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Black and Scholes

Black and Scholes

Meron 1973 Hull and White 1987 Heston 1993

Bates 1996 Scott 1997
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Hull and White GARCH EGARCH Long Memory

GARCH FIGARCH

Black and Scholes
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GARCH EGARCH FIGARCH

Black and Scholes Hull and White
1. GARCH EGARCH FIGARCH
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Black and Scholes Hull and White
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Black and Scholes Hull and
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Black and Scholes Hull and White
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Boyle(1977)

Rubinstein(1979)
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Hull and White

and White

B-S

Cox, Ross and
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Fischer Black and Myron Scholes (1973)

1987  Hull and White

B-S Hull

Hull and White



B-S

Hull and White
James B. WIGGINS(1987) B-S
B-S
Corrado and Su(1998) Hull and White
S& P 500
Nandi(1998) S& P 500
2001
(2001) Hull & White 1987

Black & Scholes 1973 (  B-S )

B-S

B-S

GARCH B-S EGARCH



B-S

(2001)
Black Scholes
Leland Boyle& Vorst
Boyle& Vorst
B S

(2003) B-S Hull & White
(1987) Heston (1993) GJR
GARCH

(MAE) (RMSE) Heston (1993)

B-S Heston (1993) GJR GARCH



Heston (1993)

Hull & Witite (1987) GJR GARCH

GJR GARCH

B-S

(2004)  Hull-White(1987) GJR-GARCH

Black & Scholes

Hull-White GJR-GARCH

Black-Scholes

(2004)

Edgeworth

Edgeworth GARCH Black  Scholes

NGARCH

B-S

Edgeworth

Edgeworth



Edgeworth Edgeworth GARCH

BS
ARCH model
Engle 1982
ARCH
p
ARCH p y
Y =XpB+é
&, white noise Engle 1982
ARCH

Y = )(tﬁ+gt Vi |Qt—1 : N(Xtﬂ'h)
&=Y,—%Xp & |Qt—l > N(O, h)

_ 2 2
h=a,+ae, +K K+aegl



Y, ARCH(p)

Q, ti
X8 Y
p ARCH
ARCH
ARCH
Mandelbrot(1963)
ARCH
a, 20
5

a =20

i=0,1,2
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Engle(1982) ARCH

ARCH
Bollerslev(1986) Fat-Talil
Bollerslev
ARCH GARCH
GARCH
Linear GARCH
GARCH(p,q)
=Xl +&
&[0 N(©Oh)
h =a, +20{igfi +qu;‘ﬂjhj
=a,+ A(L)g” +B(L)h
o,>0 20 1=1234,...... P
Y, ARCH
AL)=al+...+a,l’
B(L)=pgL+...... +f, L
GARCH ARCH
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Bollerdlev(1986)

h = a,(1-B(L)) "+ (@-B(L)) " A(L)&’

q 0
=q,(1-).b) "+ 5l
=

i
i=1

S=o+) 6, 1=1234...,p n=Min{qi-1
j=1
_Zﬂjé}_j I=p+1....
j=1
GARCH(p,0) ARCH() GARCH
ARCH ARCH(p)

AL)1-B(L)*<1 A(L)+B(L)<1 GARCH(p,q)

Bollerdev GARCH(p,q)

GARCH E(z)=0 Var(e,)=a,[1- A(L)-B(L)] "
Cov(s,,£)=0 t=s A(L)+B(L)<1  GARCH(p,q)
GARCH EGARCH
EGARCH GARCH Nelson(1991)

EGARCH
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& |l//t—1 :

S

N(Oh)

log(h) =ao+zp:ai {7 \/f'T

v, t1

7 >0

EGARCH

|‘9t—i| _

Jho

4

GARCH

E}%iﬂ, log(h_;)
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Long Memory GARCH

FARIMA

GARCH
GARCH

ol =w+a(L)el +p(L)o?

a(L)=al+a,® +K +a L

B(L)=BL+pBL2+K + B L

&2 [1-a(L)-B

GARCH(p,q)

ARCH

ot =o[1-p(L)] +a(L)[1-4(L)]"

=o[1-p(L)] +a(L)&

Long Memory GARCH

FARIMA

GARCH

GARCH

Long Memory GARCH

(1)

root

(L] [2-8(L)]

infinite-order

2
&

)
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1 GARCH ARMA(m,q)
[1-a(L)-A(L)]s =+ [1-p(L) ]y ©
m=max{p,q}, v =& —o? 0
1-a(L)-8(L) Engle Bollerslev 1986
GARCH(p,q) IGARCH(p,q)
#(L)1-L)& =w+[1-B(L) ], (4)
4 #(L)=[1-a(L)-p(L)](1-L)" FIGARCH(p,q)
4 FIGARCH(p,q)
ARFIMA(k,d,l) (v}
a(L)(1-1)"y =b(L)7 (5)
a(L) b(L) order K 1 {g)
0 (1-L)" 6
(1-L)" =F(-d,13L)
=Zr(k—d)r(k+1)ll“(—d)lLk
EZQU ©6)
r() Gamma
ARFIMA

ARMA a(L) b(L)
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d ARFIMA(K,d,) FIGARCH(p,d,q)

H(L)(1-L) &f =0 +[1-B(L) v (7)
d=0 7 GARCH d=1 7 IGARCH
0<d<1 7 (1-L)" &2
ARMA(m,q) #(L) [1-B(L)] root
7 8
[1-p(L)]o? =0+ [ 1-p(L)-4(L)(1-L)" | 8)
8 Baillie, Bollerslev, Mikkelsen(1996) GARCH
FIGARCH(m.d,q) 0<d<1  ¢(L) b(L)
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1973 Black & Scholes

Black & Scholes Model

Black and Scholes Model

Random Walk Process

Geometric Brownian Motion
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Black and Scholes

distribution

ds
— = udt+odz
s e

dz =Wiener process

dTA =—rdt —Mdz—awdw,

o

log-normal

Geometric Brownian Motion

(1)
Black and Scholes
discount factor
E(dwdz)=0 (2
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dy

7 = /JYdt + O'YdZ (3)
diny =d7Y—%Y—12dY2 _ [yY —%ai]dthdz
diny 0o T

IOT diny :(yY —%afjﬂdHaYLszt

2
Y, =, o{ 4, - |10 (3, -2) @
YA YA 0 T InY
|nY0+(,uY—O'$/2)T oiT 4
1 2

O_2

InSr=InSD+(y—7]T+a\/'I_'g (5)
1 u—r ? u—r

INA; =InA,—| r+=| =— | [T-£2—Te (6)
2\ o o

© AT
0" e v A
S=X A,

(S —X)df (Ar.S)

- j;_XATT@(sT(g)_x)df (¢) ™
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InX =InS; :InSb—(,u—%]TJraﬁg

In X —InSO—(,u—G;jT
oT

E =

Call option=max(S; — X,0)  Put option=max (X —S;,0)

9 10

... SOq{InXInS,(,uaZ/Z)T +(“ﬂ—_rjﬁj

oNT —t o

o INX-In§,—(u-0*/2)T 4 ¢
_ T | _H
Xe @{ aﬁ > x/'FJ

50 (InSO/X+[r+az/2]TJ [InSb/X+[r az/z]T] ©
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20



b Xe o Ing/X J;[rﬁ—az/ij]_Soq)[

C,=Call option

P, =Put option

Hull and White model

Hull and White 1987

yo)

@S = ¢dt + odw
S

av
— = ydt+ £&dz
v g

Cov(dz,dw) = pdt

21

_InSO/X +[r+c*/2]T

T

dw

(10)

dz

(11)
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/l_
V =¢?
=V
dw dz Wiener Process
p  dw dz
¢ S o t H §
o t f(S,t,V) f
Ito’s Lemma’
2 2
df =L a5+ T av+ Ly 1azd§ LoV dsiV 4K
S Nt 258S 216V oSOV
= dt + — (¢St + 0 SAdw) + —( pVdt + EVdz) + = — o*S?ct
o g #3 oS N V) o
152 £y af
v 0S0
(o, o +2S#S NIV Lo R il ISV By P
ot v’ T2 e 20V? oSoV p
iaS‘dW+—§de (14)
0S
dt ﬂJSdW ingz Wiener Process
0s oV
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of 0% f of
W—rfzziaa [ A )] (15)

at 22'1’0""89 gL "
Oi Oj 8.0, Py 60 H
g r B g
“ S=6 V=6 15
16
2 2 2
ﬂ 1 ZSZa f 3§S a 52\/28 _rf
ot 2 S oSOV V2
of )
—rsa—s—[y B (1 - )Ja ~ (16)
16 S Vv
dv
S r iy X/
i p S V
p=0 R (4 -r)
16 17

ot 2 s? asav
of of

= s _ 2 17
os M7 v (17)

Hull and White model

Boyle and Emannuel (1985) u=0

23



E(V)=V,

(v

_ 3T Rl 2
E(Va):e 9e +6§T+8V03

2(e T -1
T,

3T
T t
c(v) Vo EW)
= 182C
f(SLO't ( ) 26V | _f( ) dV+L
:C(\7)+%Z\27(§|VVar(\7) 183C| skew(V)+L (18)
Var(\7) Skew(\7) vV u=0 p=0
18 19
f(S,az):C(02)+% T_tNligla)(dldz_1){204@;2k1)—04]
+1 T_tN‘(dl)[(dldz_3)(d1d2_1)_(d12+d§):|
6 8c°
o| €% —(9+18K)e" +(8+ 24k +18k” + 6k°)
xXo e +L (29
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p#0 u & S

Risk-Neutral Valuation

e[(ﬂ—éz/Z)vauiéJ_Wﬂ—pzvi:ﬂ/}

Vi =Viy (20)

§ =g, @y
20 21 JS o =V, S=3,

C=e"""max[S, - X,0] (22)

P=e""max[X -S,,0] (23)

GARCH Long Memory GARCH
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GARCH

GARCH Maximum Likelihood
Estimator MLE GARCH
GARCH pq
= xf+¢, | N(Oh)

p q
h :a0+zai€t2—i +Zﬂjh—j =4y
= =t

o,>0 20 i=1...ey, p

:(Lgt 1’K K gt p? ht -1 N’]t—q)

7/:(0{0,a1,K K,ap!ﬁl’ K KB‘I)

Q, t1
| N(Oh) t-1 g 0
h h & p g
T
L1
InL=>"- E[|n (27)+Inh +&7h* | = ZI

t=1

-x8 0=(7.5) y B
a _&X 1h1%{8_t2—1J
o8 h 2" oplh
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3
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BB h 2 poph 20008 (R B

32
ﬂz(g_f_lJ 2h 0y ) 1 ohoh g
oy \h dy 20 oy 0y h

ah P q ﬁh;
—=-2Yax_ &  +>b—L
aﬂ ; IXI*JgFJ ; J aﬂ

Mh_, v
oy = AT

i—1 oy
m @ GARCH Bollerdev
op Oy
1986 BHHH Berndt, Hall, Hall & Hausman, 1974
o' i
-1
0" =6+ 2 ia—ltiﬂ >
= 00 00 = 00

Long Memory GARCH FIGARCH

OLS MLE LM test....

ARCH MLE

Long Memory GARCH FIGARCH
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MLE MLE

logL(8;¢,,6,,K &)
]
=-0.5q" lgg(27)-0.5 >g log(o? )+ &lo,?
50T I9g(27) ;{9(1) 7o ]

P23 E(a),d,ﬂl,K B, K’¢Q)

Bollerdev and Mikkelsen 1996

Scholes Hull and White Black and Scholes

C(o,7,X,R,r) (P}

random walk

CBs(r,X)zC(UBS(T),r,X,PT,r)

B-S

5% [P (N3] 3R -B -N 3Ry, R ]

i=1

4N N 2
=[R?(N-1)] Z(Pn,m—N-l Pj

n=1 i=1
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R1,T+r T +7 n
B-S
Hull and White 1987 Hull

and White

C™ (2,X) = Nlilc(aHW(r)n £ X,Por)

Hull and White

Hull and White
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Ly
v =vile[” 2 Jrne v N(0,)

P 2=,

Hull and White

Long and Officer 1997 Black and Scholes

Black and Scholes Hull and White

=0 T O X T 0K+ 0K+ 0, X, + O X + &,
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Black and Scholes

Hull and White =0 GARCH EGARCH Long

memory GARCH FIGARCH

4 2003 11 3 2004
10 29 247
2003 11 3 2004 12 31
5
2003
6 2004 10 ° 1.136%
Bakshi, Cao,
and Chen 1997
At-the-money S
K
0.97~1.00 S 1.00~1.03 In-the-money % 1.03~1.06

4 http://www.taifex.com.tw/
> http://www.tse.com.tw/ch/index.php
® http://www.cbc.gov.tw/
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GARCH

AIC BIC
(1,1) -1822.966 -1808.929
(1,2) -1821.689 -1804.142
(2,1) -1822.654 -1805.107
(2,2) -1820.701 -1799.645
AIC BIC
EGARCH
AIC BIC
(1,1) -1827.504 -1809.957
(1,2) -1284.594 -1263.538
(2,1) -1818.787 -1794.222
(2,2) -1296.171 -1268.096

AIC BIC
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FIGARCH

AIC BIC

(1,1) -1821.786 -1804.239
(1,2) -1828.593 -1807.536
(2,1) -1820.232 -1799.176
(2,2) -1826.645 -1802.079

AIC BIC

out-of-the-money % 0.94~0.97

Deep-in-the-money % >1.06 Deep-out-of-the-money % <0.94

100

2003

200

2003 11 3 2004 12 31 247

100 SPLUS 147

400
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BIC

1 5500

7200

P N Wb~ 01O N

1 17 33 49 65 81 97 113 129 145 161 177 193

1 2003.11.3~2004.12.31

Black and Scholes Hull and White GARCH

EGARCH FIGARCH
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4 5 Black and
Scholes GARCH
Black and Scholes EGARCH
6 7 Black and Scholes

EGARCH Hull and White EGARCH
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HW-GA N - + * - - + +

HW-EGA * - * . * 4 - + * - - + +

HW-FIGA * - * - * 4 - + * - - + +

BS-GA O . - + * - - + +

BSEGA * - * - * 4 - + * - - + +

BSFIGA * - * - * ¢ - + * - - + +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BSEGA  Black and Scholes EGARCH BSFIGA Black and Scholes FIGARCH
wkn 5%

HW-GA - - + * - *F 4+ *F o x4 *F L +
HW-EGA - * - + * - x4 x x4 +
HW-FIGA - * - + * - * 4 x o F 4 x +
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BS-GA -ox T +

BS-EGA - - S S T +

BSFIGA * - * . ok L x4 ox x4 +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
ke 5%

X, X, X, X, Xs

HW-GA * - * + * - .

HW-EGA * - * + * - -

HW-FIGA * - * + * - .

BS-GA * - + - -

BS-EGA * - + - -

BS-FIGA * - + - -
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
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wkn
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Hull and White

>(1

Black and Scholes

Hull and White
Black and Scholes

Xl

Hull and White
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HW-GA - + - + N T +

HW-EGA - + - + R I +

HW-FIGA - + - + - + * 4 * +

BS-GA * o4 4+ * + I I T +

BSEGA * + * + * - + T +

BSFIGA * + * + * . + T I T +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BSEGA  Black and Scholes EGARCH BS-FIGA  Black and Scholes FIGARCH
w 5%

HW-GA  * - * - * 4 ; + b ok 4 ox +
HW-EGA * - * - * 4 - + + ok 4+ x +
HW-FIGA * - % - % 4 * _ % 4 + K 4+ x +
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BS-GA - + ; ; bk o4 x4 % +

BS-EGA - - - - + o o4 x +

BS-FIGA + * 4+ * . + N I T +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
wkn 5%

X, X, X, X, X,

HW-GA + * + - -

HW-EGA + + - -

HW-FIGA + * + - -

BS-GA * - + - -

BS-EGA - + - -

BS-FIGA - + - -
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH



wkn 5%

Black and Scholes GARCH
FIGARCH X,
X, X,
X, X,
Hull and White Black and
Scholes FIGARCH
X, X, X,
X, Hull and White
EGARCH
X, X, X,

Black and Scholes X,
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HW-GA - + - - + * - % _ K% 4 -

HW-EGA - + - - + * - K _ x4 ok _ %

HW-FIGA - + - - + * - x o x4 -

BS-GA * -0 x4 - + * . - + -

BSEGA * - * - * 4+ - + * - x _ x4 -

BSFIGA * - - + - + * - - + +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BS-FIGA  Black and Scholes FIGARCH
ke 5%

HW-GA + - + x4 x + * 4 x + -
HW-EGA + - + * 4 x + * 4 x + -
HW-FIGA + - + F 4 X + F 4 x + -
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BS-GA - o F 4 k4 x + * + * +
BS-EGA L T S + * + * +
BS-FIGA - F - F 4 k4 x + * 4+ % +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
wkn 5%
X, X, X, X, X,
HW-GA + + - -
HW-EGA + + - -
HW-FIGA + + - -
BS-GA + + + )
BS-EGA + + + )
BSFIGA + + + i
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
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wkn 5%

Hull and White
X4
Xy Black and Scholes
X, Xy X, X
X2
X3
xl
Hull and
White GARCH EGARCH X,
Xl

Hull and White FIGARCH X,
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Xl X2 X4 X5 Xl Xz Xa X4 Xs
HW-GA * - + - + * - + - - +
HW-EGA * - + - + * - + - - +
HW-FIGA * - + - + * - + - - +
BS-GA *oo- + - + * - - - - +
BSEGA * - + - + * - - + - +
BSFIGA * - + - + * - + - - +
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BSEGA  Black and Scholes EGARCH BSFIGA Black and Scholes FIGARCH
ke 5%
X, X, X, Xo XX, Xy X, X
HW-GA *oo- + - - + * - - + - +
HW-EGA * - + - - + * - - + - +
HW-FIGA * - + - - + - - + - +
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BSGA  * - + - - + - + .
BSEGA * - - + + - - + -
BSFIGA * - - + - + - + -
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
wkn 5%
X, X, X, X, X,
HW-GA * - + - -
HW-EGA * - + - -
HW-FIGA * - * + - -
BS-GA * - + - -
BS-EGA * - + - -
BS-FIGA * - + - -
HW-GA Hull and White GARCH HW-EGA  Hull and White EGARCH
HW-FIGA  Hull and White FIGARCH BS-GA  Black and Scholes GARCH
BS-EGA  Black and Scholes EGARCH BSFIGA  Black and Scholes FIGARCH
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wkn 5%

Kahneman and Tverskey 1979

valuefunction  v(Xx) decision weighting

function 7z (p)

2. v(x) S concave V (x)<0 x>0
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convex Vv (x)>0 x<O

disposition effect
Shefrin

and Statman 1985

quasi-magical thinking
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EGARCH

White

Black and Scholes 1973

Black and Scholes

FIGARCH

Black and Scholes
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Black and Scholes

Hull and White GARCH

Hull and

EGARCH

Black and Scholes



FIGARCH
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Y,
Y. = f(x)
dZ2=dt dz=+/dt
(1)
dy = dfd(xx) dx+ % d ;l;gx) dx?
X (t)

dx=udt+o,dz

[to’s Lemma

At 0

dx? =[ pdt + axdz]2 = pldt® + o2dz’ + 2u o, dtdz

dt?=0 dz*=dt dtdz=0 4
dx® = o2dt
3 5 2
df (x) 1d%f(x) ,
dy=—2( . dt dz)+= dt
y dX (ILIX +O_X Z)+2 X2 O-X
2
_ df(x)ﬂx+1d fgx)af dt+df(x)axdz
dx 2 dx X
[to’'s Lemma
df (X) 1d°f(x) , df (x)
dy = - dt
y [ 09, (929709 52t T ()
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dtxdt=dt>=0

)

3

(4)

(5)
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