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2.1 Lambert W -µ¶·̧¹º
Lambert W -
��;

f(W ) = WeW , W ∈ C

�»���=�FWz�¼�x�!">?
W (x)eW (x) = x, W, x ∈ C. (2.1)

½¾¿À�©;�
(2.1)<Á�	�x�$Lambert W -
��©Â»3�

W (x)�±��
(2.1)ÃÄ!>W (x) = xe−W (x)�Å�XÆÇÈ���=

W (x) = xe−xe−xe
...

,

É
W (x)
!$Ê�ËÌh

W (x) =
∞

∑

n=1

(−1)n−1nn−2

(n− 1)!
xn = x− x2 +

3

2
x3 −

8

3
x4 +

125

24
x5 − · · · ,

-<|x| < 1

e

�F*�}~�XYÍ�ÎW,xx
Ï����x®̄ÐÑÒÓÔ��
W (x)ÕÖ×�T"°W (x)
;�Ø	T
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§�ÙÚ
W (x)���}~!"ÛÜQÝ�

1.
|
x ≥ 0
:

x = −e−1
b�

W (x)
z	�±�

2. x
�

(−e−1, 0)�Þßà�W (x)
Özá�±�

3. x < −e−1�*bW (x)�±ÉP×��

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

x

W

−e−1 

â
2.1: W,xãäåæW (x)
âç

2.2èéêë¶·̧¹º
�Fìí��LQ!">?

eQ = In +Q+
Q2

2!
+
Q3

3!
+ · · · =

∞
∑

n=0

Qn

n!
,

"Ù�îïðKLIñ��òó¢ôõ
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2.1
KLIñ�ÐÑ"Ù¢ôõ

1. eO = In
�-<O
öKL�

2. Q · eQ = eQ ·Q
�-<Q
ìí�L�

3.
R÷�L

M,N
;!ø½

(commutative)
�=

MN = NM
�É!>?

eM+N = eM · eN�
4.
�Fìí�L

Q
�
eQ
;!ù�ú

(eQ)−1 = e−Q.

2.3ûüýþÿ�¹�����
��	����

ẋ(t) = f(t, xt), t ≥ t0 (2.2)

xt0(τ) = φ(t+ τ), ∀τ ∈ (−T, 0] (2.3)

-<xt(τ), t ≥ t0
ËÌEp

x(·)
;��	

[t− T, t]
Ã?[−T, 0]
�	��©;À�

xt(τ) = x(t + τ), ∀τ ∈ [−T, 0]�φ ∈ Cn,T = C ([−T, 0], Rn)
;���

�
[−T, 0]
�	�
?

Rn�	�����H��W�h�Banach�	�
	�z���������	Cn,T<���φ�Þ��

|φ‖∗ = sup

τ∈[−T,0]

‖φ(τ)‖∗

	��$Lyapunov���%����;����záóP����õ	ó;bc����g;��hyb	�{�� !"
xt : [−TN , 0] → R

n
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�#

Lyapunov-Kransoskii
���$	óÉ;"Lyapunov
���%$	ó&'����(�-)�P_̀��Äzbc�Lyapunov
���#


Lyapunov-Razunmikhin
���Î�bc������*z���!��

Kharitonov��V[3]
�+,

x(t) = ψ(t, φ)
;

(2.2)�)�§�Ù-�î�������¢�
������

2.1
Î

ψ(t0, φ) = xe
�.ú�FWz�t > t0
%>

ψ(t, φ) = xe,

É
xe

#

(2.2)�/0�g(equilibrium state)�
������

2.2
Î�Fìí

t0 > 0�ε > 0
�×�	

δ(t0, ε) > 0
%>

max
t0≤t<∞

‖x(t)‖ ≤ ε
-<‖φ‖∗ ≤ δ

É/0�g
xe = 0
#
¬­��

(simply stable)
:;

Lyapunov
���

������
2.3
Î�Fìí

ε > 0
�×�	

δ = δ(ε) > 0
%>

max
t0≤t<∞

‖x(t)‖ ≤ ε
-<‖φ‖∗ ≤ δ

É/0�g
xe = 0
#
����

(uniformil stable)
�

������
2.4
Î

1.
��;���

2.
WzÐÑ

||φ||∗ ≤ δ�)��ÐÑlim
t→∞

x(t) = 0
�

É#/0�1
xe = 0
;2���

(asymptotically stable)�
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������
2.5
Î

1.
��;���

2.
�Fìí

φ(τ)
�
τ
�

[−T̂ , 0]
�	�Wz�)ÐÑlim

t→∞
x(t) = 0
�

É#/0�1
xe = 0
;342���

(asymptotically stable in the large)�
R÷}~%$

Lyapunov-Kransoskii
���-�{�îïðRÙõ

���îîî
2.2 (Lyapunov-Kransoskii
�î

)
,

f : R+ × Cn,T → Rn
ËÌ5

Cn,T

�
z\67�
?

Rn
�z\67�����"°α, β, γ : R+ → R+

;��¦
89���-<

α(r), β(r), γ(r) > 0 ; r 6= 0

α(0) = 0, β(0) = 0

Î×�	����
V : R× Cn,T → R
%>

α(‖φ(0)‖) ≤ V (t, x) ≤ β(‖φ‖∗), t ∈ R, x ∈ Rn

˙V (t, φ) ≤ −r(‖φ(0)‖)

É
(2.2)
�);�����$+

1.
Î

α(r) → ∞, y → ∞
�É);��z\�

2.
Î

γ(r) > 0 , r > 0
�É)

x = 0
;��2'���

R÷}~%$�;Lyapunov-Razunmikhin
���-�{�îïðRÙõ
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2.3 (Lyapunov-Razunmikhin
�î

)
,

f : R+ × Cn,T → Rn
ËÌ5

Cn,T�z\67�
?
Rn
�z\67�����"°α, β, γ : R+ → R+

;��
¦89���-<

α(r), β(r), γ(r) > 0 ; r 6= 0

α(0) = 0, β(0) = 0

Î×�	����
V : R× Cn,T → R
%>

α(‖x‖) ≤ V (t, x) ≤ β(‖x‖), t ∈ R, x ∈ Rn

˙V (t, φ) ≤ −r(‖x‖)

V (t+ τ, x(t+ τ)) ≤ δ(V (t, x(t)))

É
(2.2)
�);�����$+-<δ(s);�����%>δ(s) > s , s > 0

�
É)

x = 0
;��2'���
�Fbc��

ẋ(t) = Ax(t) +Bx(t− h)

x(σ) = φ(σ) , − h ≤ σ ≤ 0}~��	�3��g��
z(t) = x(t) + Q ∗ x(t)
�-<Q ∗ x(t)
ËÌb	:

;�<=�[�>Lyapunov
��


v(xt, h) = z′Pz

= (x+Q ∗ x)′P (x+Q ∗ x)

= x′Px+ x′PQ ∗ x+Q′x′Px+Q′ ∗ x′Q ∗ x

= x′Px+ x′P

∫ h

0

Q(σ)x(t− σ)dσ +

[∫ h

0

x′(t− σ)Q(σ)dσ

]

Px

+

∫ h

0

∫ h

0

x′(t− η)Q′(η)PQ(σ)x(t− σ)dηdσ

7



-<P;Hermitian
KL�
???îîî

2.1
>	����

v(xt, h) = (x(t) +Q ∗ x(t))′P (x(t) +Q ∗ x(t))

-<n × n
KL

Q(t)
�

[0, h]
�	��j!��P;Hermitian
KL�ú

xt(σ) ≡

x(t+ σ) , σ ∈ [−h, 0]�ÎÐÑ
P (A+Q(0)) + (A+Q(0))′P +R = 0 (2.4)

Q̇ = (A+Q(0))Q(σ) , 0 ≤ σ ≤ h (2.5)

-<Q(h) = B
�
R
;@��É

v̇(xt, h) =
d

dt
v(xt, h) < 0 .

��Ö;2����
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AB

Lambert W -C

3.1èéêLambert W -µ¶�DE
F

2GHÅIJ5Ï�I�Lambert W -
���KÙ%�	G1%��KLI�Lambert W -
��LRS23��M
eQ ·Q = B, ,B,Q ∈Mn×n(R), (3.1)

}~��*�� �)
KLI�Lambert W -
��"

W
ËÌ�=

Q = W(B), (3.2)

@;}~Nd��67
Maple
:

Mathematica
Ô�23�KLI

Lambert

W -
���PÓLRS23*ó���±QT�F	�KL;PR>?	��ËÌ �[.�F	�&SKL�}~T;!"¥?��

W
�
Q�ËÌ��UR

Q,B
x
�VKL�=>

Q = (qi), B = (bi)
�-<i = 1, 2, . . . , n
�É!W>��I

Lambert W -
���� 

eqi · qi = bi,X45
Lambert W -
��%��qi = W (bi)�±;�×������qiYh}~W&�QKL�

9



ZÎ
Q,B
P[
�VKLb�}~�M�«
¬­�2\2KLa]���

Q,B
KL�	�{̂�+,B
�VKL�PÓQ;�!Â
�_VKLT}~+,HQ

Q =

[

q11 q12
0 q22

]

, B =

[

b11 0
0 b22

]

,

Î
q11 6= q22
�È̀

(3.1)
>?





eq11q11 q12(
q11e

q11 − q22e
q22

q11 − q22
)

0 eq22q22



 =

[

b11 0
0 b22

]

,

É��_V�ab!"Nd�Îq12 6= 0
�É

q12(
q11e

q11 − q22e
q22

q11 − q22
) = 0

;P!Âhc��@;|q11 = q22
b�5+,�Q,BKLÈ̀(3.1)
Ö>?

[

eq11q11 eq11 · q12(1 + q11)
0 eq11q11

]

=

[

b11 0
0 b22

]

,

=
q11
®̄wF

−1
:

q12



0
�
eQ · Q
�_VabÕÖwF0��©;À�Î

B

�VKL�PÓCz�

q11 = q22 = −1�d�ÙQÕ!Â;�_VKL�=
Q =

[

−1 q12
0 −1

]

, q12 ∈ R

.ú
B =

[

−e−1 0
0 −e−1

]

.

3.2 e
A+Q ·Q = B
�e
d�}~�M5

(3.1)
W3


eA+Q ·Q = B, A,B,Q ∈Mn×n(R), (3.3)

10



P1RS23� <�QKLT|n = 1
�}~+,

A = a,B = b,Q = q
�-

<a, b, q;̂Ï��ÉÈ̀(3.3)

e(a+q) · q = b,

Å5ÃÄ��!>
eq · q = b · e−a, (3.4)

=
q = W (be−a)
�W"}~!"45

Lambert W -
��%&�}~W1�Q�fg

2.1h�FW (x)�¢ôWiî�j÷>Q
1.
|
b > 0
�=

b · e−a ≥ 0
b�

q
Cz	�±�

2.
|
b < 0, a− log |b| > 1
b�É

q
Özá�±�

3.
|
b < 0, a− log |b| = 1
b�

q
Cz	�±�

4.
Î

b < 0, a− log |b| < 1
b�É

q
P×��

d�
(3.3)
 <�A,B,Q;̂nk�L�*b}~NdÎ15(3.3)
 Wl

h
(3.4)
�� õ

eQ ·Q = e−A ·B,

=m1ÐÑ�î
2.1<�F3¢ô�=eA+Q = eA · eQÕn�*bQ�)�;23KLI

Lambert W -
�����	h�}~QÝ|(3.3)<�A,QKL;!ø½b�oÂWl�IR

(3.4)
���

eQ ·Q = e−A ·B,

@;��67O�23�KLI
Lambert W -
��

Q = W(e−A ·B)
�[.��F	�&Sd1�}~T;!"3�

Q
KL�URÎ

A,B,Q
x
�VKL�

11



=
AQ = QA
�ú

A = diag(ai), B = diag(bi), Q = diag(qi), i = 1, 2, . . . , n
�É!W>

(3.4)
�� 

eqi · qi = e−ai · bi , i = 1, 2, . . . , nX45
Lambert W -
��%��qi = W (e−ai · bi)�±;�×������qiYh}~W&�QKL�ZÎ

A,Q
KL�¦;!ø½�PÓ1RS#$

Lambert W -
��)�Ð

Ñ
(3.3)�QKLT}~�M«
¬­�2\2KLa]��úA,Q,BP[
�VKL��hÙ-áó&'�d��n���ddd���			õ+,

A,B

�VKL�PÓ

Q
;�!Â
�_VKLT

�ÙÚ�?î�}~!"p)ÎQ;�_VKL�ÉA,B,Q�	�{®̂̄ÐÑP�Ô��
???îîî

3.1
+,HQ

A =









a11 0

0 a22









, B =









b11 0

0 b22









,

-<a11, a22, b11, b22
%>

eq11 · q11 = b11 · e
−a11 , eq22 · q22 = b22 · e

−a22

q11, q22
z)�Î

q11, q22
ÐÑ

1. a11 + q11 < a22

ú
q22
ÐÑea11+q11 − ea22+q22

a11 + q11 − a22 − q22
· q22 + ea11+q11 = 0
�:

2. q22 = −1

É
Q

Ù-�_VKL

Q =









q11 q12

0 q22









, q12 ∈ R.

12



qqqrrrõ}~5?î
3.1<�A,B,QÈ̀(3.3)
õ

1.
Î

a11 + q11 6= a22 + q22
�É

eA+Q ·Q =





ea11+q11 · q11

(

ea11+q11 −
(ea11+q11 − ea22+q22) · q22
a22 + q22 − a11 − q11

)

· q12

0 ea22+q22 · q22





-<
ea11+q11 · q11 = b11, e

a22+q22 · q22 = b22

ÃÄ��>?
eq11 · q11 = b11e

−a11 , eq22 · q22 = b22e
−a22

s#$
Lambert W -
����&�

q11
°

q22
;�×��Î

q11, q22
-<	�O)�=ËÌ

Q
P×��$+

(

ea11+q11 −
(ea11+q11 − ea22+q22) · q22
a22 + q22 − a11 − q11

)

· q12 = 0

hc�=
q12 = 0
:

ea11+q11 −
(ea11+q11 − ea22+q22) · q22
a22 + q22 − a11 − q11

= 0.

>
f(q22) =

(ea11+q11 − ea22+q22) · q22
(a11 + q11) − (a22 + q22)

+ ea11+q11 ,

}~NdÎ
q22 ≥ 0
�É�FWz�q22�f(q22) > 0
�Ka�

f(q22)
��

>?
f ′(q22) =

[ea11+q11 − (1 + q22)e
a22+q22 ](a11 + q11 − a22) + ea22+q22 · q2

22

[(a11 + q11) − (a22 + q22)]2
,

ú
lim

q22→−∞
f(q22) = 0.

13



�*�|
a11 + q11 ≥ a22
��FWz�q22�f(q22)�±xtFö��©;À�

f(q22) 6= 0
�F;��

a11 + q11 < a22�Ô��Ù�q22ÕÖz)�úCz	)�
2.
Î

a11 + q11 = a22 + q22
�>

a11 + q11 = a22 + q22 = m
�È̀

(3.3)
>?

eA+Q ·Q =

[

em · q11 (em + em · q22) · q12
0 em · q22

]

,

-<
(em + em · q22) · q12 = 0

W"
em(1 + q22) · q12 = 0

!>?
q22 = −1u>q�
»��Î?î

3.1�Ô�Phc�ÉQ®
�VKL��?î3.1
Ô�

2>QÎ
q22 = −1
�È̀+,�Ô�ea22+q22 · q22 = b22
�É!>?

a22 = 1 + ln(−b22).

$+
b11 = q11 · e

a11+q11 = q11 · e
a22−1 = q11

(

ea22−1 · (−1)
)

(−1) = q11(−b22)W"
q11 = −

b11

b22

�XÈ̀$	+,Ô�
a11 + q11 = a22 + q22
�É

a11 = a22 − 1 − q11 = 1 + ln(−b22) − 1 − (−
b11

b22
) = ln(−b22) +

b11

b22�*�ÐÑ?î
3.1
Ô�

2
�

A,B,Q
KL�I 


A =

[

ln(−b22) + b11
b22

0

0 1 + ln(−b22)

]

, B =

[

b11 0
0 b22

]

, Q =

[

− b11
b22

q12
0 −1

]

.

14



ddd���vvvõÎ
A

�_VKL�

B

�VKL�É

Q
;�!Â
�_VKLT

�ÙÚ�?î�}~!"p)A,B,Q�	�{̂®̄ÐÑP�Ô��É
Q
;�_VKL�
???îîî

3.2
+,HQ

A =









a11 a12

0 a22









, B =









b11 0

0 b22









,

-<a12 6= 0
ú

a11, a22, b11, b22
%>

eq11 · q11 = b11e
−a11 , eq22 · q22 = b22e

−a22

q11, q22
z)�Î

q11, q22
ÐÑÙ-ÔU�	õ

1. a11 + q11 ≥ a22
�

2. q22 6= −1
�
É

Q

Ù-�_VKL

Q =









q11 q12

0 q22









,

-<Ô�1,2�
�q12�'

1. q12 = −

a12(e
a11+q11 − ea22+q22)

a11 + q11 − a22 − q22
·q22

(

ea11+q11 +
ea11+q11 − ea22+q22

a11 + q11 − a22 − q22
· q22

)−1

2. q12 =
a12

1 + q22qqqrrrõ}~5?î
3.2<�A,B,QÈ̀(3.3)
õ

15



1.
Î

a11 + q11 6= a22 + q22
�É

eA+Q ·Q =




ea11+q11q11 q12e
a11+q11 +

(−a12e
a22+q22 + a12e

a11+q11 − q12e
a22+q22 + q12e

a11+q11) · q22
−a22 − q22 + a11 + q11

0 ea22+q22 · q22





-<
q12 · e

a11+q11 +
(−a12e

a22+q22 + a12e
a11+q11 − q12e

a22+q22 + q12e
a11+q11)

−a22 − q22 + a11 + q11
· q22 = 0

iî>?
q12

(

ea11+q11 +
ea11+q11 − ea22+q22

a11 + q11 − a22 − q22
· q22

)

= −
a12(e

a11+q11 − ea22+q22)

a11 + q11 − a22 − q22
· q22

É�?î
3.1
>Q�Î

a12 6= 0
�É|

a11 + q11 ≥ a22
�PÓ

q12 6= 0
�

2.
Î

a11 + q11 = a22 + q22
�>

a11 + q11 = a22 + q22 = m
�È̀

(3.3)
>?

eA+Q ·Q =

[

em · q11 q12(1 + q22)e
m + em · a12

0 em · q22

]

,

-<
q12(1 + q22)e

m + em · a12 = 0,

W"
q12(1 + q22)e

m = −em · a12.

Î
a12 6= 0
�É

q22 6= −1
�
zw�Ú�j÷���d�}~x�	�1��Ù-áód�õ

1.
Î

A

�VKL�

B

�VKL�É

Q
;�!Â
	�KLT

16



2.
Î

A

�_VKL�

B

�VKL�É

Q
;�!Â
	�KLT

ddd���___õÎ
A,B

�VKL�É

Q
;�!Â
	�KLT+,HQ

A =

[

a11 0
0 a22

]

, B =

[

b11 0
0 b22

]�}~>
Q =

[

q11 q12
q21 q22

]�È̀
(3.3)yz�{|}6~��E�ËÌ��

E = eA+Q ·Q =

[

E11 E12

E21 E22

]

,

��
E11 =

1

k
e

1

2
(m1+m2+k)

[

1

2
q11(m1 −m2 + k) + q12q21

]

−
1

k
e

1

2
(m1+m2−k)

[

1

2
q11(m1 −m2 − k) + q12q21

]

E12 =
1

k
e

1

2
(m1+m2+k)

[

1

2
q12(m1 −m2 + k) + q12q22

]

−
1

k
e

1

2
(m1+m2−k)

[

1

2
q12(m1 −m2 − k) + q12q22

]

E21 =
1

k
e

1

2
(m1+m2+k)

[

1

2
q21[k − (m1 −m2)] + q21q11

]

+
1

k
e

1

2
(m1+m2−k)

[

1

2
q21[k + (m1 −m2)] − q21q11

]

E22 =
1

k
e

1

2
(m1+m2+k)

[

1

2
q22[k − (m1 −m2)] + q12q21

]

+
1

k
e

1

2
(m1+m2−k)

[

1

2
q22[k + (m1 −m2)] − q12q21

]

�����
E
�_V�ab�����

0��
E12 =

1

k
e

1

2
(m1+m2+k)

[

1

2
q12(m1 −m2 + k) + q12q22

]

−
1

k
e

1

2
(m1+m2−k)

[

1

2
q12(m1 −m2 − k) + q12q22

]

= 0
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��
m1 = a11+q11,m2 = a22+q22
ú
k = [(m1 −m2)

2 + 4q12q21]
1

2�Îq12 6= 0
�áz��q12

k����
e

1

2
(m1+m2+k)

[

1

2
(m1 −m2 + k) + q22

]

= e
1

2
(m1+m2−k)

[

1

2
(m1 −m2 − k) + q22

]

�z��~
e

1

2
(m1+m2−k)�������W�

ek =
1
2
(m1 −m2 − k) + q22

1
2
(m1 −m2 + k) + q22

=
(m1 −m2 + 2q22) − k

(m1 −m2 + 2q22) + k
, k 6= 0.

���~N��O�
k > 0�k < 0
��}��� ¡c¢�£����

E¤_V�ab���
0
��

E21 =
1

k
e

1

2
(m1+m2+k)

[

1

2
q21[k − (m1 −m2)] + q21q11

]

+
1

k
e

1

2
(m1+m2−k)

[

1

2
q21[k + (m1 −m2)] − q21q11

]

= 0

i¥��
ek =

1
2
[−(m1 −m2) − k] − q11

1
2
[−(m1 −m2) + k] + q11

=
[−(m1 −m2) + 2q11] − k

[−(m1 −m2) + 2q11] + k
, k 6= 0.

�£N�O�
k > 0�k < 0
��}��� ¡c¢¦�ddd§§§___�

Q
 ̈©ª���«

Q
�w¬V���­��®̄ddd§§§©©©�°±¤�²�³́_V���ddd§§§µµµ¶·

A
³́_V���

B
³¬V���̧

Q
¹̈�º³©ª��»¼½¾¿

A =

[

a11 a12

0 a22

]�ÀÁÂÂÂ§§§ÃÃÃ�ÄÅ�ÆÇ
(3.3)
��

E12 =
1

k
e

1

2
(m1+m2+k)

[

1

2
q12(m1 −m2 + k) +m3q22

]

−
1

k
e

1

2
(m1+m2−k)

[

1

2
q12(m1 −m2 − k) +m3q22

]

= 0
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��
m1 = a11+q11,m2 = a22+q22,m3 = a12+q12Èk = [(m1 −m2)

2 + 4q12q21]
1

2�É¥��
e

1

2
(m1+m2+k)

[

1

2
q12(m1 −m2 + k) +m3q22

]

= e
1

2
(m1+m2−k)

[

1

2
q12(m1 −m2 − k) +m3q22

]

�ÊË�~
e

1

2
(m1+m2−k)�������Ì�
ek =

[1
2
(m1 −m2)q12 +m3q22] − k

[1
2
(m1 −m2)q12 +m3q22] + k

k 6= 0.ÍË���~Î�Ï�
k > 0�k < 0
�́}��� ¡Ð¢¦�

Q
 ̈©ª�����¬ÑÂ§�­��®̄ÂÂÂ§§§ÒÒÒ�°±¤�Q�³́ÃÑ������¿�Ó·~

Lyapunov
�ÔÕÖ×ØÙ̈¹³ÚÛÜÝ�Þßàáâ�ãäåæçè

z(t) = x(t) + Q ∗ x(t)é ©Ý̈ê©�«�àáâ�
Lyapunov
çèë ©Ý̈ê©��ìÜÝí̈ê©��

3.3îïðñòóôõö
÷�́©øùúû���üýþÿÂ��¤�ùú�~����®

(̄3.3)
�

Q
��̈¹���éÈ�~����	�Q��«
�©ª�Â§������è
ÔÕ��	�ùú�¼½

(3.3)
��

A,B,Q
�³

2�Ô��
Q =

[

x1 x2

x3 x4

]

, A =

[

a11 a12

a21 a22

]

, B =

[

b11 b12
b21 b22

]

, eA+Q =

[

M1 M2

M3 M4

]

,

éÈ�
f(Q) = eA+Q ·Q−B�

f(Q) =

[

M1 M2

M3 M4

] [

x1 x2

x3 x4

]

−

[

b11 b12
b21 b22

]

=

[

M1x1 +M2x3 − b11 M1x2 +M2x4 − b12
M3x1 +M4x3 − b21 M3x2 +M4x4 − b22

]

.

19



¦��~�â¤���ÐÔ��

f1 = M1x1 +M2x3 − b11 = 0

f2 = M1x2 +M2x4 − b12 = 0

f3 = M3x1 +M4x3 − b21 = 0

f4 = M3x2 +M4x4 − b22 = 0

��¼½
F (x1, x2, x3, x4) = f 2

1 + f 2
2 + f 2

3 + f 2
4 ,

ùúÎ�·́��ÐÔ������
F (x1, x2, x3, x4)
���
³��¦��¡����� !�¬����� !�"Û#�è
ÔÕ$ºá�ÚÛ��


(local min-

imum)
«
�É%��


(global minimum)
�$º&�'(�)*á+��

È,-
./01� !�̈�23456�«7.��8 Ë�,-

 ©Ý9:;<=â�8 Ë�ÚÛ��
��>©ø?�ùú0@ºá�

F (x1, x2, x3, x4)
�É%��
�AAABBBCCCDDDÕÕÕ

(Simulated Annealing
þE

³
SA)�
CD

(annealing)FG̈HIJKLM�NO©P�QRS��T�UVV
WX�YZ¥[��\]CD�*�FĜ_¶(1)
àbc«

(2)deJKf
gíhií«jk

(3)lmnopqrstu4CD[�̂_Ã8ÄÅ¶(1)
e

YâvGwOx«
(2)
9y�z{|�Ox«h(3)
WX[�}u4̈â~Ot

ABCDṎ|
1983��Kirkpatrik[8-10]�2ICD[������âº���åæw��}�Ç��� !��«éÈ��Metroplis[7]���
}̧���	ÕºáâÉ%���t
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ABCDÕw�¥̈YZ¥��O��w�¥��}��%OxeY
�
�}�%�;�-��}�R�%�Ûw��rs� �³�¡}º�ë¢£
¢NtWXR}.¤OxVV��âr¥Ox}Þ��w� �;¦§¡â�
¨̧wr¥åæ}>Rº�;�â��åætABCDṎABÔ©}ªjb
�«���� !}¬­b®̄.°¶

•
��±r¥� 

↔
ª��w�è�²

•
��wº�

↔
*³çè


•
��º�wr¥� 

↔
���

•
CD[�

↔
É́%���w[�
|CD[��}��wº�åæ�µ¶j

Boltzmann
�µ·̧¶

P (e) = α exp(
−e

T
), (3.5)

>?w
e
Æ·º�}

k
¶

Boltzmann
4è}¹

T
·̧Oxt�

α =
1

kT

}
P̧ (e)
°Ôw�º³

1
}ª»³¼½(¾xçè(probability density func-

tion)
tùú¿Ýü8

KT

}À�

Boltzmann
�µÁ¶
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0 1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
The Boltzmann Distribution

e

p(
e)

1
1/2
1/4
1/8

Â
3.1:ÃÄÅÆkTÇÈBoltzmannÉÊÂ

��µÁªÎË}º�
e
¢"Ì¶Ox

kT
¢�}̧à­bw

P (e)
�¢

�tÍÎÏÐ|º�ÑÒ"wÂÓ°}|�ORÔ��½(;Õ|NOåæ°
ÖG"t�×GØÙ|NOR}Úº�ÛNwÜÝÞß}¹àáâ+wRSk
ãät
ABCDÕ±àjºáâÉ%��
}FG¶ÀÁ��Metropolis

�	
Õt�

T
¶ªåÉwOx}ùú|NO°�,-


X0

�-æç}
f(X)
·̧

è�}�
∆X
·̧

X
w���tTé�∆f·̧*³çèêë∆X
w��

�}ì

∆f , f(X0 + ∆X) − f(X0),

¼íè
ÔÕwîÆÔ©¶ï∆f < 0
}ð1

X
1 = X

0 + ∆Xñï∆f ≥ 0
}ð

¬
∆X
IòÔ��}>óôã�éwr¤$¶,-
õöwÚÛ��
t
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Metropolis
�	Õ¶½�¼ý½(���ð}�∆f ≥ 0
R}÷Ý

∆X
¶

øÔ��}��	ù8åæwúûüý�µ½(±Õ

rþ

r =
p(f(X0 + ∆X))

p(f(X0))
=

1

kT
exp(

−f(X0 + ∆X)

kT
)

1

kT
exp(

−f(X0)

kT
)

= exp(
−∆f

kT
),

é0@¼ÿ��µ|[0, 1]�Sw��èzt.¤r > z
}��

X
1 = x

0+∆Xñ
�±}�ò01tU�

X
1
�-}À�1¼8�w∆X
}ÀÁËówÄÅá

�
X

2,X3,X4, ...
tàj

Metropolis���ðª·̧�þ

Pr(∆f) =

{

1, ∆f ≤ 0

exp(
−∆f

kT
), ∆f > 0

¬�
Pr

����åæw½(t×�}>ówîÆ[�ò;¶¼�Ú�Z	}
ªØÙîÆr¤$
«,-
õöwÚÛ��
}.°Áà̧þ

X

f(X)

ÚÛ��

ÚÛ��
É%��


�Ùâ+�

SA
â+�


Â
3.2: SA������Â

23



Metropolis
�	ÕwÄÅ.°þ

1.
�,-Ox

T
}åæ

X
}�

X
n = X
t

2.
ê½01¼��wåæ

X
∗}Té�	�

∆f , f(X∗) − f(Xn)

3.
ï

∆f ≤ 0
}ð

X
n+1 = X

∗ñ�±}ð|[0, 1]�Sê½lm¼¡èzt
.¤

Pr(∆f) > z
}�

X
n+1 = X

∗ñøð�ò01}Xn+1 = X
t

4.
I��ÄÅ�âw

X
n+1
�ã

X
}��CD[�t

|>?ùúþ���ABCD�}�Îw��ª��
[7-11]�� tAB

CD�	�±!".°þ

1.#$,-OxTs%r&'xTe
}(ê½lm¼)*+,Xt

2.
j-.w'x

T
k+,

X
��/}01

Metropolis
�2�}3�4w

�+,
X
t

3.56j�ÑÌ�Õw7x�*�'t

4.
ï

T89�4r&'xTe
}ì

T ≤ Te
}ð:ç°¼!"ñ�±}ð;

<=>
2,3
!"?

5.
3@é+,ï

XA�BCDEFG(H&I2�?
JKLMN�¼OG×�PQRS�TUV�WXYèZG[\@é+
,

X]̂_̀NJab@cdYef?gKGUùhiæjkþl_#ml
hnoGBnI2pqr[�4Y

X
GstruFJab@cdefY+,v

wxy1lz{|}G~+,8�o��YM�G��z{I2�GEFX?
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J���YpqrG)*'��H&'���'7���/_��=M
Yv��Y��G��Y���-YG��U��Y�/#$?�_JPQR
S�rG��Y�/���_l��QY��G[\JRSYpqrG(�U
������l *¡y�4¢�£¡\¤¥Y7��'£LM�4¢�¦§
©̈bª4«$Y+¬£��­®��� 

[11]
Ḡ#$RSpq[LMY¢

h�/°)*'��H&'���'7�?±²3

Pr(∆f) = exp(
−∆f

kT
).

rG§³́
∆fµ¶·Y̧¹³i̧º�·Y̧¹³G\Ωf»¼

Ωf =
∆f

max(f) − min(f)
,

½r
max(f)¾¿mÀÁr@ÂÃ§³Gmin(f)¾¿mÀÁr@cÃ§³v
~

max(f),min(f)
(�����GÄ\iÅlhÆmd

MAX(∆f)»̄¼?
¾ÇyÈI27�GÉÊJ)*'�TsËGÌÍjVÎ§³ÏÐYef
ÑÒGÓÔÕm2ºÖG[\

[11]×Ø)'ËYÙÚÛÜPr(∆f)¾0.5GÝ

0.5 = exp(
−Ωf

kT
),

~
Ωf = 1
GÝ

Ts =
−1

ln(0.5)
+ 1.443,

Þ�_ßGJ
Ts = 1.443
�ËGµ@àe§á4@Ðe§âU0.5YÙÚÛ
Ü?
�'��àãäH&'�

TeËG���åæVçWXYÙÚÛ�
èÐvéµi̧Ωf

Te

ÃdGêë
exp(

−Ωf

kTe

)
Y̧¹ÄìíG�Ωf

Te

=

7ËGexp(
−Ωf

kTe

) = 0.09%?gKG~56YH&'�îï

Te =
Ωf

7
,
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ðñ'�ãä
TeËG�2Ωfòy³¾0.01%
Þ�óÙÚGÝÄH&'�Ä

¿¾

Te =
Ωf

7
=

0.0001

7
+ 0.000014286.

ô��'7�Gõö÷º�êø�́ù�ú�?Ä_ûü��Y@ý¹þ
ÿG��jkë¾�o_�\��Yv�ÓâM�'7����GÌÍH	
¦�êë
ä�@ý¹þÿYab@ýD?¿)*'�

Ts = 1.443
�H&'

�
Te = 0.000014286
Gs�o��Y)*+,��'7�G�
RSq�?~
56�ê7��'G���ê0.9G�

Ts × 0.9n = Te

ÝÄ2F[L�0�/
n =

log Te − log Ts

log 0.9
=

log 1.443 − log 0.000014286

log 0.9
= 109.3669.

�KÄ�2F��7��·�Y�0�/G�ù»[¼°
�

3.1:������� !"#$�
��%�

0.99 0.98 0.9 0.8 0.7 0.6�&�'
1147 571 110 52 32 23

���ÿÿÿ
1(ÅPQRS)�*+,-.

f1(x1, x2, x3) = 3x1 − cos(x2x3) −
1

2
= 0,

f2(x1, x2, x3) = x2
1 − 81(x2 + 0.1)2 + sinx3 + 1.06 = 0,

f3(x1, x2, x3) = e−x1x2 + 20x3 +
10π − 3

3
= 0
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Ãä/D?��²0-.¹º@ý¹þÿY1kG2
F (x1, x2, x3) = [f1(x1, x2, x3)]

2 + [f2(x1, x2, x3)]
2 + [f3(x1, x2, x3)]

2,

3�K*+,-.YD¾(0.5, 0,−π
6
)
?��45678

(−2, 5, 1)
G\9

���Y�ê%����
RSq�G[:;<H	�ù°
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=

3.2:

> ? @ A B C D E F G H I J

K L M N O P Q R S T O U V W X

F

Y O Z [ \ ]
0.99 (0.4977,−0.1996,−0.5288) (0.4977,−0.1996,−0.5288) 1.8610e− 006 0.2758

0.98 (0.4970,−0.1996,−0.5288) (0.4979,−0.1995,−0.5288) 1.1858e− 006 0.2757

0.9 (0.4998,−0.1997,−0.5290) (0.4986,−0.1996,−0.5289) 2.1036e− 006 0.2758

0.8 (0.5004,−0.0002,−0.5237) (0.5005, 0.0001,−0.5236) 3.5262e− 006 7.0430e− 004

0.7 (0.5111,−0.1918,−0.5312) (0.4957,−0.2004,−0.5281) 4.5635e− 004 0.2769

0.6 (0.2447, 0.1934,−0.5234) (0.5090, 0.0012,−0.5293) 0.0141 0.0148

\ ]

=
||(0.5, 0,−

π

6
) −

O U V W X

||2

||(0.5, 0,−
π

6
)||2

.
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�̂_̀abc)deg_f�g�hijkld56d¦§mnop�
êëâ§�qrsýtdj)juvwvÓðxyÛÜ¾z{dÌÍ|})~
Þ�xßo�Å���¿�d56d����fqrsýtoÞ�Å�����Ä�dþÿ~�x̀abc)j����o�xi¿�d�'�woðp��'�����̀ad�	~
��ìí��ù�%��Èo��&�'��o�·dÌÍ��Þë�v�Ë~56����sýt��� o¡¢�jÄ§:�£ÌÍ���sýtd̀a�	~¤~�&�'�wo56�¥¦lf��sýt§äo¡¢Þj
Ä§̈º�:�	�©ª��sýtd«¬~
��o��ÞÄy0̀abc)�ºx�­®̄)w½°'�±)dkl56�o²ymn%�ëÈd®̄)̄³}~
ô��́�çµ¢�¶·̧1o��ÄÅ̀abc)t­îï

eA+Q
d

Q¹ºo0»ù�¼d�ÿ½²¾¿À~
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ÁÁÁ
4ÂÂÂ
ÃÄÅÆÇ

È�ÉÊËÌ
ẋ(t) = Ax(t) +Bx(t− h) (4.1)

x(σ) = φ(σ) , − h ≤ σ ≤ 0 , (4.2)

ÍÎ
Lyapunov
±ÏÐÑÒÉÊËÌxÓÔÕÖ×ØoØÙ��ÚÛÜÝdÞÙßàáâã

z(t) = x(t) +Q ∗ x(t)

ä½
Q ∗ x(t) ≡

∫ 0

−h

Q(−σ)x(t+ σ)dσ =

∫ t

t−h

Q(t− σ)x(σ)dσ

å
z(t)
�æçè

ż(t) = ẋ(t)
d

dt
Q ∗ x(t)

= Ax(t) +Bx(t− h) +Q(t− σ)x(σ)|tt−h +

∫ t

t−h

Q(t− σ)x(σ)dσ

= Ax(t) +Bx(t− h) +Q(0)x(t) −Q(h)x(t− h)

+

∫ t

t−h

Q̇(t− σ)x(σ)dσ
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éêë
2.1
½d

(2.5)

Q̇(t) = [A+Q(0)]Q(t)ì
Q(h) = B
ȯ
z(t)
çy²íî

ż(t) = [A+Q(0)]x(t) +

∫ t

t−h

Q̇(t− σ)x(σ)dσ

= [A+Q(0)]x(t) +

∫ t

t−h

[A+Q(0)]Q(t)x(σ)dσ

= [A+Q(0)]x(t) + [A+Q(0)]

∫ t

t−h

Q(t)x(σ)dσ

= [A+Q(0)][x(t) +Q ∗ x(t)]

= [A+Q(0)]z(t)ïðñòßàØÙó
z(t0) = z0 = x(t0) +Q(t0) ∗ xt0

= φ(0) +

∫ h

0

Q(σ)φ(−σ)dσô�oõöçyè���÷øËÌã
ż(t) = [A+Q(0)]z(t)

z0 = φ(0) +

∫ h

0

Q(σ)φ(−σ)dσù�ØÙ��ÞÙßàáâ
z(t) = x(t) + Q ∗ x(t)
oõöçyúûü

t → ∞ , x(t) → 0ýz(t) → 0þðüt → ∞ , z(t) → 0ÿD(xt) = 0�ÕÖ×Øÿýx(t) → 0���õö�é����[4]ÿ¿À�	ËÌø×Ø
�

4.1
��
����

���õö������	×Ø
���ø�Hopfield���� ËÌ:
ẋ(t) + Eẋ(t− T ) = Ax(t) +Bx(t− T ), x(τ) = φ(−τ), T ≤ τ ≤ 0 (4.3)
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!"
T#$%&'()*+,-./0123

p(s) = det
(

SI − A + (SE − B)e−sT
)

(4.4)

456789:;<=>9?@:;
(2.2)A=>@BC@DEp(s)
<

FGHIJ3K(<LMNOPQR
p(s)ASTe−sT
<UV3WX

Y
(transcendental polynomial)
)D-Z[\]/4̂_:;<=>9P̀a

EbW>c,-̂_:;
(2.2)
<=>9)defGgAh5ijklPm7)*+nopqr=>9<h5Bstij)uB/4vwxWy'z{89|
}~��

(Linear Neural Network��LNN)
:;P

4.1.1��������(Equivalent System for stability)

�3
z(t)
>��

Z(t)
4
= x(t) + Ex(t − T ) + Q(t) ∗ x(t) (4.5)

!"
∗A��5���)��

Q(t) ∗ x(t) =

∫ t

t−τ

Q(t − τ)x(τ)dτ =

∫ 0

−T

Q(−τ)x(t + τ)dτ (4.6)

e��
Z(t)�5,��

Ż(t) = ẋ(t) + Eẋ(t − T ) +
d

dt
Q(t) ∗ x(t)

= ẋ(t) + Eẋ(t − T ) + Q(t − τ)x(τ)|τt−T +

∫ t

t−τ

Q̇(t − τ)x(τ)dτ

n
(4.3)#��Y��

Ż(t) = Ax(t) + Bx(t − T ) + Q(0)x(t) − Q(T )x(t − T ) +

∫ t

t−T

Q̇(t − τ)x(τ)dτ

= [A + Q(0)]x(t) + [B − Q(T )]x(t − T ) +

∫ t

t−T

Q̇(t − τ)x(τ)dt (4.7)
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��
Q(t)
��� ¡�5¢£{¤

Q̇(t) = [A + Q(0)]Q(t)

Q(T ) = B − [A + Q(0)]E (4.8)

¥
(4.7)¦�§

Ż(t) = [A + Q(0)]

{

x(t) + Ex(t − T ) +

∫ t

t−T

Q(t − τ)x(τ)dt

}

= [A + Q(0)] {x(t) + Ex(t − T ) + Q(t) ∗ x(t)}

= [A + Q(0)]Z(t)

B
z(t)
<̈©ª«>��

Z(0) = x(0) + Ex(−T ) + Q(0) + x(0)

= x(0) + Ex(−T ) +

∫ 0

−T

Q(−τ)x(τ)dτ

= φ(0) + Eφ(T ) +

∫ 0

−T

Q(−τ)φ(−τ)dτ

= φ(0) + Eφ(T ) +

∫ T

0

Q(τ)φ(τ)dτ

4
= Z0

I¬­*+¦��qr=>9®:;(4.3)
°̄<±'z:;²

Ż(t) = [A + Q(0)]Z(t) , Z(0) = Z0 (4.9)

n
(4.8)³§

e[A+Q(0)]T Q(0) = B − [A + Q(0)]E (4.10)

,́-\]µ
(4.8)¶¤pQ(0)
P*+Q:;

(4.9)
,-��

Z(t) = e[A+Q(0)]T Z0 (4.11)

33



4.1.2 Lyapunov·̧
¹º23

V (·)
)!>��

V (xt) = (4.12)

[x(t) + Ex(t − T ) + Q(t) ∗ x(t)]T P [x(t) + Ex(t − T ) + Q(t) ∗ x(t)]

!"
PAHermitian
B

xt#$x(t)
I

[t − τ, t]»()¼¦A½)xT (τ)
4
=

x(t + τ), τ ∈ [−T, 0]P¥�O¾c§¿²
¾¾¾ccc

4.1ÀÁA + Q(0)A=>)BRAÂÃ<��Ä> ¡)Å�ÆÇ

Lyapunov
23²

P [A + Q(0)] + [A + Q(0)]T P + R = 0

<
PAÄ> ¡P¥ÈIÉÊ±ËÌ23α, β, γ : R+ → R+

Å�

α(‖φ(0)‖) ≤ V (φ) ≤ β(‖φ‖∗)

V̇ (φ) < −γ(‖φ‖)

ÍÍÍÎÎÎ²Ï
Lyapunov
23

V (xt) = Z(t)T PZ(t),

Q
(4.11)
*+,-��

‖Z(t)‖ ≤ ‖eA+Q(0)t‖ · ‖Z0‖ ≤ ‖Zo‖.

Bm�

Z0 = φ(0) + Eφ(T ) + Q(0) ∗ φ(0) (4.13)
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¥ÈIqrÐ3
M
Å�

‖Z0‖ = M‖φ(0)‖

�

‖Z(t)‖ ≤ M‖φ(0)‖ (4.14)

ÑÒÓ½)Q
(4.13)
,��

‖φ(0)‖ ≤ ‖Z0‖ ≤ ‖e−(A+Q(0))t‖‖Z(t)‖

¥

λm(p)‖Z(t)‖2 ≤ V (xt) ≤ λM(p)‖Z(t)‖2

�
V (·)�5

d

dt
V (xt) =

d

dt

(

Z(t)T PZ(t)
)

= Ż(t)T PZ(t) + Z(t)T PŻ(t)

= Z(t)T [(A + Q(0))T P + P (A + Q(0))]Z(t)

= −Z(t)T RZ(t) = −‖R
1

2 Z(t)‖2 = −‖R‖‖Z(t)‖2

≤ −γ (‖φ(0)‖)

B

γ(r) = ‖R‖M2r2

!"
γ(r) > 0 , r > 0
P
>>>ccc

4.1 LNN
:;

ẋ(t) + Eẋ(t − T ) = Ax(t) + Bx(t − T ) , x(t0 + τ) = φ(−τ) , τ ∈ [−τ, 0]
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AÔÕ=>@BC@̄°:;

Ż(t) = [A + Q(0)]Z(t) , Z(t0) = φ(0) + Eφ(τ) + Q(0) ∗ φ(0)

¼AÔÕ=>)!"Q(0)
ÆÇ��¢£Y²

e(A+Q(0))T Q(0) + [A + Q(0)]E = B (4.15)

ÍÍÍÎÎÎ²
(
h5ij

)ÀÁ̄°:;A=>)�

Reλi(A + Q(0)) < 0 ∀i

¥�RÂÃ��Ä> ¡
R
)ÈIq��Ä> ¡

P
ÆÇ

Lyapunov
23²

P (A + Q(0)) + (A + Q(0))T P + R = 0

>�
LNN
:;<

Lyapunov
23�

V (xt) = Z(t)T PZ(t)

¥./¾c
4.1
@ÈIÉÊ±ËÌ23

α, β, γ : R+ → R+
)Å�

α(‖φ(0)‖) < V (xt) < β(‖φ‖∗), x ∈ Rn

V̇ (φ) < −γ(‖φ(0)‖)

BÖ
γ(r) > 0 , r > 0
P

m7)«×
Lyapunov-Kransovskii
>c),̂_p

LNN
:;AÔÕ=>P

(
stij

)ÀÁLNN
:;AÔÕ=>)¥D-01WXY�

p(s) = det
(

SI − A + (SE − B)e−sT
)
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<FGHIJ3NO<LMØPn
(4.15)#��Ù<P (s)¦,��

p(s) = det
(

SI − A − Q(0) + Q(0) + SEe−sT − Be−sT
)

= det
(

SI − A − Q(0) + Q(0) + SEe−sT − eA+Q(0)T Q(0)e−sT − (A + Q(0))Ee−sT
)

= det
{

(SI − A − Q(0)) + (SI − A − Q(0))Ee−sT + (I − e−(SI−A−Q(0))T )Q(0)
}

nÚ3XÛÜ§
power series
)�

p(s) = det

{

F (I + Ee−sT ) + (I − I + FT −
F 2T 2

2!
+

F 3T 3

3!
+ · · · + (−1)n−1F nT n

n!
+ · · · )Q(0)

}

= det

{

F (I + Ee−sT ) + F (I −
FT

2!
+

F 2T 2

3!
+ · · · + (−1)n−1F n−1T n−1

n!
+ · · · )TQ(0)

}

= det F · det

{

I + Ee−sT + (I −
FT

2!
+

F 2T 2

3!
+ · · · + (−1)n−1F n−1T n−1

n!
+ · · · )Q(0)T

}

!"
F

4
= SI − A − Q(0)
PÝm�

I −
FT

2!
+

F 2T 2

3!
+ · · · + (−1)n−1F n−1T n−1

n!
+ · · ·

Þß�J3NO�{¤623)¥
A + Q(0)
{àáªsHI

p(s)
{âãäP

QR
p(s)
{FHIÜLMNO)å̄°:;{DEàáª¼sæ7Pm7)
°̄:;s=>P
D-̂_'z:;Aç�Ôè=>)æé,-êpQ(0)

)gt#�̇
z(t) = [A + Q(0)]z(t)ëìAç=>�,(íîtèqï�pPAç�Ä>

)
)�

Reλ([A + Q(0)]) < 0 ⇒
:;A=><P

4.2ðñòó

�O<ôõApöR[2]
)÷I*+nø/̄°:;<=>94̂_:;
Açù�Ôè=>P
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ôôôõõõ
2









ẋ1

ẋ2









=









−1 −3

2 −5

















x1

x2









+









1.66 −0.699

0.93 −0.33

















x1(t − 1)

x2(t − 1)









.

*+Q¾c
2.1
"<

(2.5)
,�

e(A+Q(0))·h · Q(0) = B

7��ú
3ûüýDtvw<þÿ)m7*+n./�����)ê
p

Q(0)
 ¡Plå ¡

A =









−1 −3

2 −5









, B =









1.66 −0.697

0.93 −0.330









)Ï
Q =

Q(0) =









x1 x2

x3 x4









)kB
eA+Q =









M1 M2

M3 M4









)ÀÁf(Q) = eA+Q · Q − B
)

�

f(Q) =









M1 M2

M3 M4

















x1 x2

x3 x4









−









b11 b12

b21 b22









=









M1x1 + M2x3 − b11 M1x2 + M2x4 − b12

M3x1 + M4x3 − b21 M3x2 + M4x4 − b22









.

m7,-���O<�¿¢£�














































f1 = M1x1 + M2x3 − b11 = 0

f2 = M1x2 + M2x4 − b12 = 0

f3 = M3x1 + M4x3 − b21 = 0

f4 = M3x2 + M4x4 − b22 = 0
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�Ï
F (x1, x2, x3, x4) = (M1x1 + M2x3 − 1.66)2 + (M1x2 + M2x4 + 0.697)2

+(M3x1 + M4x3 − 0.93)2 + (M3x2 + M4x4 + 0.330)2,

�³§ü�³	õ{
YP*+��Á̈©
�Ts = 1.443���
�
Te = 0.000014286
)�̈©��

(1,−2, 3, 0)
)-��̄����
)è��

����P���éæ�²
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�

4.1:

� �  ! " # $ % & ' ( ) *

+ , - . / 0 1 2 3 4 / 5 6 7 8

F

9 / : ;
0.99 (2.0027,−0.0023, 0.0056, 0.9974) (2.0030, 0.0031, 0.0035, 1.0054) 7.9181e − 005

0.98 (1.9992, 0.0143, 0.0039, 1.0068) (1.9977, 0.0134, 0.0038, 1.0054) 1.0200e − 004

0.9 (1.9622, 0.0281,−0.0282, 1.0581) (1.9583, 0.0404,−0.0174, 1.0345) 0.0065

0.8 (2.0050,−0.0057, 0.0086, 0.9903) (2.0065,−0.0059, 0.0086, 0.9911) 5.7199e − 004

0.7 (1.9952,−0.0015,−0.0001, 1.0065) (1.9980,−0.0039,−0.0013, 1.0087) 1.0797e − 004

0.6 (1.9527, 0.1060, 0.0146, 1.0083) (2.0080,−0.0069, 0.0017, 1.0086) 5.1391e − 004
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*+n�Ùü�¤��#�Broyden
�Ö<̈©ª)=�>?@<ü�

¤
(1.9994, 0.0035, 0.0025, 1.0047)
)!AB,CD�

10−4PD-�åQ(0)
{Õ

E¤�

Q(0) =









2 0

0 1









,

¥Q̄°:;<=>9








ż1

ż2









= ([A + Q(0)])









z1

z2









=

















−1 −3

2 −5









+









2 0

0 1

























z1

z2









=









1 −3

2 −4

















z1

z2









.

F��
λ(A + Q(0)) = {−1,−2}

m7�,Í�7:;AÔè=>P
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I

t./>c
4.1
°̄:;=>9̂_'z:;Aç=>9')¥sJt¤K<	ṍAæL¤pQ(0)
)� ¡
<

Lambert W -
23	õ<MNPÖ'

z:;A3.2ODPQ<R�0Sþÿ)TQUVvw<�é,̂_Q(0)
 

¡AçÈI)-WQ(0)
¤<r3)uB�p

Q(0)
 ¡?XRqYþÿ{

�)
eA+Q(0) · Q(0)
{3×ZR[\)]̂_�56p¤<qYY)m7./¤
ü�³	õ<3ª¢�)ê�ÕE¤P
Q

3.2Ovw<�éå̀Q(0)
 ¡,¶íÈI),¶uíCqPe

�
Q(0)
 ¡®:;=>{(<ab́ª�*+èqïcdv)ôæ²

1. Q(0)íÈI)�=í�=>9̄°:;)¬�¶ç̂>'z:;¦Aí
=>e

2. Q(0)
@íCq)AçfE,¶Reλ([A+Q(0)]) < 0gReλ([A+Q(0)]) ≥

0
<þÿ�'ÈIee�ÝhæL̂_:;<=>9e
UVA-'z'(h = 1
<ô�è�vw?i@*+µ

h = 0
Ü©)jj

kl'z'()u�pmr'z'(�ÆÇ
e[A+Q(0)]·h · Q(0) = B
<

Q(0)
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¡)¥Q
Reλ([A + Q(0)]) > 0
,nop:;pq=><ür'z'(P
üý)UV̀agvw

2s2 ¡�tg�ut<þÿ)i@vÊ5
6p!w0Sþÿ)xXqYþÿ�

A,B,Q
 ¡<ab)e')�RÂ

Ã
A,B
 ¡́¶\]�å!�yQ(0)
 ¡Pz{)�R3s3 ¡I�t|�ut̄Sþÿ�)*+}÷!

Q(0)
<qYYA®2s2 ¡'<Q(0)
 

¡qYYAEa<~m7)Ö:;Ansn ¡')*+¼b,-./3���ÍÎu=pI0Sþÿ�
Q(0)
 ¡<qYYP
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