )

, j 6= 0(modN)

Fourier spectral differentiation Ýã@��ãì«Ý�§ÿá[1]�

��� §§§ 1 Accuracy of Fourier spectral differentiation

Let u ∈ L2(R) have a νth derivative (ν ≥ 1) of bounded variation, and let

w be the νth spectral derivative of u on the grid hZ. The following estimates

hold uniformly for all x ∈ hZ.

1. If u has p− 1 continuous derivatives in L2(R) for some p ≥ ν +1 and a pth

derivative of bounded variation, then

|wj − uν(xj)| = O(hp−ν) as h →∞.

2. If u has infinitely many continuous derivatives in L2(R), then

|wj − uν(xj)| = O(hm) as h →∞

for every m ≥ 0.

8



3. If there exist a, c > 0 such that u can be extended to an analytic function

in the complex strip |Imz| < a with ‖u(· + iy)‖ ≤ c uniformly for all y ∈

(−a, a), then

|wj − uν(xj)| = O(e
−π(a−ε)

h ) as h →∞

for every ε > 0.

4. If u can be extended to an entire function and there exists a > 0 such that

for z ∈ C, |u(z)| = o(ea|z|)as|z| → ∞, then, provided h ≤ π
a , wj = u(ν)(xj).

2.3 Chebyshevùùùóóó

k g Chebyshev 94P�L


Tk(x) = cos(k arccos x), x ∈ [−1, 1].

θ = arccos x, θ ∈ [0, π].

3BÄ×}ñ�óÝ»ð¡�Î×õ<Ðó�ãyh×©P�¸

ÿ Chebyshev 94P�ày�&��PÝ\&Â®Þ��Ìbv«õ<

ùó� spectral accuracy �

Chebyshev 94PÝ©PAì�

|Tk(x)| ≤ 1, − 1 ≤ x ≤ 1.

Tk(±1) = (±1)k.

qAë�­�P cos(k+1)θ+cos(k−1)θ = 2 cos θ cos kθ�ÿ Chebyshev9

4PÝë4L]n;P�

Tk+1(x) = 2xTk(x)− Tk−1(x).

9



T0(x) = 1,

T1(x) = x,

T2(x) = 2x2 − 1,

T3(x) = 4x3 − 3x,

T4(x) = 8x4 − 8x2 + 1,

...

� Chebyshev 94PÝÑøn;
�

< Ti(x), Tj(x) > =

∫ 1

−1
Ti(x)Tj(x)w(x)dx

=





0, i 6= j

π
2 , i = j 6= 0

π, i = j = 0

Í�J¥;ó w(x) = 1√
1−x2


 Chebyshev weight �ÐóÄ6�¶îh×

©�J¥;ó��ºÿÕÑøn;� Chebyshev »ð2PAì�

u =
∞∑

k=0

ûkTk(x),

ãÑøn;�á�

ûk =
2

ckπ

∫ 1

−1

u(x)Tk(x)√
1− x2

ck =





2, k = 0

1, k > 0

Chebyshev Ò÷»ð2PAì�

u =
N∑

k=0

ũkTk(x),

10



ãÒ÷Ñøn;�á�

ũk =
2

πc̄k

N∑

j=0

u(xj)Tk(xj)wj

c̄k =





2, k = 0, N

1, k = 1, . . . , N − 1

X|�

u =
N∑

k=0

LN,k(x)u(xk)

LN,k(x) =
N∏
l=0
l 6=k

x− xl

xk − xl

Í�� LN,k(x) Î Lagrange 94P��� LN,k(xl) = δkl �� LN,k(x) =

ψk(x) =
∏N

l=0
l 6=k

x−xk

xk−xl
�

ðàÝ collocation points 
 Chebyshev-Gauss point �µÎ Cheby-

shev 94P TN+1(x) = 0 Ýq�

xj = cos
(2j + 1)π

2N + 2
, j = 0, 1, . . . , N.

¬�âÐF�
Ý¸ collocation points �â\&FÍ×TÍÞ��®A

ìÝ;��

q(x) = TN+1(x)− TN(x)

= cos(N + 1)θ − cos Nθ

= −2 sin
2N + 1

2
θ sin

θ

2

�J	

2N + 1

2
θ = jπ, j = 0,±1,±2, . . .

11



`� q(x) = 0 �
Ý�� 0 ≤ θ ≤ π �X|

θj =
2jπ

2N + 1
, j = 0, 1, . . . , N.

J Chebyshev-Gauss-Radau points �

xj = cos
2jπ

2N + 1
, j = 0, 1, . . . , N.

â×ÐF x = 1 �!§�

q(x) = T ′
N(x)(1− x2)

=
N sin Nθ

sin θ

J	

Nθj = jπ, j = 1, 2, . . . , N − 1,

T

θj =
jπ

N
, j = 1, 2, . . . , N − 1

`� q(x) = 0 �
Ý�âËÐF x = ±1 �X|

θj =
jπ

N
, j = 0, 1, 2, . . . , N.

JChebyshev-Gauss-Lobatto points�

xj = cos
jπ

N
, j = 0, 1, 2, . . . , N.

âËÐF x = ±1 �;ð�ð�5]�P\&Â®ÞK2à Chebyshev-

Gauss-Lobatto points �

12



�á Chebyshev 94P TN(x) = cos Nθ � θ = arccos x�J

d

dx
TN(x) =

dθ

dx

d

dθ
cos Nθ

=
N sin Nθ

sin θ
,

�

d2

dx2TN(x) =
dθ

dx

d

dθ

(
N sin Nθ

sin θ

)

= −N 2 cos Nθ sin θ −N sin Nθ cos θ

sin3 θ
.

¨3ÌD T ′
N(x) � T ′′

N(x) 3 collocation points xj = cos jπ
N îÝÂ�

T ′
N(xj) =





0, j 6= 0, N

N 2, j = 0

(−1)N+1N 2, j = N

=





0, j 6= 0, N

(±1)N+1N 2, j = 0, N

�

T ′′
N(xj) =





(−1)j+1N2

1−x2
j

, j 6= 0, N

(±1)NN 2
(

N 2 − 1

3

)
, j = 0, N

!§�ù�.ÿ T ′′′
N (x) 3collocation points xj = cos jπ

N îÝÂ�

T ′′′
N (xj) =





(−1)j+13N2xj

(1−x2
j )2

, j 6= 0, N

(±1)N+1N 2
(

N2−1
3

)(
N2−4

5

)
, j = 0, N

13



Chebyshev collocation 0ó�|Îp�P

DNu(xl) =
N∑

j=0

(DN)lju(xj), l = 0, 1, . . . , N.

���Í� DNu = (INu)′ �� (DN)lj �¢ã�5 Lagrange94P ψj ÿ

Õ��Ç (DN)lj = ψ′j(xl) �	¸à Chebyshev-Gauss-Lobatto `�

ψk(x) =
N∏

l=0
l 6=k

x− xl

xk − xl

=
(−1)k+1(1− x2)T ′

N(x)

c̄kN 2(x− xk)

J

(x− xj)ψj(x) =
(−1)j+1

c̄jN 2 (1− x2)T ′
N(x).

�rË\�5��ÿ

ψj(x) + (x− xj)ψ
′
j(x) =

(−1)j+1

c̄jN 2

[−2xT ′
N(x) + (1− x2)T ′′

N(x)
]
.

�5
|ì°ÍI5D¡�

1. 	 l 6= j `�

ψj(xl) + (xl − xj)ψ
′
j(xl) =

(−1)j+1

c̄jN 2

[−2xlT
′
N(xl) + (1− x2

l )T
′′
N(xl)

]

=
(−1)j+1

c̄jN 2




−2(±1)NN 2

(−1)l+1N 2

=
(−1)j+1

c̄jN 2

[
c̄l(−1)l+1N 2]

=
c̄l(−1)l+j

c̄j

.h� ψ′j(xl) = c̄l(−1)l+j

c̄j(xl−xj)
�

14



2. 	 l = j = 0 `��Ç xj = xl = 1 �J

ψj(x) =
(−1)j+1(1− x2)T ′

N(x)

c̄jN 2(x− x1)

=
(1 + x)T ′

N(x)

2N 2

£�� ψ′j(x) = 1
2N2 [T ′

N(x) + (1 + x)T ′′
N(x)] �.h�

ψ′0(x0) = ψ′0(x1)

=
1

2N 2 [T ′
N(1) + (1 + 1)T ′′

N(1)]

=
1

2N 2

[
N 2 +

2N 2(N 2 − 1)

3

]

=
2N 2 + 1

6

3. 	 l = j = N `��Ç xj = xl = −1 �J

ψN(x) =
(−1)N+1(1− x)T ′

N(x)

2N 2

=
(−1)N+1

2N 2 [(1− x)T ′
N(x)] .

£�� ψ′N(x) = (−1)N+1

2N2 [−T ′
N(x) + (1− x)T ′′

N(x)] �.h�

ψ′N(−1) =
(−1)N+1

2N 2 [−T ′
N(−1) + 2T ′′

N(−1)]

=
(−1)N+1

2N 2

[
(−1)NN 2 + (−1)N 2N 2(N 2 − 1)

3

]

= −1

2

[
1 +

2N 2 − 2

3

]

= −2N 2 + 1

6

= −ψ′0(1)

4. 	 l = j 6= 0, N `�J

2ψ′j(x) + (x− xj)ψ
′′
j (x)

15



=
(−1)j+1

c̄jN 2

[−2xT ′
N(x)− 4xT ′′

N(x) + (1− x2)T ′′′
N (x)

]
.

£�� x = xl = xj �áîPÿÕ�

2ψ′j(xj) =
(−1)j+1

c̄jN 2

[−2T ′
N(xj)− 4xjT

′′
N(xj) + (1− x2

j)T
′′′
N (xj)

]

=
(−1)j+1

c̄jN 2

[
−4xj(−1)j+1N 2

1− x2
j

+
3xj(−1)j+1N 2

1− x2
j

]

=
−xj

1− x2
j

X|� ψ′j(xj) =
−xj

2(1−x2
j )
�

X|�×$ Chebyshev collocation derivative matrix DN Aì�

(DN)ij =





c̄i(−1)i+j

c̄j(zi−zj)
, i 6= j,

−zj

2(1−z2
j ) , 1 ≤ i = j ≤ N − 1,

2N2+1
6 , i = j = 0,

−2N2+1
6 , i = j = N,

Í� zj (j = 0, 1, . . . , N.) Î Gauss-Labotto collocation points �� c̄k =

1 �tÝ c̄0 = c̄N = 2 �Þ$ Chebyshev collocation derivative ma-

trix D2
N �¢ã¿]×$ collocation derivative matrix DN ÿÕ�

Chebyshev spectral differentiationÝã@��ãì«Ý�§ÿá[1]�

��� §§§ 2 Accuracy of Chebyshev spectral differentiation

Suppose u is analytic on and inside the ellipse with foci ±1 on which the

Chebyshev potential takes the value φu, that is, the ellipse whose semimajor

and semiminor axis lengths sum to K = eφu+log2. Let w be the νth Chebyshev

spectral derivative of u(ν ≥ 1). Then

|wj − u(ν)(xj)| = O(e−N(φu+log2)) = O(K−N) as N →∞.

16



2.4 \\\&&&���§§§

�HgF°�§\&f�bËvÃÍÝ]°�

1. ¥±�xæbÝ�5Îp�¸¸��\&f��

2. ¦�Ü²Ý]�P���\&f��

3Í¡Z�Î2ãÏ×v]°¼�§�!Ý\&f��

uÎ×îÝÞê(%1)�\&©�¨3ËÐ��5ÎpÝÏ×��t

¡×�µÎà¼�Õ\&Ý-Â�.h�;�ÎpÝÏ×��t¡×��

���áÝ\&f��

xN = 1x0 = −1

% 1: ×îChebyshev}Fî�%
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uÎÞîÝÞê�v�L½ÎÎ��J\&�¨3Î�Ý°Í

\(%2)�u x ]'� y ]'Ý�ã�í
 N �J�;�ÎpÝG N �

�Ï N �����á\&f�ÝP�Ë\&�;�ÎpÝÏ M1 ���

��á\&f�Ý�\\&�;�ÎpÝÏ M2 �����á\&f�Ý

�\\&�Í�

M1 = 1 + k ∗N,

M2 = N + k ∗N,

for 1 ≤ k ≤ N − 2

?9Ý1��2.5;�

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

North

South

East

West

% 2: ÞîChebyshev}FÎ��L½î�%
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uÎÞîÝÞê�v�L½Îi��J\&�¨3t²�i�Ýi

øîÝF�(%3) u θ ]'Ý�ã�
 M �J�;�ÎpÝG M ���

��áÝ\&f��

9

10

11

12

13

14
15

16

1

2

3

4

5

6

7

8

% 3: ÞîChebyshev}Fi��L½î�%
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uÎëîÝÞê�v�L½Îñ]��J\&�¨3ñ]�Ý0Í

«îÝF(%4)�u x ]'� y ]'� z ]'Ý�ã�í
 N �J�

;�ÎpÝG N ∗ N ��Ï N ∗ N �����á\&f�ÝîìË\

&�;�ÎpÝÏ M1 �����á\&f�ÝP\\&�;�ÎpÝ

Ï M2 �����á\&f�Ý�\\&�

;�ÎpÝÏ M3 �����á\&f�Ý�\\&�;�ÎpÝ

Ï M4 �����á\&f�Ý�\\&�Í�

M1 = N ∗N ∗ k + i,

M2 = N ∗N ∗ k + N ∗ (N − 2) + i, for 1 ≤ i ≤ N,

M3 = N ∗N ∗ k + 1 + j ∗N, 1 ≤ j ≤ N − 2,

M4 = N ∗N ∗ k + N + j ∗N, 1 ≤ k ≤ N − 2.

1
2 3

4 5
6

7 8 9

10
11 12

13
14 15

16 17
18

19
20 21

22 23
24

25 26 27
Upper

Lower

East

West

South

North

% 4: ëîChebyshev}Fñ]��L½î�%
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uÎëîÝÞê�v�L½ÎiÖ�J\&�¨3t²�i�Ý

iøîÝF�îìË«ÝF�(%5) u r]'Ý�ã�
 N � θ ]'Ý

�ã�
 M � z ]'Ý�ã�
 H �J�;�ÎpÝG N ∗M ��

Ï N ∗M ����\&f�ÝîìË\&�;�ÎpÝÏ M1 ����

t²�iøîÝ\&f��

M1 = M ∗N ∗ k + j, for 1 ≤ k ≤ H − 2, 1 ≤ j ≤ M.

56

7 8

1

2

3

4

1314

15 16

9

10

11

12

2122

23 24

17

18

19

29

Upper

Lower

% 5: ëîChebyshev}FiÖ�L½î�%
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2.5 888nnnóóóÂÂÂ]]]°°°

|îÝ®Þ�KÎ tensor product grid (�%6)�

0 1-1
-1

0

1

% 6: tensor product }F

�¿àaP�ó]°�X tensor product grid ��¿à Kronecker

products �ËÎpA�B Ý Kronecker products �LW A ⊗ B ��

AA�BÎpÝî�5½Î p × q � r × s �J A ⊗ B ÎpÝî�

Î pr × qs �vb p× q Í s�»A�

(
1 2

3 4

)
⊗

(
a b

c d

)
=




a b 2a 2b

c d 2c 2d

3a 3b 4a 4b

3c 3d 4c 4d




.

u|“lexicographic”5�(�%7)¼óÞîÝ tensor product grid �JÒ÷

22



Ý Laplacian ÎËÍ Kronecker procduct Ýõ�

L = I1 ⊗DN + DM ⊗ I2.

Í�� N Î x]'Ý�ã�� DN ÎE xÝ×$��5Îp�M Î y]

'Ý�ã�� DM ÎE y Ý×$��5Îp� I1 Î (M +1)× (M +1)Ý

��Îp� I2 Î (N + 1)× (N + 1) Ý��Îp�

1• 2• 3•

4• 5• 6•

7• 8• 9•

% 7: lexicographic5�

uÎ|¨×Ë5�¼óÞîÝ tensor product grid (Ç�ó y ]'�

�ó x ]')�JÒ÷Ý Laplacian ÎËÍ Kronecker procduct Ýõ�

L = I1 ⊗DM + DN ⊗ I2.

Í�� N Î x]'Ý�ã�� DN ÎE xÝ×$��5Îp�M Î y]

'Ý�ã�� DM ÎE y Ý×$��5Îp� I1 Î (N + 1)× (N + 1) Ý

��Îp� I2 Î (M + 1)× (M + 1) Ý��Îp�ëî|îÝ��|hv

.�
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2.6 222ýýý»»»ððð

�HgF°�Tà3&9�L½î�ðàÕÝµÎ¿àÁ2ý(polar

coordinates)»ð�Þ�HgF°Tà3��i8õiÖî�Ò÷;`�

¸à��Ý Fourier }F3�� θ î�¸à&��Ý Chebyshev }F3�

5 r î�Í�� θ ∈ [0, 2π] � r ∈ [−1, 1] �

ãy (r, θ) »ðÕ (x, y) Î2-to-1�
Ý�¹�§ (x, y) 3æF�H

Ý®Þ�3 r ]'Ý�ã� N Kã�ó�BÄÁ2ý»ð�æ¼Ý2î

��5]�P uxx + uyy �|»ðW urr + r−1ur + r−2uθθ �3 (r, θ) è

 �b (Nr + 1) × (Nθ) Í}Fa3 (r, θ) ¿«î�.h39°}FÒ

÷Ý Laplacian Îp��
 ((Nr + 1) × (Nθ)) × ((Nr + 1) × (Nθ)) �.


 u(r, θ) = u(−r, (θ + π)(mod2π)) �X|�|eaæÎpÏëõÏ°I

	(�%8)�

−1
0 π

1

0r

I II

III IV

2π
θ

% 8: Á2ýXET�Îpî�%
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Dr =

r > 0 r < 0



D1 D2

D3 D4




r > 0 ← added together

r < 0 ← discarded

D
2

r =

r > 0 r < 0



D
2

1 D
2

2

D
2

3 D
2

4




r > 0 ← added together

r < 0 ← discarded

.
E r ]'®×gõÞg��5Îp D̃2
r õ D̃r Ý���K

Î (Nr + 1) × (Nr + 1) �vE θ ]'®Þg��5Îp D2
θ Ý���

Î (Nθ)× (Nθ) �X|� Laplacian Ò÷;¡ÝÎp L 3Á2ýÝ�î


L = (D2
1 + RD1)⊗

(
I 0

0 I

)
+ (D2

2 + RD2)⊗
(

0 I

I 0

)
+ R2 ⊗D2

θ .

Í� I Î×Í��
 (Nθ

2 ) × (Nθ

2 ) Ý��Îp� R Î×ÍE�aÎp�

E�a-ô
 r−1
j � 0 ≤ j ≤ Nr−1

2 � ⊗ ��Kronecker products�ëî|

îÝ��|hv.�
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3 ���HHHgggFFF°°°���TTTààà(×××) \\\&&&ÂÂÂ®®®ÞÞÞ

ÍaÞ?��HgF°Tày×î�Þî�ëîÝPoisson]�P�

à�!Ý?�Ðó�3�!�L½��!\&f�ì��Õ�Ñ@�Ý

�n��õ�«�f´�Õ�0-�?��2ãà#�°ÝLU5�°�

�BCR(Bi-Conjugate Residual method)[11]��]°�
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3.1 1D Poisson equation

×îÝPoisson]�P�uxx = f, − 1 ≤ x ≤ 1.

'�ÃÍ¢ó�

N : x ]'Ý�ã�

iter : ��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�1��9�á�P¡¢Ë\&f���HgF°K©àÕKóÝ�

ã��Ç�">vã@Ý¿�ÕÑ@�n�
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3.1.1 Dirichlet Boundary Condition

¸àLU5�°�BCR��°[11]�×îÝPoisson]�P�

\&Â�

· u(−1).

· u(1).

case RHS function of PDE exact solution

1 0.0 1.0

2 1.0 x

3 2.0 x2

4 6.0 ∗ x x3

5 exp(x) exp(x)

6 −π2 ∗ sin(x) sin(π ∗ x)

7 −π2 ∗ cos(x) cos(π ∗ x)

� 1: 1D Poisson with Dirichlet B.C.
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eq N method res max err max iter cpu t

1 5 LU 1.90e-15 4.44e-16 1 0.00

1 6 LU 3.18e-15 7.77e-16 1 0.00

2 5 LU 1.48e-15 2.78e-16 1 0.00

2 6 LU 6.82e-16 5.55e-16 1 0.00

3 5 LU 3.63e-16 3.75e-16 1 0.00

3 6 LU 4.44e-16 5.55e-16 1 0.00

4 5 LU 8.16e-16 2.84e-16 1 0.00

4 6 LU 8.22e-16 4.44e-16 1 0.00

5 12 LU 4.04e-14 1.64e-14 1 0.00

5 13 LU 5.08e-14 5.00e-15 1 0.00

6 17 LU 7.60e-15 4.62e-14 1 0.00

6 18 LU 1.03e-14 1.77e-14 1 0.00

7 17 LU 6.20e-14 2.26e-13 1 0.00

7 18 LU 9.08e-14 4.77e-15 1 0.00

� 2: 1D Poisson with Dirichlet B.C. and LU Method
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eq N method res max err max iter cpu t

5 12 BCR 3.57e-13 1.78e-14 14 0.00

5 13 BCR 9.70e-14 6.66e-15 14 0.00

6 17 BCR 5.97e-14 5.05e-14 13 0.00

6 18 BCR 6.88e-14 1.77e-14 14 0.00

7 17 BCR 1.10e-12 2.26e-13 15 0.00

7 18 BCR 2.13e-12 9.66e-15 16 0.00

� 3: 1D Poisson with Dirichlet B.C. and BCR Method
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3.1.2 Robin Boundary Condition

¸àLU5�°�BCR��°[11]�×îÝPoisson]�P�

\&Â�

· u(−1).

· ux(1).

case RHS function of PDE exact solution

1 0.0 1.0

2 1.0 x

3 2.0 x2

4 6.0 ∗ x x3

5 exp(x) exp(x)

6 −π2 ∗ sin(x) sin(π ∗ x)

7 −π2 ∗ cos(x) cos(π ∗ x)

� 4: 1D Poisson with Robin B.C.
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eq N method res max err max iter cpu t

1 5 LU 2.01e-15 5.55e-16 1 0.00

1 6 LU 1.57e-15 8.88e-16 1 0.00

2 5 LU 1.23e-15 3.11e-15 1 0.00

2 6 LU 1.04e-15 3.44e-15 1 0.00

3 7 LU 1.29e-15 3.11e-15 1 0.00

3 8 LU 1.58e-15 9.10e-15 1 0.00

4 7 LU 3.63e-15 2.89e-15 1 0.00

4 8 LU 1.55e-15 7.77e-15 1 0.00

5 13 LU 4.09e-14 3.91e-14 1 0.00

5 14 LU 3.35e-14 6.13e-14 1 0.00

6 17 LU 9.06e-15 1.24e-11 1 0.00

6 18 LU 1.14e-14 5.79e-12 1 0.00

7 17 LU 1.22e-13 6.54e-11 1 0.00

7 18 LU 1.08e-13 1.08e-12 1 0.00

� 5: 1D Poisson with Robin B.C. and LU Method
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eq N method res max err max iter cpu t

5 13 BCR 2.47e-11 2.71e-12 19 0.00

5 14 BCR 9.33e-13 6.55e-13 16 0.00

6 17 BCR 6.88e-14 1.23e-11 16 0.00

6 18 BCR 5.37e-14 5.80e-12 17 0.00

7 17 BCR 2.42e-13 6.54e-11 17 0.00

7 18 BCR 6.03e-13 1.06e-12 18 0.00

� 6: 1D Poisson with Robin B.C. and BCR Method
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3.1.3 Neumann Boundary Condition

¸àLU5�°�BCR��°[11]�×îÝPoisson]�P�

\&Â�

· ux(−1).

· ux(1).

case RHS function of PDE exact solution

1 0.0 1.0

2 1.0 x

3 2.0 x2

4 6.0 ∗ x x3

5 exp(x) exp(x)

6 −π2 ∗ sin(x) sin(π ∗ x)

7 −π2 ∗ cos(x) cos(π ∗ x)

� 7: 1D Poisson with Neumann B.C.
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eq N method res max err max iter cpu t

1 4 LU 0.00e+00 0.00e+00 1 0.00

1 5 LU 0.00e+00 0.00e+00 1 0.00

2 4 LU 1.05e-15 3.72e-15 1 0.00

2 5 LU 6.02e-15 9.77e-15 1 0.00

3 6 LU 5.63e-16 1.33e-15 1 0.00

3 7 LU 7.69e-16 5.52e-16 1 0.00

4 6 LU 2.16e-15 7.73e-15 1 0.00

4 7 LU 2.63e-14 1.60e-14 1 0.00

5 13 LU 1.66e-13 1.40e-13 1 0.00

5 14 LU 1.20e-13 6.83e-15 1 0.00

6 17 LU 6.88e-14 1.23e-11 1 0.00

6 18 LU 1.12e-13 5.61e-12 1 0.00

7 17 LU 5.29e-10 3.67e-10 1 0.00

7 18 LU 8.01e-12 1.43e-11 1 0.00

� 8: 1D Poisson with Neumann B.C. and LU Method
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eq N method res max err max iter cpu t

5 13 BCR 1.35e-12 3.49e-13 21 0.00

5 14 BCR 1.09e-13 2.58e-14 16 0.00

6 17 BCR 4.94e-14 1.24e-11 15 0.00

6 18 BCR 3.16e-14 5.79e-12 16 0.00

7 17 BCR 9.64e-10 1.21e-11 174 0.00

7 18 BCR 7.67e-12 4.04e-14 32 0.00

� 9: 1D Poisson with Neumann B.C. and BCR Method

36



3.2 2D Poisson equation in a square

ÞîÝPoisson]�P�uxx + uyy = f, − 1 ≤ x ≤ 1, − 1 ≤ y ≤ 1.

'�ÃÍ¢ó�

N : x ]'� y ]'Ý�ã�

iter : ��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�10��18�á�P¡¢Ë\&f���HgF°K©àÕKóÝ

�ã��Ç�">vã@Ý¿�ÕÑ@�n�
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3.2.1 Dirichlet Boundary Condition

¸àLU5�°�BCR��°[11]�ÞîÝPoisson]�P�

\&Â�

· u(−1, y), − 1 < y < 1.

· u(1, y), − 1 < y < 1.

· u(x,−1), − 1 ≤ x ≤ 1.

· u(x, 1), − 1 ≤ x ≤ 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 x

3 0.0 y

4 0.0 x + y

5 0.0 x ∗ y + x + y

6 4.0 x2 + y2 + x ∗ y

7 6.0 ∗ x + 6.0 ∗ y x3 + y3 + x ∗ y

8 2.0 ∗ exp(x + y) exp(x + y)

9 −2.0 ∗ π2 ∗ sin(π ∗ x) ∗ sin(π ∗ y) sin(π ∗ x) ∗ sin(π ∗ y)

10 −2.0 ∗ π2 ∗ cos(π ∗ x) ∗ cos(π ∗ y) cos(π ∗ x) ∗ cos(π ∗ y)

� 10: 2D Poisson in a square with Dirichlet B.C.
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eq N method res max err max iter cpu t

1 7 LU 8.53e-15 1.22e-15 1 0.00

1 8 LU 1.22e-14 1.22e-15 1 0.00

2 7 LU 6.28e-15 8.88e-16 1 0.00

2 8 LU 9.36e-15 7.77e-16 1 0.00

3 7 LU 6.97e-15 9.99e-16 1 0.00

3 8 LU 9.32e-15 8.88e-16 1 0.00

4 7 LU 6.28e-15 2.00e-15 1 0.00

4 8 LU 8.50e-15 1.78e-15 1 0.00

5 7 LU 7.87e-15 1.33e-15 1 0.01

5 8 LU 1.59e-14 2.22e-15 1 0.00

6 7 LU 8.83e-15 2.66e-15 1 0.00

6 8 LU 1.47e-14 2.22e-15 1 0.00

7 7 LU 7.33e-15 1.11e-15 1 0.00

7 8 LU 1.30e-14 1.78e-15 1 0.00

8 12 LU 1.33e-13 5.60e-14 1 0.01

8 13 LU 1.60e-13 8.88e-15 1 0.02

9 15 LU 1.31e-14 9.99e-12 1 0.03

9 16 LU 1.20e-14 2.68e-12 1 0.05

10 17 LU 1.50e-13 2.88e-13 1 0.09

10 18 LU 1.72e-13 6.44e-15 1 0.13

� 11: 2D Poisson in a square with Dirichlet B.C. and LU Method
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eq N method res max err max iter cpu t

8 12 BCR 7.61e-13 5.77e-14 27 0.04

8 13 BCR 8.48e-13 1.27e-14 29 0.06

9 15 BCR 3.35e-13 9.99e-12 26 0.11

9 16 BCR 6.46e-14 2.68e-12 26 0.14

10 17 BCR 6.82e-13 2.88e-13 30 0.20

10 18 BCR 7.83e-13 6.66e-15 31 0.26

� 12: 2D Poisson in a square with Dirichlet B.C. and BCR Method
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3.2.2 Robin Boundary Condition

¸àLU5�°�BCR��°[10]�ÞîÝPoisson]�P�

\&Â�

· u(−1, y), − 1 < y < 1.

· uy(1, y), − 1 ≤ y < 1.

· u(x,−1), − 1 ≤ x < 1.

· ux(x, 1), − 1 ≤ x ≤ 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 x

3 0.0 y

4 1.0 (x−1.0)2

2.0

5 −2.0 ∗ x + 3.0 −(x−1.0)3

3.0
+ (x−1.0)2

2.0

6 12.0 ∗ x2 − 4.0 + 12.0 ∗ y2− 4.0 (x + 1.0)2 ∗ (1.0− x)2

+(y + 1.0)2 ∗ (1.0− y)2

7 2.0 ∗ π2∗ sin(π ∗ x)2 ∗ sin(π ∗ y)2

( cos(2.0 ∗ π ∗ x) ∗ sin(π ∗ y)2

+ cos(2.0 ∗ π ∗ y) ∗ sin(π ∗ x)2)

8 −0.5 ∗ π2 ∗ sin(π∗x
2.0

) ∗ sin(π∗y
2.0

) sin(π∗x
2.0

) ∗ sin(π∗y
2.0

)

� 13: 2D Poisson in a square with Robin B.C.
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eq N method res max err max iter cpu t

1 5 LU 3.28e-15 2.33e-15 1 0.00

1 6 LU 3.65e-15 6.22e-15 1 0.00

2 5 LU 2.22e-15 8.88e-16 1 0.00

2 6 LU 3.21e-15 5.66e-15 1 0.00

3 5 LU 1.85e-15 2.00e-15 1 0.00

3 6 LU 3.90e-15 5.22e-15 1 0.00

4 5 LU 2.17e-15 1.72e-15 1 0.00

4 6 LU 4.86e-15 1.33e-15 1 0.00

5 5 LU 3.59e-15 3.86e-15 1 0.00

5 6 LU 1.19e-14 3.30e-15 1 0.00

6 5 LU 1.76e-15 9.72e-16 1 0.00

6 6 LU 2.97e-15 6.74e-15 1 0.00

7 17 LU 9.42e-15 3.26e-06 1 0.00

7 18 LU 8.95e-15 2.21e-07 1 0.00

8 17 LU 1.91e-13 2.92e-14 1 0.00

8 18 LU 1.72e-13 6.81e-14 1 0.00

� 14: 2D Poisson in a square with Robin B.C. and LU Method
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eq N method res max err max iter cpu t

7 20 BCR 3.29e-13 5.42e-09 75 0.91

7 21 BCR 1.38e-13 2.52e-09 80 1.23

8 20 BCR 1.84e-12 4.45e-14 91 1.12

8 21 BCR 2.83e-12 3.66e-14 105 1.53

� 15: 2D Poisson in a square with Robin B.C. and BCR Method
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3.2.3 Neumann Boundary Condition

¸àLU5�°�BCR��°[10]�ÞîÝPoisson]�P�

\&Â�

· uy(−1, y), − 1 < y < 1.

· uy(1, y), − 1 < y < 1.

· ux(x,−1), − 1 ≤ x ≤ 1.

· ux(x, 1), − 1 ≤ x ≤ 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 x

3 0.0 y

4 12.0 ∗ x2 − 4.0 (x− 1.0)2 + (x + 1.0)2

5 12.0 ∗ y2 − 4.0 (y − 1.0)2 + (y + 1.0)2

6 2.0 ∗ π2∗ sin2(π ∗ x) ∗ sin2(π ∗ y)

( cos(2.0 ∗ π ∗ x) ∗ sin2(π ∗ y)

+cos(2.0 ∗ π ∗ y) ∗ sin2(π ∗ x) )

7 −2.0 ∗ π2 ∗ cos(π ∗ x) ∗ cos(π ∗ y) cos(π ∗ x) ∗ cos(π ∗ y)

� 16: 2D Poisson in a square with Neumann B.C.
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eq N method res max err max iter cpu t

1 5 LU 0.00e+00 0.00e+00 1 0.00

1 6 LU 0.00e+00 0.00e+00 1 0.00

2 5 LU 4.27e-15 3.36e-15 1 0.00

2 6 LU 4.88e-15 8.55e-15 1 0.00

3 5 LU 4.32e-15 3.14e-15 1 0.00

3 6 LU 5.14e-15 9.12e-15 1 0.00

4 5 LU 1.57e-15 1.90e-15 1 0.00

4 6 LU 2.26e-15 9.99e-16 1 0.00

5 5 LU 6.86e-16 9.71e-16 1 0.00

5 6 LU 1.84e-15 9.44e-16 1 0.00

6 21 LU 1.30e-08 1.97e-09 1 0.38

6 22 LU 3.89e-10 1.67e-10 1 0.53

7 21 LU 2.73e-13 4.90e-14 1 0.40

7 22 LU 3.29e-13 9.57e-14 1 0.53

� 17: 2D Poisson in a square with Neumann B.C. and LU Method
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eq N method res max err max iter cpu t

6 21 BCR 5.56e-08 4.90e-09 500 7.30

6 22 BCR 8.04e-08 4.01e-09 500 8.54

7 21 BCR 3.57e-11 2.81e-12 500 7.17

7 22 BCR 3.45e-12 1.28e-13 165 2.83

� 18: 2D Poisson in a square with Neumann B.C. and BCR Method
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3.3 2D Poisson equation in a circle

ÞîÝPoisson]�P�urr + r−1ur + r−2uθθ = f,

0 < r ≤ 1, 0 < θ ≤ 2π.

u = u(r, θ)

'�ÃÍ¢ó�

N : r ]'Ý�ã��ã�ó

M : θ ]'Ý�ã��ã�ó

iter : ��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�19��27�á�P¡¢Ë\&f���HgF°K©àÕKóÝ

�ã��Ç�">vã@Ý¿�ÕÑ@�n�
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3.3.1 Dirichlet Boundary Condition

¸àLU5�°�BCR��°[11]�ÞîÝPoisson]�P�

\&Â�

· u(1, θ), 0 < θ ≤ 2π.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 r ∗ cos(t)

3 0.0 r ∗ sin(t)

4 4.0 r2 ∗ cos(t)2 + r2 ∗ sin(t)2

5 2.0 ∗ exp(r ∗ cos(t) + r ∗ sin(t)) exp(r ∗ cos(t) + r ∗ sin(t))

6 4.0 ∗ r2 − 2.0 r4

4.0
− r2

2.0

7 4.0− 2.0
r

r2 − 2.0 ∗ r

� 19: 2D Poisson in a circle with Dirichlet B.C.
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eq N M method res max err max iter cpu t

1 3 8 LU 1.42e-15 1.22e-15 1 0.00

1 3 10 LU 3.05e-15 2.00e-15 1 0.00

1 5 8 LU 4.18e-15 1.78e-15 1 0.00

1 5 10 LU 5.27e-15 2.89e-15 1 0.00

2 3 8 LU 8.42e-16 4.44e-16 1 0.00

2 3 10 LU 7.57e-16 4.44e-16 1 0.00

2 5 8 LU 1.89e-15 6.11e-16 1 0.00

2 5 10 LU 2.14e-15 5.55e-16 1 0.00

3 3 8 LU 6.53e-16 2.78e-16 1 0.00

3 3 10 LU 8.89e-16 3.89e-16 1 0.00

3 5 8 LU 1.71e-15 4.44e-16 1 0.00

3 5 10 LU 1.87e-15 2.78e-16 1 0.00

4 3 8 LU 6.08e-16 3.05e-16 1 0.00

4 3 10 LU 7.82e-16 5.83e-16 1 0.00

4 5 8 LU 2.32e-15 6.66e-16 1 0.00

4 5 10 LU 1.88e-15 4.44e-16 1 0.00

5 3 8 LU 1.11e-16 4.69e-02 1 0.00

5 3 10 LU 2.29e-16 4.69e-02 1 0.00

5 5 8 LU 5.61e-16 1.94e-16 1 0.00

5 5 10 LU 6.42e-16 1.39e-16 1 0.00

6 11 22 LU 1.02e-13 1.02e-10 1 0.00

6 11 24 LU 1.22e-13 1.02e-10 1 0.00

6 13 22 LU 1.63e-13 4.66e-12 1 0.00

6 13 24 LU 1.55e-13 2.31e-13 1 0.01

� 20: 2D Poisson in a circle with Dirichlet B.C. and LU Method
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eq N M method res max err max iter cpu t

6 11 18 BCR 5.62e-13 1.45e-09 34 0.02

6 11 20 BCR 3.02e-13 1.01e-10 34 0.02

6 11 22 BCR 3.68e-13 1.02e-10 36 0.03

6 13 18 BCR 7.24e-13 1.61e-09 33 0.03

6 13 20 BCR 8.75e-13 8.40e-11 35 0.04

6 13 22 BCR 5.76e-13 4.66e-12 36 0.04

� 21: 2D Poisson in a circle with Dirichlet B.C. and BCR Method
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3.3.2 Robin Boundary Condition

¸àLU5�°�BCR��°[11]�ÞîÝPoisson]�P�

\&Â�

· ur(1, θ), 0 < θ ≤ π.

· u(1, θ), π < θ ≤ 2π.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 r ∗ cos(t)

3 0.0 r ∗ sin(t)

4 4.0 r2 ∗ cos2(t) + r2 ∗ sin2(t)

5 4.0 ∗ r2 − 2.0 r4

4
− r2

2

6 2.0 ∗ exp(r ∗ cos(t) + r ∗ sin(t)) exp(r ∗ cos(t) + r ∗ sin(t))

� 22: 2D Poisson in a circle with Robin B.C.
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eq N M method res max err max iter cpu t

1 3 8 LU 1.36e-15 4.77e-15 1 0.00

1 3 10 LU 2.37e-15 7.55e-15 1 0.00

1 5 8 LU 3.25e-15 1.08e-14 1 0.00

1 5 10 LU 5.42e-15 2.55e-15 1 0.00

2 3 8 LU 4.86e-16 1.33e-15 1 0.00

2 3 10 LU 1.09e-15 1.44e-15 1 0.00

2 5 8 LU 1.58e-15 1.78e-15 1 0.00

2 5 10 LU 2.12e-15 1.89e-15 1 0.00

3 3 8 LU 3.63e-16 2.22e-15 1 0.00

3 3 10 LU 8.10e-16 1.11e-15 1 0.00

3 5 8 LU 1.41e-15 3.77e-15 1 0.00

3 5 10 LU 1.45e-15 2.89e-15 1 0.00

4 3 8 LU 7.45e-16 1.33e-15 1 0.00

4 3 10 LU 7.90e-16 1.80e-15 1 0.00

4 5 8 LU 1.44e-15 6.88e-15 1 0.00

4 5 10 LU 1.94e-15 4.44e-15 1 0.00

5 3 8 LU 4.78e-16 9.69e-01 1 0.00

5 3 10 LU 7.45e-16 9.81e-01 1 0.00

5 5 8 LU 5.09e-16 2.16e-15 1 0.00

5 5 10 LU 6.13e-16 1.14e-15 1 0.00

6 11 22 LU 9.27e-14 1.38e-09 1 0.00

6 11 24 LU 1.08e-13 1.34e-09 1 0.00

6 13 22 LU 1.78e-13 2.42e-11 1 0.00

6 13 24 LU 1.66e-13 4.47e-12 1 0.00

� 23: 2D Poisson in a circle with Robin B.C. and LU Method
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eq N M method res max err max iter cpu t

6 11 18 BCR 1.40e-11 6.24e-09 61 0.04

6 11 20 BCR 1.17e-12 1.36e-09 58 0.04

6 11 22 BCR 1.27e-12 1.38e-09 60 0.05

6 13 18 BCR 1.05e-12 5.34e-09 57 0.05

6 13 20 BCR 4.18e-12 3.09e-10 64 0.06

6 13 22 BCR 3.03e-11 2.39e-11 78 0.09

� 24: 2D Poisson in a circle with Robin B.C. and BCR Method
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3.3.3 Neumann Boundary Condition

¸àLU5�°�BCR��°[11]�ÞîÝPoisson]�P�

\&Â�

· ur(1, θ), 0 < θ ≤ 2π.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 r ∗ cos(t)

3 0.0 r ∗ sin(t)

4 4.0 r2 ∗ cos2(t) + r2 ∗ sin2(t)

5 4.0 ∗ r2 − 2.0 r4

4
− r2

2

6 2.0 ∗ exp(r ∗ cos(t) + r ∗ sin(t)) exp(r ∗ cos(t) + r ∗ sin(t))

� 25: 2D Poisson in a circle with Neumann B.C.
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eq N M method res max err max iter cpu t

1 3 8 LU 0.00e+00 0.00e+00 1 0.00

1 3 10 LU 0.00e+00 0.00e+00 1 0.00

1 5 8 LU 0.00e+00 0.00e+00 1 0.00

1 5 10 LU 0.00e+00 0.00e+00 1 0.00

2 3 8 LU 8.14e-16 2.89e-15 1 0.00

2 3 10 LU 1.19e-15 3.11e-15 1 0.00

2 5 8 LU 1.72e-15 4.11e-15 1 0.00

2 5 10 LU 4.39e-15 2.73e-15 1 0.00

3 3 8 LU 5.11e-16 2.00e-15 1 0.00

3 3 10 LU 7.53e-16 1.55e-15 1 0.00

3 5 8 LU 1.70e-15 3.44e-15 1 0.00

3 5 10 LU 5.14e-15 3.61e-15 1 0.00

4 3 8 LU 5.44e-16 1.11e-16 1 0.00

4 3 10 LU 3.85e-16 1.66e-16 1 0.00

4 5 8 LU 2.04e-15 8.05e-16 1 0.00

4 5 10 LU 1.14e-14 1.05e-14 1 0.00

5 3 8 LU 3.53e-01 7.81e-01 1 0.00

5 3 10 LU 2.43e-01 9.84e-01 1 0.00

5 5 8 LU 5.17e-16 2.43e-16 1 0.00

5 5 10 LU 2.25e-15 2.76e-15 1 0.00

6 11 22 LU 5.61e-09 9.63e-10 1 0.00

6 11 24 LU 4.79e-10 9.27e-10 1 0.00

6 13 22 LU 2.50e-12 3.00e-11 1 0.00

6 13 24 LU 6.32e-12 5.45e-12 1 0.00

� 26: 2D Poisson in a circle with Neumann B.C. and LU Method
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eq N M method res max err max iter cpu t

6 11 18 BCR 1.35e-06 4.76e-08 500 0.29

6 11 20 BCR 1.81e-05 1.46e-07 500 0.35

6 11 22 BCR 1.45e-07 6.41e-09 500 0.43

6 13 18 BCR 3.38e-11 6.48e-09 82 0.06

6 13 20 BCR 2.05e-09 4.21e-10 500 0.48

6 13 22 BCR 3.17e-08 3.25e-10 500 0.58

� 27: 2D Poisson in a circle with Neumann B.C. and BCR Method
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3.4 3D Poisson equation in a cube

ëîÝPoisson]�P�uxx + uyy + uzz = f,

− 1 ≤ x ≤ 1, − 1 ≤ y ≤ 1, − 1 ≤ z ≤ 1.

'�ÃÍ¢ó�

N : x ]'� y ]'� z ]'Ý�ã�

iter : ��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�28��36�á�P¡¢Ë\&f���HgF°K©àÕKóÝ
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3.4.1 Dirichlet Boundary Condition

¸àLU5�°�BCR��°[11]�ëîÝPoisson]�P�

\&Â�

· u(−1, y, z), − 1 < y < 1, − 1 ≤ z ≤ 1.

· u(1, y, z), − 1 < y < 1, − 1 ≤ z ≤ 1.

· u(x,−1, z), − 1 ≤ x ≤ 1, − 1 ≤ z ≤ 1.

· u(x, 1, z), − 1 ≤ x ≤ 1, − 1 ≤ z ≤ 1.

· u(x, y,−1), − 1 < x < 1, − 1 < y < 1.

· u(x, y, 1), − 1 < x < 1, − 1 < y < 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 x

3 0.0 y

4 0.0 z

5 0.0 x + y + z

6 0.0 x ∗ y ∗ z + x + y + z

7 6.0 ∗ x + 6.0 ∗ y + 6.0 ∗ z x3 + y3 + z3 + x ∗ y ∗ z

8 3.0 ∗ exp(x + y + z) exp(x + y + z)

9 3.0 ∗ π2 ∗ sin(π ∗ x) ∗ sin(π ∗ y) ∗ sin(π ∗ z) sin(π ∗ x) ∗ sin(π ∗ y) ∗ sin(π ∗ z)

10 3.0 ∗ π2 ∗ cos(π ∗ x) ∗ cos(π ∗ y) ∗ cos(π ∗ z) cos(π ∗ x) ∗ cos(π ∗ y) ∗ cos(π ∗ z)

� 28: 3D Poisson in a cube with Dirichlet B.C.
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eq N method res max err max iter cpu t

1 6 LU 6.55e-15 1.11e-15 1 0.10

1 7 LU 1.15e-14 1.55e-15 1 0.47

2 7 LU 7.17e-15 1.22e-15 1 0.46

2 8 LU 1.18e-14 8.88e-16 1 1.36

3 7 LU 7.21e-15 1.22e-15 1 0.47

3 8 LU 1.45e-14 9.99e-16 1 1.40

4 7 LU 7.84e-15 1.11e-15 1 0.52

4 8 LU 1.45e-14 8.88e-16 1 1.53

5 6 LU 5.42e-15 1.78e-15 1 0.13

5 7 LU 1.21e-14 3.55e-15 1 0.56

6 6 LU 7.10e-15 2.22e-15 1 0.10

6 7 LU 1.64e-14 4.00e-15 1 0.46

7 6 LU 8.20e-15 1.78e-15 1 0.10

7 7 LU 8.92e-15 3.55e-15 1 0.46

8 12 LU 3.55e-13 1.63e-13 1 45.80

8 13 LU 3.84e-13 2.13e-14 1 87.80

9 12 LU 7.25e-15 3.23e-08 1 39.89

9 13 LU 7.65e-15 1.51e-09 1 86.39

10 12 LU 4.49e-14 2.51e-08 1 40.21

10 13 LU 6.15e-14 4.70e-09 1 94.58

� 29: 3D Poisson in a cube with Dirichlet B.C. and LU Method
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eq N method res max err max iter cpu t

8 12 BCR 1.37e-12 1.67e-13 27 8.17

8 13 BCR 1.87e-12 2.13e-14 28 13.14

9 12 BCR 3.05e-14 3.23e-08 25 7.61

9 13 BCR 5.34e-14 1.51e-09 25 11.79

10 12 BCR 1.74e-13 2.51e-08 27 8.16

10 13 BCR 2.70e-13 4.70e-09 26 12.36

� 30: 3D Poisson in a cube with Dirichlet B.C. and BCR Method
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3.4.2 Robin Boundary Condition

¸àLU5�°�BCR��°[11]�ëîÝPoisson]�P�

\&Â�

· u(−1, y, z), − 1 < y < 1, − 1 ≤ z ≤ 1.

· uy(1, y, z), − 1 ≤ y < 1, − 1 ≤ z ≤ 1.

· u(x,−1, z), − 1 ≤ x < 1, − 1 ≤ z ≤ 1.

· ux(x, 1, z), − 1 ≤ x ≤ 1, − 1 ≤ z ≤ 1.

· u(x, y,−1), − 1 < x < 1, − 1 < y < 1.

· uz(x, y, 1), − 1 < x < 1, − 1 < y < 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 x

3 0.0 y

4 0.0 z

5 −2.0 ∗ x + 3.0 − (x−1.0)3

3.0
+ (x−1.0)2

2.0

6 12.0 ∗ x2 + 12.0 ∗ y2 + 12.0 ∗ z2 − 12.0 (x + 1.0)2 ∗ (1.0− x)2

+(y + 1.0)2 ∗ (1.0− y)2

+(z + 1.0)2 ∗ (1.0− z)2

7 2.0 ∗ π2∗ sin2(π ∗ x)

(cos(2.0 ∗ π ∗ x) ∗ sin2(π ∗ y) ∗ sin2(π ∗ z) ∗sin2(π ∗ y)

+cos(2.0 ∗ π ∗ y) ∗ sin2(π ∗ x) ∗ sin2(π ∗ z) ∗sin2(π ∗ z)

+cos(2.0 ∗ π ∗ z) ∗ sin2(π ∗ x) ∗ sin2(π ∗ y))

8 −3
4
∗ π2 ∗ sin(π∗x

2.0
) ∗ sin(π∗y

2.0
) ∗ sin(π∗z

2.0
) sin(π∗x

2.0
) ∗ sin(π∗y

2.0
) ∗ sin(π∗z

2.0
)

� 31: 3D Poisson in a cube with Robin B.C.
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eq N method res max err max iter cpu t

1 5 LU 3.88e-15 1.33e-15 1 0.02

1 6 LU 5.95e-15 6.22e-15 1 0.11

2 5 LU 2.60e-15 3.11e-15 1 0.02

2 6 LU 4.15e-15 4.00e-15 1 0.11

3 5 LU 2.51e-15 1.11e-15 1 0.02

3 6 LU 4.27e-15 4.55e-15 1 0.10

4 5 LU 2.45e-15 2.89e-15 1 0.01

4 6 LU 5.00e-15 4.22e-15 1 0.10

5 5 LU 6.68e-15 4.62e-15 1 0.02

5 6 LU 1.44e-14 5.77e-15 1 0.12

6 6 LU 7.85e-15 1.09e-14 1 0.10

6 7 LU 1.17e-14 3.00e-15 1 0.48

7 15 LU 5.84e-15 4.91e-05 1 748.74

7 16 LU 6.57e-15 4.34e-06 1 2201.47

8 12 LU 5.86e-14 5.08e-10 1 40.24

8 13 LU 7.24e-14 3.78e-12 1 95.43

� 32: 3D Poisson in a cube with Robin B.C. and LU Method
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eq N method res max err max iter cpu t

7 15 BCR 2.95e-10 4.91e-05 80 83.55

7 16 BCR 1.22e-09 4.34e-06 80 126.58

8 12 BCR 6.29e-12 5.08e-10 80 23.41

8 13 BCR 8.26e-10 6.15e-10 80 36.52

� 33: 3D Poisson in a cube with Robin B.C. and BCR Method
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3.4.3 Neumann Boundary Condition

¸àLU5�°�BCR��°[11]�ëîÝPoisson]�P�

\&Â�

· uy(−1, y, z), − 1 < y < 1, − 1 ≤ z ≤ 1.

· uy(1, y, z), − 1 < y < 1, − 1 ≤ z ≤ 1.

· ux(x,−1, z), − 1 ≤ x ≤ 1, − 1 ≤ z ≤ 1.

· ux(x, 1, z), − 1 ≤ x ≤ 1, − 1 ≤ z ≤ 1.

· uz(x, y,−1), − 1 < x < 1, − 1 < y < 1.

· uz(x, y, 1), − 1 < x < 1, − 1 < y < 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 x

3 0.0 y

4 0.0 z

5 12.0 ∗ x2 − 4.0 (x− 1.0)2 ∗ (x + 1.0)2

6 12.0 ∗ y2 − 4.0 (y − 1.0)2 ∗ (y + 1.0)2

7 12.0 ∗ z2 − 4.0 (z − 1.0)2 ∗ (z + 1.0)2

8 2.0 ∗ π2∗ sin2(π ∗ x)

(cos(2.0 ∗ π ∗ x) ∗ sin2(π ∗ y) ∗ sin2(π ∗ z) ∗sin2(π ∗ y)

+cos(2.0 ∗ π ∗ y) ∗ sin2(π ∗ x) ∗ sin2(π ∗ z) ∗sin2(π ∗ z)

+cos(2.0 ∗ π ∗ z) ∗ sin2(π ∗ x) ∗ sin2(π ∗ y))

9 −3.0 ∗ π2 cos(π ∗ x)

∗cos(π ∗ x) ∗ cos(π ∗ y) ∗ cos(π ∗ z) ∗cos(π ∗ y)

∗cos(π ∗ z)

� 34: 3D Poisson in a cube with Neumann B.C.
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eq N method res max err max iter cpu t

1 6 LU 0.00e+00 0.00e+00 1 0.11

1 7 LU 0.00e+00 0.00e+00 1 0.47

2 6 LU 6.37e-15 1.24e-14 1 0.10

2 7 LU 1.50e-14 9.05e-15 1 0.46

3 6 LU 6.64e-15 1.09e-14 1 0.10

3 7 LU 1.73e-14 8.94e-15 1 0.47

4 6 LU 5.89e-15 5.33e-15 1 0.11

4 7 LU 1.88e-14 1.18e-14 1 0.50

5 6 LU 2.63e-15 1.55e-15 1 0.11

5 7 LU 3.94e-15 2.00e-15 1 0.48

6 6 LU 2.59e-15 2.00e-15 1 0.10

6 7 LU 3.73e-15 1.83e-15 1 0.46

7 6 LU 2.73e-15 2.89e-15 1 0.11

7 7 LU 6.40e-15 2.78e-15 1 0.46

8 15 LU 1.78e-04 1.81e-04 1 931.16

8 16 LU 6.05e-05 8.53e-06 1 2494.20

9 11 LU 3.12e-14 1.99e-05 1 18.78

9 12 LU 4.67e-14 7.51e-07 1 44.11

� 35: 3D Poisson in a cube with Neumann B.C. and LU Method
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eq N method res max err max iter cpu t

8 15 BCR 2.08e-04 1.82e-05 80 80.80

8 16 BCR 2.03e-05 1.53e-06 80 114.24

9 11 BCR 9.52e-11 1.99e-05 80 14.38

9 12 BCR 1.13e-09 7.51e-07 80 23.29

� 36: 3D Poisson 3D in a cube with Neumann B.C. and BCR Method
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3.5 3D Poisson equation in a cylinder

ëîÝPoisson]�P�urr + r−1ur + r−2uθθ + uzz = f,

0 < r ≤ 1, 0 < θ ≤ 2π, − 1 ≤ z ≤ 1.

u = u(r, θ, z)

'�ÃÍ¢ó�

N : r ]'Ý�ã��ã�ó

M : θ ]'Ý�ã��ã�ó

H : z ]'Ý�ã�

iter : ��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�37��51�á�P¡¢Ë\&f���HgF°K©àÕKóÝ
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3.5.1 Dirichlet Boundary Condition

¸àLU5�°�BCR��°[11]�ëîÝPoisson]�P�

\&Â�

· u(1, θ, z), 0 < θ ≤ 2π, − 1 ≤ z ≤ 1.

· u(r, θ,−1), 0 < θ ≤ 2π, 0 < r < 1.

· u(r, θ, 1), 0 < θ ≤ 2π, 0 < r < 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 r ∗ cos(t)

3 0.0 r ∗ sin(t)

4 0.0 z

5 4.0 r2 ∗ cos2(t) + r2 ∗ sin2(t)

6 4.0 ∗ r2 − 2.0 r4

4.0
− r2

2.0

7 8.0 ∗ r ∗ cos(t) (r2 ∗ cos2(t) + r2 ∗ sin2(t)) ∗ r ∗ cos(t)

8 8.0 ∗ r ∗ sin(t) (r2 ∗ cos2(t) + r2 ∗ sin2(t)) ∗ r ∗ sin(t)

� 37: 3D Poisson in a cylinder with Dirichlet B.C.
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eq N M H method res max err max iter cpu t

1 3 6 5 LU 2.37e-15 2.00e-15 1 0.00

1 3 8 5 LU 2.66e-15 1.22e-15 1 0.00

1 5 6 5 LU 3.85e-15 2.44e-15 1 0.00

1 5 8 5 LU 4.85e-15 2.11e-15 1 0.00

1 3 6 6 LU 2.13e-15 1.55e-15 1 0.00

1 3 8 6 LU 4.50e-15 1.11e-15 1 0.00

1 5 6 6 LU 6.80e-15 2.66e-15 1 0.00

1 5 8 6 LU 5.63e-15 2.44e-15 1 0.01

2 3 6 5 LU 6.44e-16 6.66e-16 1 0.00

2 3 8 5 LU 9.42e-16 3.89e-16 1 0.00

2 5 6 5 LU 1.89e-15 7.49e-16 1 0.00

2 5 8 5 LU 1.79e-15 6.66e-16 1 0.00

2 3 6 6 LU 1.04e-15 6.66e-16 1 0.00

2 3 8 6 LU 1.09e-15 3.89e-16 1 0.00

2 5 6 6 LU 1.83e-15 8.60e-16 1 0.00

2 5 8 6 LU 2.29e-15 6.66e-16 1 0.01

3 3 6 5 LU 7.67e-16 4.44e-16 1 0.00

3 3 8 5 LU 9.95e-16 2.78e-16 1 0.00

3 5 6 5 LU 1.70e-15 6.16e-16 1 0.00

3 5 8 5 LU 2.34e-15 6.66e-16 1 0.00

3 3 6 6 LU 1.13e-15 4.38e-16 1 0.00

3 3 8 6 LU 1.02e-15 2.22e-16 1 0.00

3 5 6 6 LU 2.00e-15 5.75e-16 1 0.00

3 5 8 6 LU 2.31e-15 5.55e-16 1 0.01

� 38: 3D Poisson in a cylinder with Dirichlet B.C. (1) and LU Method
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eq N M H method res max err max iter cpu t

4 3 6 5 LU 1.55e-15 8.88e-16 1 0.00

4 3 8 5 LU 2.53e-15 5.55e-16 1 0.00

4 5 6 5 LU 3.06e-15 1.33e-15 1 0.00

4 5 8 5 LU 3.29e-15 6.66e-16 1 0.00

4 3 6 6 LU 2.37e-15 7.77e-16 1 0.00

4 3 8 6 LU 2.51e-15 5.55e-16 1 0.00

4 5 6 6 LU 4.02e-15 9.99e-16 1 0.00

4 5 8 6 LU 3.86e-15 6.66e-16 1 0.01

5 3 6 5 LU 5.94e-16 5.83e-16 1 0.00

5 3 8 5 LU 8.85e-16 3.05e-16 1 0.00

5 5 6 5 LU 1.85e-15 4.44e-16 1 0.00

5 5 8 5 LU 2.52e-15 6.66e-16 1 0.00

5 3 6 6 LU 1.06e-15 4.72e-16 1 0.00

5 3 8 6 LU 1.05e-15 2.78e-16 1 0.00

5 5 6 6 LU 2.32e-15 4.44e-16 1 0.00

5 5 8 6 LU 3.38e-15 6.66e-16 1 0.01

6 3 6 5 LU 2.16e-16 3.52e-02 1 0.00

6 3 8 5 LU 3.41e-16 3.52e-02 1 0.00

6 5 6 5 LU 7.15e-16 1.39e-16 1 0.00

6 5 8 5 LU 8.55e-16 2.22e-16 1 0.00

6 3 6 6 LU 3.45e-16 3.77e-02 1 0.00

6 3 8 6 LU 4.10e-16 3.77e-02 1 0.00

6 5 6 6 LU 1.11e-15 1.39e-16 1 0.00

6 5 8 6 LU 1.09e-15 2.01e-16 1 0.01

� 39: 3D Poisson in a cylinder with Dirichlet B.C. (2) and LU Method
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eq N M H method res max err max iter cpu t

7 3 6 5 LU 3.84e-16 1.94e-16 1 0.00

7 3 8 5 LU 4.67e-16 1.11e-16 1 0.00

7 5 6 5 LU 1.98e-15 2.22e-16 1 0.00

7 5 8 5 LU 1.15e-15 4.44e-16 1 0.00

7 3 6 6 LU 3.92e-16 1.73e-16 1 0.00

7 3 8 6 LU 5.00e-16 1.11e-16 1 0.00

7 5 6 6 LU 1.98e-15 2.22e-16 1 0.00

7 5 8 6 LU 1.49e-15 3.89e-16 1 0.01

8 3 6 5 LU 2.89e-16 1.25e-16 1 0.00

8 3 8 5 LU 4.36e-16 8.33e-17 1 0.00

8 5 6 5 LU 1.05e-15 3.33e-16 1 0.00

8 5 8 5 LU 1.57e-15 4.44e-16 1 0.00

8 3 6 6 LU 3.83e-16 1.10e-16 1 0.00

8 3 8 6 LU 5.99e-16 6.94e-17 1 0.00

8 5 6 6 LU 1.07e-15 2.78e-16 1 0.00

8 5 8 6 LU 1.54e-15 3.33e-16 1 0.01

� 40: 3D Poisson in a cylinder with Dirichlet B.C. (3) and LU Method

71



eq N M H method res max err max iter cpu t

6 3 6 5 BCR 3.11e-15 3.52e-02 19 0.01

6 3 8 5 BCR 1.75e-15 3.52e-02 22 0.01

6 5 6 5 BCR 5.68e-15 6.66e-16 24 0.01

6 5 8 5 BCR 3.59e-15 4.44e-16 26 0.03

6 3 6 6 BCR 8.01e-16 3.77e-02 22 0.01

6 3 8 6 BCR 3.25e-14 3.77e-02 22 0.02

6 5 6 6 BCR 1.72e-14 8.33e-16 24 0.02

6 5 8 6 BCR 6.00e-15 2.50e-16 26 0.04

7 3 6 5 BCR 1.03e-14 1.06e-15 19 0.01

7 3 8 5 BCR 1.82e-14 1.64e-15 22 0.01

7 5 6 5 BCR 2.17e-14 1.28e-15 23 0.01

7 5 8 5 BCR 4.23e-15 5.55e-16 27 0.03

7 3 6 6 BCR 1.67e-14 9.44e-16 20 0.01

7 3 8 6 BCR 4.11e-15 2.73e-16 22 0.02

7 5 6 6 BCR 8.80e-15 6.66e-16 25 0.02

7 5 8 6 BCR 8.13e-15 9.99e-16 27 0.04

8 3 6 5 BCR 5.73e-15 7.33e-16 19 0.01

8 3 8 5 BCR 1.26e-14 1.40e-15 21 0.01

8 5 6 5 BCR 1.25e-14 8.68e-16 24 0.01

8 5 8 5 BCR 1.41e-14 9.99e-16 26 0.03

8 3 6 6 BCR 6.01e-15 4.30e-16 21 0.01

8 3 8 6 BCR 5.35e-15 3.61e-16 22 0.01

8 5 6 6 BCR 5.58e-15 5.55e-16 25 0.02

8 5 8 6 BCR 1.07e-14 6.14e-16 26 0.04

� 41: 3D Poisson in a cylinder with Dirichlet B.C. and BCR Method
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3.5.2 Robin Boundary Condition

¸àLU5�°�BCR��°[11]�ëîÝPoisson]�P�

\&Â�

· ur(1, θ, z), 0 < θ ≤ π, − 1 ≤ z ≤ 1.

· u(1, θ, z), π < θ ≤ 2π, − 1 ≤ z ≤ 1.

· uz(r, θ,−1), 0 < θ ≤ 2π, 0 < r < 1.

· uz(r, θ, 1), 0 < θ ≤ 2π, 0 < r < 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 r ∗ cos(t)

3 0.0 r ∗ sin(t)

4 0.0 z

5 4.0 r2 ∗ cos2(t) + r2 ∗ sin2(t)

6 4.0 ∗ r2 − 2.0 r4

4.0
− r2

2.0

7 8.0 ∗ r ∗ cos(t) (r2 ∗ cos2(t) + r2 ∗ sin2(t)) ∗ r ∗ cos(t)

8 8.0 ∗ r ∗ sin(t) (r2 ∗ cos2(t) + r2 ∗ sin2(t)) ∗ r ∗ sin(t)

� 42: 3D Poisson in a cylinder with Robin B.C.
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eq N M H method res max err max iter cpu t

1 3 6 5 LU 2.21e-15 7.77e-15 1 0.00

1 3 8 5 LU 2.26e-15 8.33e-15 1 0.00

1 5 6 5 LU 4.11e-15 3.77e-15 1 0.00

1 5 8 5 LU 4.09e-15 1.68e-14 1 0.00

1 3 6 6 LU 3.54e-15 7.77e-15 1 0.00

1 3 8 6 LU 2.98e-15 5.00e-15 1 0.00

1 5 6 6 LU 4.57e-15 4.44e-15 1 0.00

1 5 8 6 LU 5.65e-15 1.35e-14 1 0.01

2 3 6 5 LU 6.88e-16 2.44e-15 1 0.00

2 3 8 5 LU 9.83e-16 2.33e-15 1 0.00

2 5 6 5 LU 1.89e-15 2.00e-15 1 0.00

2 5 8 5 LU 1.65e-15 4.11e-15 1 0.01

2 3 6 6 LU 1.20e-15 2.78e-15 1 0.00

2 3 8 6 LU 1.14e-15 1.67e-15 1 0.00

2 5 6 6 LU 2.56e-15 2.05e-15 1 0.00

2 5 8 6 LU 1.77e-15 2.22e-15 1 0.01

3 3 6 5 LU 6.40e-16 9.99e-16 1 0.00

3 3 8 5 LU 6.13e-16 4.11e-15 1 0.00

3 5 6 5 LU 1.52e-15 2.66e-15 1 0.00

3 5 8 5 LU 2.12e-15 7.66e-15 1 0.00

3 3 6 6 LU 6.42e-16 1.22e-15 1 0.00

3 3 8 6 LU 1.27e-15 2.55e-15 1 0.00

3 5 6 6 LU 2.01e-15 1.67e-15 1 0.00

3 5 8 6 LU 2.31e-15 5.77e-15 1 0.01

� 43: 3D Poisson in a cylinder with Robin B.C. (1) and LU Method
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eq N M H method res max err max iter cpu t

4 3 6 5 LU 1.49e-15 2.78e-15 1 0.00

4 3 8 5 LU 1.95e-15 3.11e-15 1 0.00

4 5 6 5 LU 2.06e-15 2.00e-15 1 0.00

4 5 8 5 LU 2.48e-15 5.11e-15 1 0.00

4 3 6 6 LU 2.70e-15 3.77e-15 1 0.00

4 3 8 6 LU 2.36e-15 2.66e-15 1 0.00

4 5 6 6 LU 3.70e-15 3.33e-15 1 0.00

4 5 8 6 LU 4.36e-15 5.55e-15 1 0.01

5 3 6 5 LU 5.41e-16 1.78e-15 1 0.00

5 3 8 5 LU 6.11e-16 2.33e-15 1 0.00

5 5 6 5 LU 1.54e-15 3.77e-15 1 0.00

5 5 8 5 LU 2.23e-15 1.05e-14 1 0.00

5 3 6 6 LU 8.79e-16 1.78e-15 1 0.00

5 3 8 6 LU 1.10e-15 1.44e-15 1 0.00

5 5 6 6 LU 2.23e-15 2.89e-15 1 0.00

5 5 8 6 LU 2.61e-15 8.66e-15 1 0.01

6 3 6 5 LU 3.55e-16 6.00e-01 1 0.00

6 3 8 5 LU 8.49e-16 9.69e-01 1 0.00

6 5 6 5 LU 6.20e-16 1.11e-15 1 0.00

6 5 8 5 LU 6.56e-16 3.39e-15 1 0.00

6 3 6 6 LU 4.85e-16 6.00e-01 1 0.00

6 3 8 6 LU 1.26e-15 9.69e-01 1 0.00

6 5 6 6 LU 8.31e-16 6.94e-16 1 0.01

6 5 8 6 LU 9.90e-16 2.66e-15 1 0.01

� 44: 3D Poisson in a cylinder with Robin B.C. (2) and LU Method
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eq N M H method res max err max iter cpu t

7 3 6 5 LU 3.86e-16 8.88e-16 1 0.00

7 3 8 5 LU 4.13e-16 7.77e-16 1 0.00

7 5 6 5 LU 1.25e-15 9.99e-16 1 0.00

7 5 8 5 LU 1.31e-15 2.89e-15 1 0.01

7 3 6 6 LU 5.66e-16 8.88e-16 1 0.00

7 3 8 6 LU 3.77e-16 5.55e-16 1 0.00

7 5 6 6 LU 2.09e-15 9.44e-16 1 0.00

7 5 8 6 LU 1.32e-15 1.83e-15 1 0.01

8 3 6 5 LU 3.29e-16 3.33e-16 1 0.00

8 3 8 5 LU 4.24e-16 1.33e-15 1 0.00

8 5 6 5 LU 1.23e-15 2.11e-15 1 0.00

8 5 8 5 LU 1.33e-15 5.11e-15 1 0.00

8 3 6 6 LU 3.50e-16 2.22e-16 1 0.00

8 3 8 6 LU 3.90e-16 8.88e-16 1 0.00

8 5 6 6 LU 1.55e-15 1.55e-15 1 0.00

8 5 8 6 LU 1.53e-15 4.00e-15 1 0.01

� 45: 3D Poisson in a cylinder with Robin B.C. (3) and LU Method
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eq N M H method res max err max iter cpu t

6 3 6 5 BCR 3.37e-15 6.00e-01 37 0.01

6 3 8 5 BCR 2.09e-14 9.69e-01 44 0.02

6 5 6 5 BCR 4.84e-15 2.19e-15 45 0.03

6 5 8 5 BCR 6.32e-15 4.19e-15 51 0.05

6 3 6 6 BCR 1.47e-14 6.00e-01 42 0.02

6 3 8 6 BCR 9.99e-15 9.69e-01 46 0.03

6 5 6 6 BCR 2.11e-14 5.55e-15 47 0.04

6 5 8 6 BCR 8.74e-15 3.14e-15 57 0.09

7 3 6 5 BCR 1.44e-14 2.42e-14 37 0.01

7 3 8 5 BCR 9.80e-15 4.00e-15 40 0.02

7 5 6 5 BCR 1.48e-14 5.00e-15 43 0.03

7 5 8 5 BCR 2.54e-14 9.55e-15 50 0.06

7 3 6 6 BCR 2.89e-15 1.17e-15 43 0.02

7 3 8 6 BCR 1.04e-14 2.41e-15 46 0.03

7 5 6 6 BCR 1.60e-14 1.17e-15 48 0.04

7 5 8 6 BCR 2.07e-14 6.39e-15 54 0.08

8 3 6 5 BCR 1.56e-14 7.33e-15 36 0.01

8 3 8 5 BCR 1.01e-14 7.88e-15 40 0.02

8 5 6 5 BCR 2.13e-14 8.10e-15 43 0.03

8 5 8 5 BCR 2.12e-14 4.11e-15 49 0.06

8 3 6 6 BCR 2.41e-15 2.00e-15 44 0.02

8 3 8 6 BCR 1.32e-14 6.66e-15 46 0.03

8 5 6 6 BCR 2.57e-14 5.11e-15 47 0.04

8 5 8 6 BCR 1.01e-14 2.55e-15 55 0.08

� 46: 3D Poisson in a cylinder with Robin B.C. and BCR Method
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3.5.3 Neumann Boundary Condition

¸àLU5�°�BCR��°[11]�ÞîÝPoisson]�P�

\&Â�

· ur(1, θ), 0 < θ ≤ 2π.

· uz(r, θ,−1), 0 < θ ≤ 2π, 0 < r < 1.

· uz(r, θ, 1), 0 < θ ≤ 2π, 0 < r < 1.

case RHS function of PDE exact solution

1 0.0 1.0

2 0.0 r ∗ cos(t)

3 0.0 r ∗ sin(t)

4 0.0 z

5 4.0 r2 ∗ cos2(t) + r2 ∗ sin2(t)

6 4.0 ∗ r2 − 2.0 r4

4.0
− r2

2.0

7 8.0 ∗ r ∗ cos(t) (r2 ∗ cos2(t) + r2 ∗ sin2(t)) ∗ r ∗ cos(t)

8 8.0 ∗ r ∗ sin(t) (r2 ∗ cos2(t) + r2 ∗ sin2(t)) ∗ r ∗ sin(t)

� 47: 3D Poisson in a cylinder with Neumann B.C.
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eq N M H method res max err max iter cpu t

1 3 6 5 LU 0.00e+00 0.00e+00 1 0.00

1 3 8 5 LU 0.00e+00 0.00e+00 1 0.00

1 5 6 5 LU 0.00e+00 0.00e+00 1 0.01

1 5 8 5 LU 0.00e+00 0.00e+00 1 0.00

1 3 6 6 LU 0.00e+00 0.00e+00 1 0.00

1 3 8 6 LU 0.00e+00 0.00e+00 1 0.00

1 5 6 6 LU 0.00e+00 0.00e+00 1 0.00

1 5 8 6 LU 0.00e+00 0.00e+00 1 0.01

2 3 6 5 LU 1.05e-15 1.25e-15 1 0.00

2 3 8 5 LU 1.13e-15 5.77e-15 1 0.00

2 5 6 5 LU 4.24e-15 7.22e-15 1 0.00

2 5 8 5 LU 1.73e-15 8.55e-15 1 0.00

2 3 6 6 LU 1.64e-15 1.65e-15 1 0.00

2 3 8 6 LU 1.18e-15 4.11e-15 1 0.00

2 5 6 6 LU 4.04e-14 4.52e-14 1 0.00

2 5 8 6 LU 2.49e-15 5.11e-15 1 0.01

3 3 6 5 LU 5.79e-16 2.11e-15 1 0.00

3 3 8 5 LU 8.83e-16 4.77e-15 1 0.00

3 5 6 5 LU 2.14e-15 4.33e-15 1 0.00

3 5 8 5 LU 2.04e-15 7.44e-15 1 0.01

3 3 6 6 LU 1.41e-15 2.44e-15 1 0.00

3 3 8 6 LU 1.24e-15 3.00e-15 1 0.00

3 5 6 6 LU 5.71e-15 7.68e-15 1 0.00

3 5 8 6 LU 2.03e-15 4.55e-15 1 0.01

� 48: 3D Poisson in a cylinder with Neumann B.C. (1) and LU Method
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eq N M H method res max err max iter cpu t

4 3 6 5 LU 1.77e-15 7.22e-15 1 0.00

4 3 8 5 LU 1.65e-15 6.88e-15 1 0.00

4 5 6 5 LU 2.80e-15 3.89e-15 1 0.00

4 5 8 5 LU 2.62e-15 1.27e-14 1 0.00

4 3 6 6 LU 1.86e-15 7.66e-15 1 0.00

4 3 8 6 LU 2.37e-15 5.77e-15 1 0.00

4 5 6 6 LU 1.35e-14 1.67e-14 1 0.00

4 5 8 6 LU 4.03e-15 7.99e-15 1 0.01

5 3 6 5 LU 3.79e-16 2.22e-16 1 0.00

5 3 8 5 LU 5.13e-16 1.11e-16 1 0.00

5 5 6 5 LU 4.04e-15 5.80e-15 1 0.00

5 5 8 5 LU 1.92e-15 1.47e-15 1 0.00

5 3 6 6 LU 4.54e-16 1.50e-16 1 0.00

5 3 8 6 LU 4.19e-16 1.11e-16 1 0.00

5 5 6 6 LU 3.24e-14 4.31e-14 1 0.00

5 5 8 6 LU 2.69e-15 9.71e-16 1 0.01

6 3 6 5 LU 2.51e-01 9.69e-01 1 0.00

6 3 8 5 LU 4.67e-01 1.50e+00 1 0.00

6 5 6 5 LU 1.02e-15 1.48e-15 1 0.00

6 5 8 5 LU 5.11e-16 5.00e-16 1 0.00

6 3 6 6 LU 3.64e-01 1.34e+00 1 0.00

6 3 8 6 LU 9.09e-01 7.50e-01 1 0.00

6 5 6 6 LU 7.06e-15 9.98e-15 1 0.00

6 5 8 6 LU 6.17e-16 3.05e-16 1 0.01

� 49: 3D Poisson in a cylinder with Neumann B.C. (2) and LU Method
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eq N M H method res max err max iter cpu t

7 3 6 5 LU 5.21e-16 6.11e-16 1 0.00

7 3 8 5 LU 2.88e-16 1.55e-15 1 0.00

7 5 6 5 LU 1.82e-15 3.17e-15 1 0.00

7 5 8 5 LU 2.27e-15 5.44e-15 1 0.01

7 3 6 6 LU 7.05e-16 8.88e-16 1 0.00

7 3 8 6 LU 5.32e-16 1.11e-15 1 0.00

7 5 6 6 LU 1.82e-14 2.08e-14 1 0.00

7 5 8 6 LU 1.92e-15 3.22e-15 1 0.01

8 3 6 5 LU 4.18e-16 1.11e-15 1 0.00

8 3 8 5 LU 4.76e-16 1.67e-15 1 0.00

8 5 6 5 LU 1.57e-15 2.66e-15 1 0.00

8 5 8 5 LU 1.48e-15 4.88e-15 1 0.00

8 3 6 6 LU 3.54e-16 1.33e-15 1 0.00

8 3 8 6 LU 5.84e-16 1.11e-15 1 0.00

8 5 6 6 LU 7.31e-15 8.35e-15 1 0.00

8 5 8 6 LU 1.48e-15 3.00e-15 1 0.01

� 50: 3D Poisson in a cylinder with Neumann B.C. (3) and LU
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eq N M H method res max err max iter cpu t

6 3 6 5 BCR 2.33e+03 2.80e+03 1000 0.27

6 3 8 5 BCR 2.95e+02 2.71e+02 1000 0.47

6 5 6 5 BCR 6.83e-15 5.29e-15 78 0.05

6 5 8 5 BCR 4.58e-15 1.32e-15 61 0.07

6 3 6 6 BCR 1.09e+03 9.30e+02 1000 0.35

6 3 8 6 BCR 1.16e+00 3.74e-01 1000 0.64

6 5 6 6 BCR 2.13e-14 1.53e-14 68 0.05

6 5 8 6 BCR 4.52e-13 1.14e-13 150 0.22

7 3 6 5 BCR 1.76e-14 8.49e-15 41 0.01

7 3 8 5 BCR 6.52e-15 2.89e-15 43 0.02

7 5 6 5 BCR 1.99e-14 5.65e-15 53 0.03

7 5 8 5 BCR 8.64e-15 8.55e-15 56 0.06

7 3 6 6 BCR 2.16e-14 9.10e-15 45 0.02

7 3 8 6 BCR 7.20e-15 2.09e-15 48 0.03

7 5 6 6 BCR 2.37e-14 7.22e-15 58 0.05

7 5 8 6 BCR 1.45e-14 7.77e-15 59 0.09

8 3 6 5 BCR 1.55e-14 1.27e-14 40 0.01

8 3 8 5 BCR 1.04e-14 1.34e-14 42 0.02

8 5 6 5 BCR 1.32e-14 4.76e-15 55 0.04

8 5 8 5 BCR 1.90e-14 1.03e-14 54 0.06

8 3 6 6 BCR 5.51e-15 2.07e-15 47 0.02

8 3 8 6 BCR 6.58e-15 2.78e-15 47 0.03

8 5 6 6 BCR 1.73e-14 4.11e-15 58 0.05

8 5 8 6 BCR 1.31e-14 6.00e-15 58 0.09

� 51: 3D Poisson in a cylinder with Neumann B.C. and BCR Method
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4 ���HHHgggFFF°°°���TTTààà(ÞÞÞ) aaaPPP®®®

î×aGEè �5]�P®D¡�¬ÎEb` 8µ(time

dependence)Ý»�®D¡�Ía��ÞE` 8µÝ]�P®D¡�

×îÝwave]�P�utt − c2uxx = 0, − 1 ≤ x ≤ 1





Boundary conditions : u(−1, t) = 0, u(1, t) = 0, ∀t.

Initial conditions : u(x, 0) = f(x), ut(x, 0) = 0, ∀x.

exact solution : ux,t =
F (x− c ∗ t) + F (x + c ∗ t)

2
.

Í� f(x) 
��ÝÐó� 0 < x ≤ 1 ��

F (z) = f(z), if 0 < z ≤ 1.

F (−z) = −F (z), if − 1 ≤ z < 0.

F (z + 2) = F (z), ∀z ∈ (R)

Íg@��EÐó f(x) Ý'�Aì�

———————————————————————————————

if (|x− 0.5| < 0.1) f(x) = sin(π ∗ 5 ∗ (x− 0.4))

else f(x) = 0.0

———————————————————————————————
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�HgF°�b§-5°Ý@����¢��52��HgF°©m�

Á�Ý�ã��0-µ�|�yb§-5°�vÍ0-á�Ý>�´X�

time finite difference spectral collocation

err 1 norm err 1 norm

2.00e-06 1.258423e-04 5.44e-05

3.00e-06 1.256031e-04 5.44e-05

4.00e-06 2.733253e-04 1.09e-04

5.00e-06 2.736458e-04 1.09e-04

6.00e-06 5.823528e-04 1.63e-04

7.00e-06 7.751007e-04 1.63e-04

8.00e-06 1.459450e-03 2.17e-04

9.00e-06 2.323361e-03 2.17e-04

1.00e-05 4.242279e-03 2.72e-04

N = 400 N = 13

� 52: comparison of finite difference and spectral collcation
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5 ���HHHgggFFF°°°���TTTààà(ëëë) &&&aaaPPP®®®

ÍaÞ|�HgF°Tàyb` 8µÝ×î�Þî�ë

îBurgers]�P�3�!�L½XÿÕÝ���ãyBurgers]�P

bÑ@��X|�Õ�Ñ@�Ý�n��õ�«�f´�Õ�0

-�Burgers]�PÎ×ÍnyConvection-DiffusionËï®à�ìt��

Ý&aP�5]�P��3�Õø�æ.�b[�ã@2�§hËï®à

Ý¿ÉPÎ×Í¥��´æpÝ®Þ�vt¥�ÝÎÍ�Navier-Stokes]

�PÌbv«P(Analogy)�Æ@~ïðà°}]�P�
?�×ÍóÂ

]°ÎÍ�|TàyNavier-Stokes]�P�?��2ãà#�°ÝLU5

�°��GMRes(Generalized minimal residual method)[11]��]°�
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5.1 1D Burgers equation

¸àLU5�°�GMRes��°[11]�×îÝBurgers]�P�

×îBurgers]�P�ut + u(ux)− (uxx)

Re
= 0, − 1 ≤ x ≤ 1.

Ñ@��u(x, t) =
1.0

1.0 + exp(
Re ∗ (2.0 ∗ x− t)

4.0
)

,

Re 
èÙó�

'�ÃÍ¢ó�

N : x ]'Ý�ã�

iter sum : aP��góÀõ

nl sum : &aP��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�53��58�áÍresidual�"µ�|¾Õ¼�Ý�O�¬0-«

{f�§Poisson`��T�Î` 4^bÕÝ�ãÝ���ãyÎ×î

Ý®Þ�X|cpu` 
0�¬�½Þê�Ó��Ý¦��cpu` ôº@

�¦��ã�55��57á¼�` Ý3K�0-ôº�½���vP¡¸

à5�°T��°�K�|Õ¾8!Ý0-Â�
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time N method res max err max cpu t

1.00e-03 9 LU 6.80e-17 1.52e-10 0.00

9.00e-04 9 LU 6.80e-17 1.38e-10 0.00

8.00e-04 9 LU 6.80e-17 1.24e-10 0.00

7.00e-04 9 LU 6.80e-17 1.10e-10 0.00

6.00e-04 9 LU 6.80e-17 9.50e-11 0.00

5.00e-04 9 LU 6.80e-17 8.00e-11 0.00

4.00e-04 9 LU 6.80e-17 6.46e-11 0.00

3.00e-04 9 LU 6.80e-17 4.90e-11 0.00

2.00e-04 9 LU 6.80e-17 3.30e-11 0.00

1.00e-04 9 LU 6.80e-17 1.67e-11 0.00

iter sum = 33, nl sum = 33.

� 53: 1D Burgers with Re =1.0 and LU Method
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time N method res max err max cpu t

1.00e-03 9 LU 4.99e-17 2.15e-05 0.00

9.00e-04 9 LU 4.99e-17 1.94e-05 0.00

8.00e-04 9 LU 4.99e-17 1.72e-05 0.00

7.00e-04 9 LU 4.99e-17 1.51e-05 0.00

6.00e-04 9 LU 4.99e-17 1.29e-05 0.00

5.00e-04 9 LU 4.99e-17 1.08e-05 0.00

4.00e-04 9 LU 4.99e-17 8.62e-06 0.00

3.00e-04 9 LU 4.99e-17 6.46e-06 0.00

2.00e-04 9 LU 4.99e-17 4.31e-06 0.00

1.00e-04 9 LU 4.99e-17 2.16e-06 0.00

iter sum = 40, nl sum = 40.

� 54: 1D Burgers with Re =10.0 and LU Method
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time N method res max err max cpu t

1.00e-03 9 LU 3.51e-17 1.84e-03 0.00

1.00e-04 9 LU 7.02e-17 1.84e-04 0.00

1.00e-05 9 LU 1.67e-23 1.84e-05 0.00

1.00e-06 9 LU 8.60e-17 1.84e-06 0.00

1.00e-07 9 LU 4.97e-17 1.84e-07 0.00

1.00e-08 9 LU 6.08e-17 1.84e-08 0.00

1.00e-09 9 LU 6.08e-17 1.84e-09 0.00

1.00e-10 9 LU 7.85e-17 1.84e-10 0.00

� 55: 1D Burgers with Re =100 and LU Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 5.61e-20 1.52e-10 0.00

9.00e-04 9 GMRes 5.61e-20 1.38e-10 0.00

8.00e-04 9 GMRes 5.61e-20 1.24e-10 0.00

7.00e-04 9 GMRes 5.61e-20 1.10e-10 0.00

6.00e-04 9 GMRes 5.61e-20 9.50e-11 0.00

5.00e-04 9 GMRes 5.61e-20 8.00e-11 0.00

4.00e-04 9 GMRes 5.61e-20 6.46e-11 0.00

3.00e-04 9 GMRes 5.61e-20 4.90e-11 0.00

2.00e-04 9 GMRes 5.61e-20 3.30e-11 0.00

1.00e-04 9 GMRes 5.61e-20 1.67e-11 0.00

iter sum = 104, nl sum = 36.

� 56: 1D Burgers with Re =1.0 and GMRes Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 3.51e-17 2.15e-05 0.00

9.00e-04 9 GMRes 3.51e-17 1.94e-05 0.00

8.00e-04 9 GMRes 3.51e-17 1.72e-05 0.00

7.00e-04 9 GMRes 3.51e-17 1.51e-05 0.00

6.00e-04 9 GMRes 3.51e-17 1.29e-05 0.00

5.00e-04 9 GMRes 3.51e-17 1.08e-05 0.00

4.00e-04 9 GMRes 3.51e-17 8.62e-06 0.00

3.00e-04 9 GMRes 3.51e-17 6.46e-06 0.00

2.00e-04 9 GMRes 3.51e-17 4.31e-06 0.00

1.00e-04 9 GMRes 3.51e-17 2.16e-06 0.00

iter sum = 100, nl sum = 40.

� 57: 1D Burgers with Re =10.0 and GMRes Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 5.61e-20 1.84e-03 0.00

1.00e-04 9 GMRes 3.51e-17 1.84e-04 0.00

1.00e-05 9 GMRes 1.67e-23 1.84e-05 0.00

1.00e-06 9 GMRes 3.51e-17 1.84e-06 0.00

1.00e-07 9 GMRes 3.92e-25 1.84e-07 0.00

1.00e-08 9 GMRes 9.54e-20 1.84e-08 0.00

1.00e-09 9 GMRes 8.59e-21 1.84e-09 0.00

1.00e-10 9 GMRes 5.74e-24 1.84e-10 0.00

� 58: 1D Burgers with Re =100 and GMRes Method
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5.2 2D Burgers equation in a square

¸àLU5�°�GMRes��°[11]�ÞîÝBurgers]�P�

ÞîBurgers]�P�ut + u(ux + uy)− (uxx + uyy)

Re
= 0,

−1 ≤ x ≤ 1, − 1 ≤ y ≤ 1.

Ñ@��u(x, y, t) =
1.0

1.0 + exp(
Re ∗ (2.0 ∗ x + 2.0 ∗ y − 2.0 ∗ t)

4.0
)

,

Re 
èÙó�

'�ÃÍ¢ó�

N : x ]'� y ]'Ý�ã�

iter sum : aP��góÀõ

nl sum : &aP��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�59��64�áÍresidual�"µ�|¾Õ¼�Ý�O�¬0-«

{f�§Poisson`��T�Î` 4^bÕÝ�ãÝ���ã�61�
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time N method res max err max cpu t

1.00e-03 9 LU 8.83e-13 1.00e-09 0.00

9.00e-04 9 LU 8.83e-13 9.02e-10 0.00

8.00e-04 9 LU 8.83e-13 8.01e-10 0.00

7.00e-04 9 LU 8.83e-13 7.00e-10 0.00

6.00e-04 9 LU 8.83e-13 5.99e-10 0.00

5.00e-04 9 LU 8.83e-13 4.99e-10 0.00

4.00e-04 9 LU 8.83e-13 4.01e-10 0.00

3.00e-04 9 LU 8.83e-13 3.05e-10 0.00

2.00e-04 9 LU 8.83e-13 2.08e-10 0.00

1.00e-04 9 LU 8.83e-13 1.06e-10 0.00

iter sum = 40, nl sum = 40.

� 59: 2D Burgers in a square with Re =1.0 and LU Method
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time N method res max err max cpu t

1.00e-03 9 LU 9.82e-13 4.45e-05 0.00

9.00e-04 9 LU 9.82e-13 4.01e-05 0.00

8.00e-04 9 LU 9.82e-13 3.57e-05 0.00

7.00e-04 9 LU 9.82e-13 3.12e-05 0.00

6.00e-04 9 LU 9.82e-13 2.68e-05 0.00

5.00e-04 9 LU 9.82e-13 2.23e-05 0.00

4.00e-04 9 LU 9.82e-13 1.79e-05 0.00

3.00e-04 9 LU 9.82e-13 1.34e-05 0.00

2.00e-04 9 LU 9.82e-13 8.96e-06 0.00

1.00e-04 9 LU 9.82e-13 4.48e-06 0.00

iter sum = 50, nl sum = 50.

� 60: 2D Burgers in a square with Re =10.0 and LU Method
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time N method res max err max cpu t

1.00e-03 9 LU 1.23e-12 1.05e-02 0.00

1.00e-04 9 LU 7.87e-12 1.05e-03 0.00

1.00e-05 9 LU 6.74e-11 1.05e-04 0.00

1.00e-06 9 LU 1.01e-09 1.05e-05 0.00

1.00e-07 9 LU 7.30e-09 1.05e-06 0.00

1.00e-08 9 LU 6.31e-08 1.05e-07 0.00

1.00e-09 9 LU 9.34e-07 1.05e-08 0.00

1.00e-10 9 LU 7.40e-06 1.05e-09 0.00

� 61: 2D Burgers in a square with Re =100 and LU Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 3.69e-13 1.00e-09 0.00

9.00e-04 9 GMRes 3.69e-13 9.02e-10 0.00

8.00e-04 9 GMRes 3.69e-13 8.01e-10 0.00

7.00e-04 9 GMRes 3.69e-13 7.00e-10 0.00

6.00e-04 9 GMRes 3.69e-13 5.99e-10 0.00

5.00e-04 9 GMRes 3.69e-13 4.99e-10 0.00

4.00e-04 9 GMRes 3.69e-13 4.01e-10 0.00

3.00e-04 9 GMRes 3.69e-13 3.05e-10 0.00

2.00e-04 9 GMRes 3.69e-13 2.08e-10 0.00

1.00e-04 9 GMRes 3.69e-13 1.06e-10 0.00

iter sum = 130, nl sum = 40.

� 62: 2D Burgers in a square with Re =1.0 and GMRes Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 4.27e-13 4.45e-05 0.00

9.00e-04 9 GMRes 4.27e-13 4.01e-05 0.00

8.00e-04 9 GMRes 4.27e-13 3.57e-05 0.00

7.00e-04 9 GMRes 4.27e-13 3.12e-05 0.00

6.00e-04 9 GMRes 4.27e-13 2.68e-05 0.00

5.00e-04 9 GMRes 4.27e-13 2.23e-05 0.00

4.00e-04 9 GMRes 4.27e-13 1.79e-05 0.00

3.00e-04 9 GMRes 4.27e-13 1.34e-05 0.00

2.00e-04 9 GMRes 4.27e-13 8.96e-06 0.00

1.00e-04 9 GMRes 4.27e-13 4.48e-06 0.00

iter sum = 140, nl sum = 50.

� 63: 2D Burgers in a square with Re =10.0 and GMRes Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 5.75e-13 1.05e-02 0.00

1.00e-04 9 GMRes 3.25e-12 1.05e-03 0.00

1.00e-05 9 GMRes 2.73e-11 1.05e-04 0.00

1.00e-06 9 GMRes 3.73e-10 1.05e-05 0.00

1.00e-07 9 GMRes 2.58e-09 1.05e-06 0.00

1.00e-08 9 GMRes 2.80e-08 1.05e-07 0.00

1.00e-09 9 GMRes 6.61e-07 1.05e-08 0.00

1.00e-10 9 GMRes 3.58e-06 1.05e-09 0.00

� 64: 2D Burgers in a square with Re =100 and GMRes Method
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5.3 2D Burgers equation in a circle

¸àLU5�°�GMRes��°[11]�ÞîÝBurgers]�P�

ÞîBurgers]�P�ut + u(ur)− 1

Re
(urr + r−1ur + r−2uθθ) = 0,

0 < r ≤ 1, 0 < θ ≤ 2π.

Ñ@��u(r, θ, t) =
1.0

1.0 + exp(
Re ∗ (2.0 ∗ x + 2.0 ∗ y − 2.0 ∗ t)

4.0
)

,

Re 
èÙó�

'�ÃÍ¢ó�

N : r ]'Ý�ã��ã�ó

M : θ ]'Ý�ã��ã�ó

iter sum : aP��góÀõ

nl sum : &aP��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 
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time N M method res max err max cpu t

1.00e-03 9 8 LU 5.28e-13 2.52e-04 0.00

9.00e-04 9 8 LU 5.28e-13 2.27e-04 0.00

8.00e-04 9 8 LU 5.28e-13 2.01e-04 0.00

7.00e-04 9 8 LU 5.28e-13 1.76e-04 0.00

6.00e-04 9 8 LU 5.28e-13 1.51e-04 0.00

5.00e-04 9 8 LU 5.28e-13 1.26e-04 0.00

4.00e-04 9 8 LU 5.28e-13 1.01e-04 0.00

3.00e-04 9 8 LU 5.28e-13 7.54e-05 0.00

2.00e-04 9 8 LU 5.28e-13 5.02e-05 0.00

1.00e-04 9 8 LU 5.28e-13 2.51e-05 0.00

iter sum = 40, nl sum = 40.

� 65: 2D Burgers in a circle with Re =1.0 and LU Method
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time N M method res max err max cpu t

1.00e-03 9 8 LU 8.29e-13 2.25e-03 0.00

9.00e-04 9 8 LU 8.29e-13 2.02e-03 0.00

8.00e-04 9 8 LU 8.29e-13 1.80e-03 0.00

7.00e-04 9 8 LU 8.29e-13 1.57e-03 0.00

6.00e-04 9 8 LU 8.29e-13 1.35e-03 0.00

5.00e-04 9 8 LU 8.29e-13 1.13e-03 0.00

4.00e-04 9 8 LU 8.29e-13 9.01e-04 0.00

3.00e-04 9 8 LU 8.29e-13 6.76e-04 0.00

2.00e-04 9 8 LU 8.29e-13 4.50e-04 0.00

1.00e-04 9 8 LU 8.29e-13 2.25e-04 0.00

iter sum = 40, nl sum = 40.

� 66: 2D Burgers in a circle with Re =10.0 and LU Method
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time N M method res max err max cpu t

1.00e-03 19 14 LU 1.30e-12 1.48e-02 0.04

1.00e-04 19 14 LU 1.09e-11 1.48e-03 0.04

1.00e-05 19 14 LU 1.00e-10 1.48e-04 0.04

1.00e-06 19 14 LU 1.34e-09 1.48e-05 0.04

1.00e-07 19 14 LU 1.13e-08 1.48e-06 0.04

1.00e-08 19 14 LU 7.89e-08 1.48e-07 0.04

1.00e-09 19 14 LU 1.11e-06 1.48e-08 0.04

1.00e-10 19 14 LU 9.53e-06 1.48e-09 0.04

� 67: 2D Burgers in a circle with Re =100 and LU Method
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time N M method res max err max cpu t

1.00e-03 9 8 GMRes 3.67e-13 2.52e-04 0.00

9.00e-04 9 8 GMRes 3.67e-13 2.27e-04 0.00

8.00e-04 9 8 GMRes 3.67e-13 2.01e-04 0.00

7.00e-04 9 8 GMRes 3.67e-13 1.76e-04 0.00

6.00e-04 9 8 GMRes 3.67e-13 1.51e-04 0.00

5.00e-04 9 8 GMRes 3.67e-13 1.26e-04 0.00

4.00e-04 9 8 GMRes 3.67e-13 1.01e-04 0.00

3.00e-04 9 8 GMRes 3.67e-13 7.54e-05 0.00

2.00e-04 9 8 GMRes 3.67e-13 5.02e-05 0.00

1.00e-04 9 8 GMRes 3.67e-13 2.51e-05 0.00

iter sum = 129, nl sum = 40.

� 68: 2D Burgers in a circle with Re =1.0 and GMRes Method
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time N M method res max err max cpu t

1.00e-03 9 8 GMRes 4.00e-13 2.25e-03 0.00

9.00e-04 9 8 GMRes 4.00e-13 2.02e-03 0.00

8.00e-04 9 8 GMRes 4.00e-13 1.80e-03 0.00

7.00e-04 9 8 GMRes 4.00e-13 1.57e-03 0.00

6.00e-04 9 8 GMRes 4.00e-13 1.35e-03 0.00

5.00e-04 9 8 GMRes 4.00e-13 1.13e-03 0.00

4.00e-04 9 8 GMRes 4.00e-13 9.01e-04 0.00

3.00e-04 9 8 GMRes 4.00e-13 6.76e-04 0.00

2.00e-04 9 8 GMRes 4.00e-13 4.50e-04 0.00

1.00e-04 9 8 GMRes 4.00e-13 2.25e-04 0.00

iter sum = 110, nl sum = 40.

� 69: 2D Burgers in a circle with Re =10.0 and GMRes Method

106



time N M method res max err max cpu t

1.00e-03 19 14 GMRes 5.54e-13 1.48e-02 0.04

1.00e-04 19 14 GMRes 2.13e-12 1.48e-03 0.04

1.00e-05 19 14 GMRes 3.27e-11 1.48e-04 0.04

1.00e-06 19 14 GMRes 5.04e-10 1.48e-05 0.04

1.00e-07 19 14 GMRes 2.82e-09 1.48e-06 0.04

1.00e-08 19 14 GMRes 3.34e-08 1.48e-07 0.04

1.00e-09 19 14 GMRes 7.03e-07 1.48e-08 0.04

1.00e-10 19 14 GMRes 2.34e-06 1.48e-09 0.04

� 70: 2D Burgers in a circle with Re =100 and GMRes Method
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5.4 3D Burgers equation in a cube

¸àLU5�°�GMRes��°[11]�ëîÝBurgers]�P�

ëîBurgers]�P�ut + u(ux + uy + uz)− uxx + uyy + uzz

Re
= 0,

−1 ≤ x ≤ 1, − 1 ≤ y ≤ 1, − 1 ≤ z ≤ 1.

Ñ@��

u(x, y, z, t) =
1.0

1.0 + exp(
Re ∗ (2.0 ∗ x + 2.0 ∗ y + 2.0 ∗ z − 3.0 ∗ t)

4.0
)

,

Re 
èÙó�

'�ÃÍ¢ó�

N : x ]'� y ]'� z ]'Ý�ã�

iter sum : aP��góÀõ

nl sum : &aP��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 

ã�71��76�áÍresidual�"µ�|¾Õ¼�Ý�O�¬0-«
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time N method res max err max cpu t

1.00e-03 9 LU 7.47e-13 5.35e-05 3.62

9.00e-04 9 LU 7.47e-13 4.82e-05 3.62

8.00e-04 9 LU 7.47e-13 4.28e-05 3.62

7.00e-04 9 LU 7.47e-13 3.74e-05 3.62

6.00e-04 9 LU 7.47e-13 3.24e-05 3.62

5.00e-04 9 LU 7.47e-13 2.72e-05 3.62

4.00e-04 9 LU 7.47e-13 2.20e-05 3.62

3.00e-04 9 LU 7.47e-13 1.67e-05 3.62

2.00e-04 9 LU 7.47e-13 1.12e-05 3.62

1.00e-04 9 LU 7.47e-13 5.66e-06 3.62

iter sum = 40, nl sum = 40.

� 71: 3D Burgers in a cube with Re =1.0 and LU Method
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time N method res max err max cpu t

1.00e-03 9 LU 1.11e-12 1.47e-03 3.81

9.00e-04 9 LU 1.11e-12 1.33e-03 3.81

8.00e-04 9 LU 1.11e-12 1.18e-03 3.81

7.00e-04 9 LU 1.11e-12 1.03e-03 3.81

6.00e-04 9 LU 1.11e-12 8.85e-04 3.81

5.00e-04 9 LU 1.11e-12 7.37e-04 3.81

4.00e-04 9 LU 1.11e-12 5.90e-04 3.81

3.00e-04 9 LU 1.11e-12 4.42e-04 3.81

2.00e-04 9 LU 1.11e-12 2.95e-04 3.81

1.00e-04 9 LU 1.11e-12 1.47e-04 3.81

iter sum = 40, nl sum = 40.

� 72: 3D Burgers in a cube with Re =10.0 and LU Method
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time N method res max err max cpu t

1.00e-03 9 LU 1.27e-12 1.78e-02 3.52

1.00e-04 9 LU 9.89e-12 1.78e-03 3.51

1.00e-05 9 LU 7.94e-11 1.78e-04 3.52

1.00e-06 9 LU 1.22e-09 1.78e-05 3.51

1.00e-07 9 LU 8.57e-09 1.78e-06 3.52

1.00e-08 9 LU 7.69e-08 1.78e-07 3.51

1.00e-09 9 LU 8.09e-07 1.78e-08 3.51

1.00e-10 9 LU 9.18e-06 1.78e-09 3.52

� 73: 3D Burgers in a cube with Re =100 and LU Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 3.15e-13 5.35e-05 0.15

9.00e-04 9 GMRes 3.15e-13 4.82e-05 0.15

8.00e-04 9 GMRes 3.15e-13 4.28e-05 0.15

7.00e-04 9 GMRes 3.15e-13 3.74e-05 0.15

6.00e-04 9 GMRes 3.15e-13 3.24e-05 0.15

5.00e-04 9 GMRes 3.15e-13 2.72e-05 0.15

4.00e-04 9 GMRes 3.15e-13 2.20e-05 0.15

3.00e-04 9 GMRes 3.15e-13 1.67e-05 0.15

2.00e-04 9 GMRes 3.15e-13 1.12e-05 0.15

1.00e-04 9 GMRes 3.15e-13 5.66e-06 0.15

iter sum = 130, nl sum = 40.

� 74: 3D Burgers in a cube with Re =1.0 and GMRes Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 3.92e-13 1.47e-03 0.14

9.00e-04 9 GMRes 3.92e-13 1.33e-03 0.14

8.00e-04 9 GMRes 3.92e-13 1.18e-03 0.14

7.00e-04 9 GMRes 3.92e-13 1.03e-03 0.14

6.00e-04 9 GMRes 3.92e-13 8.85e-04 0.14

5.00e-04 9 GMRes 3.92e-13 7.37e-04 0.14

4.00e-04 9 GMRes 3.92e-13 5.90e-04 0.14

3.00e-04 9 GMRes 3.92e-13 4.42e-04 0.14

2.00e-04 9 GMRes 3.92e-13 2.95e-04 0.14

1.00e-04 9 GMRes 3.92e-13 1.47e-04 0.14

iter sum = 130, nl sum = 40.

� 75: 3D Burgers in a cube with Re =10.0 and GMRes Method
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time N method res max err max cpu t

1.00e-03 9 GMRes 4.30e-13 1.78e-02 0.12

1.00e-04 9 GMRes 3.14e-12 1.78e-03 0.12

1.00e-05 9 GMRes 2.91e-11 1.78e-04 0.12

1.00e-06 9 GMRes 4.33e-10 1.78e-05 0.12

1.00e-07 9 GMRes 2.64e-09 1.78e-06 0.12

1.00e-08 9 GMRes 2.72e-08 1.78e-07 0.11

1.00e-09 9 GMRes 4.14e-07 1.78e-08 0.12

1.00e-10 9 GMRes 2.51e-06 1.78e-09 0.11

� 76: 3D Burgers in a cube with Re =100 and GMRes Method
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5.5 3D Burgers equation in a cylinder

¸àLU5�°�GMRes��°[11]�ëîÝBurgers]�P�

ëîBurgers]�P�ut + u(ur + uz)− 1

Re
(urr + r−1ur + r−2uθθ + uzz) = 0

0 < r ≤ 1, 0 < θ ≤ 2π, − 1 ≤ z ≤ 1.

Ñ@��

u(r, θ, z, t) =
1.0

1.0 + exp(
Re ∗ (2.0 ∗ x + 2.0 ∗ y + 2.0 ∗ z − 3.0 ∗ t)

4.0
)

Re 
èÙó�

'�ÃÍ¢ó�

N : r ]'Ý�ã��ã�ó

M : θ ]'Ý�ã��ã�ó

H : z ]'Ý�ã�

iter : ��góÀõ

res max : t� residual norm

err max : t�0-

cpu time : ?�X�Ý�I` 
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time N M H method res max err max cpu t

1.00e-03 9 8 9 LU 6.85e-13 2.54e-04 0.19

9.00e-04 9 8 9 LU 6.85e-13 2.28e-04 0.19

8.00e-04 9 8 9 LU 6.85e-13 2.03e-04 0.19

7.00e-04 9 8 9 LU 6.85e-13 1.77e-04 0.19

6.00e-04 9 8 9 LU 6.85e-13 1.52e-04 0.19

5.00e-04 9 8 9 LU 6.85e-13 1.27e-04 0.19

4.00e-04 9 8 9 LU 6.85e-13 1.01e-04 0.19

3.00e-04 9 8 9 LU 6.85e-13 7.59e-05 0.19

2.00e-04 9 8 9 LU 6.85e-13 5.06e-05 0.19

1.00e-04 9 8 9 LU 6.85e-13 2.53e-05 0.19

iter sum = 40, nl sum = 40.

� 77: 3D Burgers in a cylinder with Re =1.0 and LU Method
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time N M H method res max err max cpu t

1.00e-03 9 8 9 LU 9.54e-13 2.59e-03 0.19

9.00e-04 9 8 9 LU 9.54e-13 2.34e-03 0.19

8.00e-04 9 8 9 LU 9.54e-13 2.08e-03 0.19

7.00e-04 9 8 9 LU 9.54e-13 1.82e-03 0.19

6.00e-04 9 8 9 LU 9.54e-13 1.56e-03 0.19

5.00e-04 9 8 9 LU 9.54e-13 1.30e-03 0.19

4.00e-04 9 8 9 LU 9.54e-13 1.04e-03 0.19

3.00e-04 9 8 9 LU 9.54e-13 7.83e-04 0.19

2.00e-04 9 8 9 LU 9.54e-13 5.23e-04 0.19

1.00e-04 9 8 9 LU 9.54e-13 2.62e-04 0.19

iter sum = 50, nl sum = 50.

� 78: 3D Burgers in a cylinder with Re =10.0 and LU Method
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time N M H method res max err max cpu t

1.00e-03 19 14 3 LU 1.10e-12 2.05e-02 0.61

1.00e-04 19 14 3 LU 9.63e-12 2.07e-03 0.61

1.00e-05 19 14 3 LU 6.19e-11 2.07e-04 0.61

1.00e-06 19 14 3 LU 1.01e-09 2.07e-05 0.61

1.00e-07 19 14 3 LU 8.81e-09 2.07e-06 0.62

1.00e-08 19 14 3 LU 6.56e-08 2.07e-07 0.61

1.00e-09 19 14 3 LU 1.10e-06 2.07e-08 0.62

1.00e-10 19 14 3 LU 8.70e-06 2.07e-09 0.61

� 79: 3D Burgers in a cylinder with Re =100 and LU Method
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time N M H method res max err max cpu t

1.00e-03 9 8 9 GMRes 3.50e-13 2.54e-04 0.02

9.00e-04 9 8 9 GMRes 3.50e-13 2.28e-04 0.02

8.00e-04 9 8 9 GMRes 3.50e-13 2.03e-04 0.02

7.00e-04 9 8 9 GMRes 3.50e-13 1.77e-04 0.02

6.00e-04 9 8 9 GMRes 3.50e-13 1.52e-04 0.02

5.00e-04 9 8 9 GMRes 3.50e-13 1.27e-04 0.02

4.00e-04 9 8 9 GMRes 3.50e-13 1.01e-04 0.02

3.00e-04 9 8 9 GMRes 3.50e-13 7.59e-05 0.02

2.00e-04 9 8 9 GMRes 3.50e-13 5.06e-05 0.02

1.00e-04 9 8 9 GMRes 3.50e-13 2.53e-05 0.02

iter sum = 150, nl sum = 40.

� 80: 3D Burgers in a cylinder with Re =1.0 and GMRes Method
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time N M H method res max err max cpu t

1.00e-03 9 8 9 GMRes 4.32e-13 2.59e-03 0.02

9.00e-04 9 8 9 GMRes 4.32e-13 2.34e-03 0.02

8.00e-04 9 8 9 GMRes 4.32e-13 2.08e-03 0.02

7.00e-04 9 8 9 GMRes 4.32e-13 1.82e-03 0.02

6.00e-04 9 8 9 GMRes 4.32e-13 1.56e-03 0.02

5.00e-04 9 8 9 GMRes 4.32e-13 1.30e-03 0.02

4.00e-04 9 8 9 GMRes 4.32e-13 1.04e-03 0.02

3.00e-04 9 8 9 GMRes 4.32e-13 7.83e-04 0.02

2.00e-04 9 8 9 GMRes 4.32e-13 5.23e-04 0.02

1.00e-04 9 8 9 GMRes 4.32e-13 2.62e-04 0.02

iter sum = 140, nl sum = 40.

� 81: 3D Burgers in a cylinder with Re =10.0 and GMRes Method
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time N M H method res max err max cpu t

1.00e-03 19 14 3 GMRes 3.99e-13 2.05e-02 0.04

1.00e-04 19 14 3 GMRes 3.53e-12 2.07e-03 0.04

1.00e-05 19 14 3 GMRes 2.87e-11 2.07e-04 0.04

1.00e-06 19 14 3 GMRes 3.52e-10 2.07e-05 0.04

1.00e-07 19 14 3 GMRes 2.95e-09 2.07e-06 0.04

1.00e-08 19 14 3 GMRes 2.08e-08 2.07e-07 0.04

1.00e-09 19 14 3 GMRes 4.11e-07 2.07e-08 0.04

1.00e-10 19 14 3 GMRes 2.58e-06 2.07e-09 0.04

� 82: 3D Burgers in a cylinder with Re =100 and GMRes Method
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Í¡ZÎ2à�HgF°¼�«O���5]�P�ãGËa�|á

¼�P¡Î��Â®ÞT\&f�®Þ��HgF°Eè �54Ý�§

�|ÿÕ&ð?Ý���HgF°Ý?�µÎ�Í0-Ó¨¼ó�PÝL

3�ÆÌb|´�Ý�ã�-�¾Õm�ÝÞ@��v�H°Î2àÑø

Ã9ÝÐó"�ÝJ��«°�Eè �54Ý�§�ÿ&ð?Ý��Æ

�ºb8>�Ý0-�

ny�HgF°ÝTà�bì�¿F1��

1. Í¡ZD¡Ý�L½G§y [−1, 1] ��|¿àÊ	Ý2ý»ðÐ

ó(mapping function)Þ�TàÝÍ�Ý�L½�

2. Í¡��§` 4Î2àFTCS Method��¿àCrank-Nicolson]°

¦�ã@��

3. Í¡Z�Î¿àÕ">mñf»ð(Fast Fouier transform)�u��á

h°�T��"�Õ>��

4. Í¡Z��á¼�HgF°Ý8T�Î¼�Þ�Tà3?9@jÝ®

Þ�
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