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Abstract

In this paper, we present how the CIR model guarantees interest rates against negative
values in detail and what the prices of both discount bonds and European call options
are when interest rates are assumed to follow the CIR model. In addition, we simulate
European call option values on a U.S. 10-Y treasury bond in the CIR model by explicit
finite difference and Monte Carlo methods. The former principle requires that the first two
moments of both the modified and the real models be equal. It is presented in Hull and
White (1990). The latter is used for the basic Monte Carlo method by Boyle (1977). Finally,
we find that the effectiveness of the numerical computation by explicit finite difference is

better than that by the basic Monte Carlo methods.

Keywords: CIR model, treasury bond, European option, explicit finite difference method,

Monte Carlo method
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Chapter 1
Introduction

In the last twenty years, interest-rate-contingent claims have become increasingly pop-
ular. The values of these securities are closely related to the shape and the stochastic
movements of the term structure. Therefore, numerous models have been developed to
simulate the interest rate movements.

The first appealing framework is due to Vasicek (1977) [21] who was the first to give an
explicit characterization of the term structure. Vasicek proposed an Ornstein-Uhlenbeck
process for the short interest rate. This process offers the interesting characteristic of mean
reversion which is consistent with the observed market interest rate behavior. However, it
has several drawbacks. The major disadvantage is that it can lead to negative rates.

The problem of negative rates was solved by Dothan (1978) [6], Courtadon (1982) [7]
who proposed a one-factor lognormal model and also by Cox, Ingersoll and Ross (CIR)
(1985) [5] who suggested a square root model. The latter leads to analytical solutions for
the prices of both discount bonds and European call options. For this reason its use was
widely spread in the market; and despite the publication of more consistent theoretical
models, the CIR model is still respected as a benchmark for pricing interest rate claims.

In this paper, we present how the CIR model guarantees interest rates against negative
values in detail and what the prices of both discount bonds and European call options
are when interest rates are assumed to follow the CIR model. In addition, we simulate
European call option values on a U.S. 10-Y treasury bond in the CIR model by explicit
finite difference and Monte Carlo methods. The former principle requires that the first two

moments of both the modified and the real models be equal. It is presented in Hull and



White (1990) [14]. The latter is used for the basic Monte Carlo method by Boyle (1977)
[1].

The paper is organized as follows. In Chapter 2, we introduce basic ideas in stochastic
processes and Brownian motion. Chapter 3 is an introduction to the bond market and
the Cox-Ingersoll-Ross (CIR) interest rate model (1985) [5]. In Chapter 4, we show the
results of using explicit finite difference and Monte Carlo methods to value a 10-Year bond.

Finally, some concluding remarks are made in Chapter 5.



Chapter 2
Mathematical Preliminaries

Some mathematical relationships and stochastic concept in the interest rate model for

later use are reviewed here.

2.1 Brownian Motion and Martingale

General assumptions
Let (Q2,F,P) be a probability space with sample space €2, o-algebra F and probability

measure P.

Definition 2.1  Let X = {X(¢) : t > 0} be a stochastic process if for all t, X(¢) is a
random variable ; that is, X (t,w) : [0,00) x Q@ — R, {w : X(t,w) € (a,b)} € F, for all
a <b.

Definition 2.2 A standard Brownian motion, W = {W(t) : t > 0} has the following

properties :
1. W(0) = 0 a.s.; Technically, P{w: W(0,w) =0} =1,
2. W(t) is a continuous function of ¢, for all w,
3. If 0=ty <t; <..<t,, then the increments

W(t) — W(to), -+, W(ta) = W(tao1) & N0, —tiq), i=1,2,-+,n.



Definition 2.3  Let {F(t) : t € I} be a family of sub-o-algebra of F, I be an ordered
index set with F(s) C F(t) for s < t, s,t € I. Such a family {F(¢) : t € I} is called a
filtration.

Definition 2.4 A stochastic process X = {X(¢) : t > 0} on (Q,F,P) is an F(t)-
measurable or F(t)-adapted if

J(X(t)) c Ft),
that is,
{X(t) € (a,b)} C F(t), ¥ a<hb.

Definition 2.5 A stochastic process X = {X(¢t) : t =t > 0} on (Q,F,P) is an P-
martingale with respect to filtration {F(¢) : ¢ > 0} if

1. Ep(|X(t)]) < o0, t >0,
2. X(t) is an F(t)-adapted, t > 0,
3. Ep(X(t+1) | F(t)) =X (), 0<t<s.
Theorem 2.1 A standard Brownian motion W = {W (t) : t > 0}, is a martingale.

Proof. If s < t, then W(t) — W(s) is independent of F(s) and

B(W@) | F(s)) = B(W(t)=W(s)+W(s) | F(s)
= B(Wt) - W(s) | F(s)) + E(W(s) | F(s)
- E(W(t) - W(s)) W (s)
= W(s).
If s>1t,then
E(W(t) | ]—"(s)) — W(t)
Thus



Definition 2.6 Let II = {t¢, 1, ...,t,} bea partition of [0,T]. The mesh of the partition
is defined to be

Il =, _max -~ (tesr — ).

We then define the quadratic variation of a function f on a interval [0,7] is

) = tim 3 | flten) — FE)I

(|TT]|—0
Theorem 2.2 Let W(t),t > 0 be an standard Brownian motion. Then
(WHT) =T,
or more precisely,
PlweQ : (W(w)(T)=T}=1
Proof. Let IT = {tg,t1, - ,t,} be a partition of [0,7]. To simplify notation, set
Dy, =W(tg1) = W (t)

and

i
L

TN

Qn = D

il
= o

3
|

= W (tn) — W (te)|*

e
Il
o

We want to show

lim (Qu—T)=0

ITT]|—0
Note
n—1
Qu—T= [Di = (trg1 — tn)]
k=0
and

Dk = W(tk—i-l) - W(tk) ~ N(Ovt/ﬁ-‘rl _tk)7 k= 07 1a e, — L.



Then

i
L

EQu—-T) =

eS|
/N

(D} = (trsr — tk)])

b
Il

1

3
I

I
(]

[E(D}) = (trer — te)]

Eond
I
]

3
|

— [Var(Dk) — (tgy1 — tk)]

=0

Bl

e

Since for ¢ # j D; and D; are independent, the terms
l)z2 — (tk—i-l — tk) and DJ2 — (tk+1 — tk)

are also independent. Thus

n—1
Var(Qun—-T) = Var( [DZ — (tgy1 — tk)D
k=0
n—1
= Var (DZ - (tk—i-l - tk)>
k=0
n—1

= > B([D} -t —)])%)

i}
=]

3
|

— E(Dﬁ — 2(tpy1 — te) D% A (trgr — tk)2>

a5
Il
= o

3
I

= 3 [BD}) ~ 2t — ) EDY) + (s — 10)?]

o
I
=]

3
|

— [3(t1f+1 — 1) = (tpg1 — tk)z]

o

(if X is normal with mean 0 and variance o2, then F(X?) = 30* )

—

n—

= 2 (thi1 — tr)?
0

£
Il

i
L

< 2 ) (tha = T)
0

=
Il

= 2T



We have
E(QH - T) = 07

Var(@a—T) < 2T,
As |[TI|| = 0,Var(Qu —T) — 0, so

(1] —0

Remark 2.1  We know that
E“WUHQ—WWQV—@Hy4H]:0
We showed above that
WW“W@HQ—WWQV—@HYJQ]:%QH—QV
When (tp,1 — tg) is small, (tx11 —t)? is very small, and we have the approximate equation
(W (ther) = W(ta))" = (thsr — ),
which we can write informally as

AW (£)dW (t) = dt.

2.2 The Ito6 Calculus

The It6 Calculus is described for a class of processes known as [té6 Integral which we now

define.

Definition 2.7 Define the measure

120,7) = L2([0, 7], F, {F(O) ke, P)
= {{X(t), F(t)}tepo,r real value stochastic process |
{X(t) }1eo,m is F(t)—measurable, and E(fOT X2(t) dt) < oo.}

7



To define a norm on L?[0, T, we set

X2 = E(/OT X2(1) dt).

This is the well-known L?-norm.

Definition 2.8  Fix T > 0. Let 6 € L?*[0,T] be a process and let W = {W(¢) : t > 0},

be a Brownian motion with associated filtration F(t),t > 0, and the following properties :
1. s<t= F(s) C F(t),
2. W(t) is F(t)-adapted, V t,

3. Fort <t; <--- <t,, the increment W (ty) — W(t),--- ,W(t,) — W(t,_1) are inde-
pendent of F(¢).

Then we define the It Integral

I(t) = /Ot S(u) AW (u), t>0 . (2.1)

2.2.1 The Ito integral of a simple process

Let IT = {to,t1,--- ,t,} be a partition of [0,7]. Assume that ¢ is constant on each subin-
terval [tg, tr+1] (see Fig. 2.1). We call such § a simple function. Then the It6 integral I(t)
can be given by :

(

§(to) [W(t) —W(to)], 0<t<ty,

8(to) [W(t1) — W (to)] 4+ 6(t1) [W(t) — W(t1)], t1 <t <ty

S(to) [W(t:) = W(to)] + -+ 6(ta) [W(E) = W(tas1)], tauoy St <ty

\

In general, if ¢, <t <tp.q,



Figure 2.1: An simple function 9.

Adaptedness For each ¢, 1(t) is F(t)-measurable.

Linearity If

then

and

where c is constant.
Martingale I(t) is a martingale.
We prove the martingale property for the simple process case.

Theorem 2.3 (Martingale Property)

T
L

I(t) =) 0(ty) [W(tjra) = W(ty)] +0(te) [W(t) = W(th)], te <t <tpn

<.
Il
o

s a martingale.

Proof. Let 0 < s < t be given. We treat the more difficult case that s and ¢ are in

different subintervals, i.e., there are partition points t, and t; such that s € [ t4,t,41] and



t € [t, tkr1](see Fig. 2.2). Write

/-1

It) = Z 0(t5) [W(tja) = W(t5)] + 0(te) [W(terr) — Wi(te)]
+ i () [W (tj1) — W ()] +6(tx) [W(t) — W (ty)].

We compute conditional expectations :

S t

ty (728 e 12 Tpt1

Figure 2.2: Showing s and ¢ in different partitions.

B st (W) = W) | F(5)] = 3 ) (W) — Wit).

E[é(tg)(W(t,gH) —W(t)) | f@)} - 6(tg)<E[W(tg+1) | F(s)] - W(tg)>

and

10



Then

Theorem 2.4  (Ité Isometry)

E[I*(t)] = E[/O 6°(u) du).

Proof. To simplify notation, assume ¢t = t;, so

k
I(t) =) 6(t) [W(tjn) — W(t;)]
=0
Each W(t;11) — W (t;) has expectation 0, and different W (¢;,,) — W (t;) are independent.

() = (326 [Witge) - Wit)])

j=0
k

= St [Wtin) - W(t)]

2

0

<.
I

+

2> 6(t:) 6(ty) [W(tin) =W (k)] [W(tj1) — W(t))].

1<j

11



Since the cross terms have expectation zero,

B[R] = 3 B[ (W) - W()’]

— .k E[(SQ(tj) (tj41 — tj)} (by Remark 2.1)
— E[io ( /:jﬂ 62 (u) du)}
= E[ /Ot 6%(u) du}

2.2.2 The general It6 integral

Let § be a process (not necessarily a simple process). We now define
T

/ ' 5(t) AW (t) = lim S, (t) AW (1),

n—oo 0

where {d,}52, is a sequence of simple processes.

The only difficulty with this approach is that we need to make sure the above limit exists. To

proof the above limit exists, we are in need of Theorem below.

Theorem 2.5 An arbitrary & € L?*[0,T] can be approzimated by a sequence of simple
processes 6,. More precisely: There exists a sequence of simple processes {6,}52, such that

lim E( /T(an(t)—a(t))2 dt) —0.

n—oo

Proof. Define
n2"

k—1
On = Z < on )1[%§5<2Ln]+”1[62n]v

where 1 is an indicator function. Because § € L?[0,T], it follows that 8, € L?[0,T] and 4,
is a sequence of simple processes(see Fig. 2.3 and Fig. 2.4).

Note

511 S 5n+1 .

12



If §(w) < oo, then for all large enough n

| 8(w) - a(w) |< Zin ~0

If 6(w) = oo, then d,(w) =n — oco. Since L:norm is defined by

162 = E(/O 5(t) dt) < oo,

then

tim 5 /T((Sn(t)—é(t))2dt) —0.

n—oo

We have defined .
1.(T) = / 5.(t) AW (1),
0

for every n. Suppose n and m are large positive integers. Then

Var[1(T) ~ 1.(1)] = E[( [ [5u(0) ~ 6(0)] dW(t))Q]

~ B fOT [6,(2) — 5m(t)]2 dt} (by Ito Isometry)

— E JEC) 8a(t) = 5(8) + 5(2) = 6(2) | )Zdt]

< zE[ I 6ut) = 6ty | dt] +2E[ T Gm(t) — 6(2) |2dt},
(by (a+ b)? < 2a? + 2b?)
01
1
1/2
0 1/4 1/2 3/4 1 5/4 3/2 7/4 2 5

Figure 2.3: n=1

13



02

3/2

1/2

0 1/4 1/2 3/4 1 5/4 3/2 7/4 2 5

Figure 2.4: n =2

which is small. This guarantees that the sequence {I,,(7")}5°, has a limit.
We now define
t
I(t) :/ O(u) dW (u),
0
where ¢ is any adapted, square-integrable process.
Adaptedness For each ¢, I(t) is F(t)-measurable.
Linearity If
4 4
110 = [ sy dwta), 50 = [ 9w aww)
0 0
then
t
102 90) = [ () % (w) W (w)
0
and
t
cl(t) :/ co(u) dW (u),
0
where c is constant.

Martingale [(t) is a martingale.

1td Isometry E[I%(t)] = E[[) 6*(u) du].

14



2.2.3 1It6 Formula

We want a rule to ”differentiate” expressions of the form f(W(t)), where f(z) is a differ-
entiable function. If W (t) were also differentiable, then the ordinary chain rule would

give

d

SFV ) = /(W) W),
which could be written in differential notation as

af(W(t)) = (W) wi(t) dt

= F(W(D) AW (o).

However, W (t) is not differentiable, and in particular has nonzero quadratic variation, so

the correct formula has an extra term, namely,
df(W(t)) = f(W() dW(t)+ L (W) (dw(t))?

= f{(W() dW(t)+1f"(W(t)) dt (by Remark 2.1)
This is Ito formula in differential form. Integrating this, we obtain [to formula in integral

form:

FOW®) = 1V O) = [ W) avw +5 [ £(0vw) du

Definition 2.9 (Geometric Brownian Motion) Geometric Brownian motion is
1
S(t) = 5(0) exp{aW(t) + (p— 502)25},

where p and o > 0 are constant.

Define
f(t,z) = S(0) exp{am + (p— %O’Q)t},
S(t) = f(t,W(t)).
Since

ft: (M_%U2)f7 fx:Ufa fx:c:UQ.fa

15



according to Ito’s formula,
ds(t) = df(t,w(t))
= (p—30?)fdt+of dW(t)+io>f dt
= wpS(t) dt +oS(t) dW(t).
Thus, Geometric Brownian motion in differential form is
dS(t) = uS(t) dt + oS(t) dW (t),

and Geometric Brownian motion in integral form is

S(t) = S(0) + /O t 1S () du + /O taS(u) AW (u).

By Ito’s formula, we also get the import theorem below.

Theorem 2.6  Let W (t) be a Brownian motion and 6(t) a nonrandom function. Then

the Ito Integral
t
1) = / S(u) dW(u), t > 0
0

is a Gaussian process with its mean function m(t) = 0 and its covariance function
SNt
p(s,t) = / 6%*(u) du, s >0, t > 0.
0

Proof. Note
dI(t) = o(t)dW (t).

16



By It6’s formula, for 6 € R,
1
de?’®) = 1) dI(s) + —2'691(5)62 (d](s))z,

= 0e91)5(s) dW (s) + %02601(5)52(8) ds,
) = 0 4 /0 5 "5 (u) dW(u)+%02 /0 S "2 (u) du,
E(eel(s)) = 0O ¢ %92 /OS E(em(“))éz(u) du,
4 gy = %9252(5)15(@‘”(5)),
E(e"®) = MO exp{%92 /S 82 (u) du}
0

- exp{%92 /DS 62 (u) du}.

This show that I(s) is normal with mean 0 and variance [; 6(u) du.
Let 0 < s <t
By 1to’s formula,

1
degl(t) _ 9691(”(5(25) dW(t) + 592691@)52@) dt.

Integrate form s to ¢ to get
t 1 t
1 — 01(s) 4 9/ PTI§ () dW (u) + 592/ 12 () du.

Note

B( / I 5 () WV (a0 | 7(5))

_ E< /0 10 5() WV (u0) ) f(s)) - /0 OG0 A (1)

=0.

17



Then

1 t
E(eel(t) f(s)) = ) 4 592/ E(eel(“) f(s))éz(u) du,
d 01(t) L oo 01(t)
—E(e f(s)) = 0% (t)E(e (s)), t> s,
dt 2
01(t) _ 0I(s) 1 2
Ele ]—"(3)) = e"®exp 5 5 , t>s.
Thus the moment generating function for ( ), <s<t
E<601I(s)+921(t) (8))
_ eell(s)E(eegl(t) (8)>

1
_ 6(91+92) (s) exp{ze / 52( ) du}’

s

E (eelus)wzf(t))

E ( E (D 1()+021()

F(s))
= E(e<91+92)](5) exp{%&% /St 82 (u) du})
exp{%(@l + 6y)? /Os 6% (u) du} exp{%@% /St 6% (u) du}

Lo 7 Lo [f o
Xp{§(01 +29102)/ 0%(u) du + 502/ 0% (u) du}
0 0

I 8w du J; 8w du | [ 6
B p{2 b1 6] [ f0852(u) du fOt(SQ(u) du ] [ 0 ] }

18



This show that (I(s),(t)) is jointly normal with

Remark 2.2 By Theorem 2.5 and Theorem 2.6 , we known when §(¢) a deterministic
function, the It6 Integral I(t) is also a Gaussian process with its mean function m(t) = 0

and its covariance function

2.3 Change of measure - Cameron-Martin-Girsanov

Theorem

Theorem 2.7 (Cameron-Martin-Girsanov Theorem) Suppose W (t),0 <t <T, is
a Brownian motion on a probability space (0, F,P), F(t),0 <t < T, is a filtration, and
A(t) € L?[0,T). Define a new measure Q by

Q(A):/AMdP, VA€ F,

where M(t) = exp(— J7A(s) dW(s) — 3 [3N3(s) ds).

Then the process

s a () Brownian motion.

To prove Cameron-Martin-Girsanov Theorem, we are in need of some Theorem, Lemma

and Remark below.

19



Theorem 2.8 Let M = {]\/[(t) :telo, T]} be a stochastic process on a probability space
(Q,F,P) and

t 1 t
M(t) = exp(—/ A(s) dW (s) — —/ M (5s) ds).
0 2 Jo
Then M(t) is a F(t)-martingale under P.

Proof. In fact,
dM(t) = M(t)- [-A(t) dW(t) — $X3(t) dt + A2 (t) di]

= AO)M(t) dW (D).

Then
Ep(dM(t) | Ft) = Ep(=A@)M(t) dW(t) | F(1))

= —“AOME)Ep(dAW(t) | F(t))

Remark 2.3 In Fig.2.5, Fig.2.6, and Fig.2.7, we take \(s) = 1, A\(s) = s? + 2s + 3, and
A(s) = cos(s/30) , respectively. If ¢ are large, then Ep(dM(t) | F;) = 0 a.s. . This shows
that M(t) is a F-martingale under P.

Remark 2.4  The new measure () described in Cameron-Martin-Girsanov Theorem is a

probability space. For all A € F,

QA) = / Mr(w) dP(w)

= /1AMT(w) dP(w)
Q

= Ep(1aM(T)),
where 1 is an indicator function. Since M(t) > 0 for all ¢ > 0, we have Q(A) > 0 for all
AcF. IfABeF,ANB =0, then

Q(AUB) = A BMT(w) dP(w)

= /MT ) dP(w /MT ) dP(w

= Q(A)+Q(B).
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And we have

Remark 2.5

Also,

Thus

Lemma 2.1

dm()
o

-0.05}"

~0.1}

I I I I I I I I I
0 10 20 30 40 50 60 70 80 90
t

Figure 2.7: A(s) = cos(s/30)

Q) = [ Mrw) ap)
Ep(M(T))

= Ep(M(T) | F(0))

— M(0)

= 1.

For all A € F,

Q(A) = / 1Q(w) = / 14(w) dQ(w) = Eo(1a).
Q(A) = /Q 1A Mp(w) dP(w) = Ep(1aM(T)).

Eq(14) = Ep(1aM(T)).
Let 0 <t <T. If X is F(t)-measurable, then
Fo(X) = Ep(XM(1)).
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Proof. Since M (t),0 <t < T, is a martingale under P, then
Eo(X) = Ep(XM(T)) = Ep [Ep (XM(T) | J—"(t))’ ]—"(0)]

— Ep [X - Ep(M(T) | f(t))} = Ep(XM(1)).

Lemma 2.2  (Baye’s Rule) If X is F(t)-measurable and 0 < s <t < T, then

1

Eq(X | F(s)) = Ms)

- Ep(XM(t) | F(s)).
Proof. For A € F(s) C F(t), we have

Eq :1AﬁEp (XM(t) | f(s))}

= Ep -1AEP(XM(t) | .7-"(3))} ( by Lemma 2.1)
— Ep|1 AXM(S)] ( by Theorem 2.8)
= Ky -1AX] ( by Lemma 2.1 again)

= Eo|Eq(laX | F(s))]

= Eq :1AEQ(X | 7(8))}

Thus

Eq(X | F(s)) = ﬁ - Ep(XM(t) | F(s)).

Theorem 2.9 Using the description of Cameron-Martin-Girsanov Theorem, we have

the martingale property
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Proof.  We first check that W ()M (t) is a martingale under P. Recall

AW(t) = At) dt +dW(2),

AM(t) = —AGM(t) dW(t).

AW (M) = W(t) dM(t) + M(t) dW(t) + dW(t) dM(t)

—~

= —WEOAOM(E) dW(t) + MOAE) dt + M(t) dW(t) — M) M (¢) dt

= (=W(@NE)M(t) + M(t)) dW ().

Therefore, for 0 < s <t <T,

Ep(d(WOM®) | F(5)) = Ep((=WOAOM) + M©)Ep(dW (1) | ()| F(s))

= 0.
Next we use Baye’s Rule. For 0 < s <t < T,

EoW(t) | F(s)] = vpmEp(WH)M() | F(s))

proof of Cameron-Martin-Girsanov Theorem .
To show the process W(t), 0 <t <T,is astandard Brownian motion we verify it satisfies

Definition 2.2 . First,

Second, since W (t) is continuous a.s. and an indefinite integral is a continuous process,

then W (t) is a continuous process a.s. . Finally, take
t
X(t) = / (0= M) dW(u), 0 € R,
0
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Then
deX® — X0 [(9 — ) AW (E) + 10— A1) dt}
X = X0 4 /t (6 — )\(u))ex(”) dW (u) + % /t (6 — )\(u))QeX(“) du

Ep(eX®) = 1+%/t(9—)\(u))2 Ep(eX®) du

GEp(E0) = §(0 - MD)" Ep(eX0)
Ep(eX®) = eX(O)eXp{%/O (Q—A(u))Z du}

= exp{%/ﬂt(g - )\(u))Q du}.

For all ¢t € [0, 7], the moment generating function of W (t) under @ is

EQ [GOW(t)] — EP [M(t)GGW(t)]

= Ep [exp{— /Ot)\(u) AW (u) — %/Ot M () du} -eXp{/OtQ dW(u)H

= exp —%/Ot A2 (u) du} Ep [exp{/ot(ﬁ — A(u)) dW(u)}]

{
- exp{—%/ot M (u) du} .exp{% /Ot(é’ - )\(u))2 du}
{

Thus

That is ,
W) :W(t)+/t)\(u) du ~ No(0,1).

By Theorem 2.9, we have W(t) is a @Q-martingale. Thus for 0 =ta <t; <---<t, =T,
then the increments

—~ —~ —~ —~

W<t1) - W@O)v T 7W(tn> - W(tnfl)
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are independent, normal, and

Eo[W(t;) — W(ti_1)] = 0,

—~ —~

Eo[(W(t) =Wt 1)’] = ti—ti, i=1,2,--- ,n.

Remark 2.6 In Fig.2.8, Fig.2.9, and Fig.2.10, we take A\(s) = 1, A(s) = s*> + 2s+ 3, and
A(s) = cos(s/30), respectively. The process W isn’t a P Brownian motion, it has a shift
that dependents on A.
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Chapter 3

Bonds and the Cox-Ingersoll-Ross
Model

3.1 Generalities

Since we can treat a coupon bond as a linear combination of zero coupon bonds for
each time of maturity, then the bond market we will study is mainly the market of zero

coupon bond. Given a filtered probability space (€2, F, P).

Definition 3.1 A zero coupon bond with maturity date T, also called a T-bond, is a
contract which guarantees the holder one dollar to be paid on the date T. The price at
time ¢ of a bond with maturity date T is denoted by p(t,T).

We now make an assumption to guarantee the existence of a sufficiently rich bond market.
Assumption 3.1
1. For every T' > 0, there exists a market for T-bonds.

2. For every fixed T, the process {p(t) : 0 <t < T} is an optional stochastic process
with p(t,t) =1 for all ¢.

3. For every fixed t, p(t,T) is P-a.s. continuously differentiable in the T-variable. This

partial derivative is often denoted by

op(t,T)

pT<t7T) = oT
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Given the bond market above, we may now define a number of interest rates, and the
basic construction is as follows. Suppose that we are standing at time ¢, and let us fix two
other points in time, 7" and 7'+ ¢, with ¢ <T' < T + ¢. The immediate project is to write
a contract at time ¢ which allows us to make an investment of one dollar at time 7T, and
to have a deterministic rate of return, determined at the contract time ¢, over the interval

[T, T + ¢]. This can easily be achieved as follows.
1. At time ¢ we sell one T-bond. This will give us p(¢,7T") dollars.

2. We use this income to buy exactly p(t,T")/p(t,T + ) T-bonds. Thus our net invest-

ment at time ¢ equals zeros;

p(t,T) — 5 p(tT) p(t, T +¢)=0.

t,T+e)
3. At time T the T-bond matures, so we are obliged to pay out one dollar.

4. At time T + € the T + e-bonds mature at one dollar a piece, so we will receive the

amount p(t,T)/p(t,T + ¢) dollars.

5. The net effect of all this is that, based on a contract at ¢, an investment of one dollar at
time T has yielded p(¢t,T)/p(t,T +¢) at time T+ . We now determine the equivalent

constant short rate of interest over this period as the solution R to the equation

p(t,T)

—_ = -R(t, T, T - 1.
s = ele RTT +2)

Based on this argument we proceed to the formal definitions.
Definition 3.2
1. The forward rate for [T, T + €| contracted at ¢ is defined as
logp(t, T +¢) —logp(t,T)

R, T, T +¢) = - .

2. The spot rate, R(T,T + ¢), for the period [T, T + €] is defined as

R(T,T +¢) = R(T,T,T +¢).
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3. The instantaneous forward rate with maturity 7', contracted at t is defined by

_Ologp(t,T)
oT

f(£.T) = lim Rt T, T+ 2) =

4. The instantaneous short rate at time ¢ is defined by
r(t) = F(t,1).

We thus see that the bond market is different from any other market that we have con-
sidered so far, in the sense that the bond market contains an infinite number of assets (one
bond type for each time of maturity). The basic goal in interest rate theory is roughly that
of investigating the relations between all these different bonds. Somewhat more precisely

we may pose the following general problems, to be studied below.
e What is a reasonable model for the bond market above?

e [s it possible to derive arbitrage free bond prices from a specification of the dynamics

of the short rate of interest?

e Given a model for the bond market, how do you compute prices of interest rate

derivatives , such as a European call option on an underlying bond ?

3.2 Bond pricing and martingale measures

We now go on to define the money account process B and introduce martingale measures

into the bond market to model bond price.

Definition 3.3 The money account process is defined by
t
B(t) = exp{/ r(u) du},
0

dB(t) = r(t)B(t) dt,

i.e.

where {r(t) : t > 0} is an interest rate process.
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Definition 3.4  (Risk-neutral measure) A risk-neutral measure (sometimes called
a martingale measure) is any probability measure, equivalent to the market measure P,

which makes all discounted asset prices martingales.

In what follows, we model the interest rate and bond prices processes in a generalised
Black-Scholes framework. That is we assume that W (t) is a standard Brownian motion and
the filtration F(t) is the augmentation of the filtration generated by W(t). The dynamics

of the various processes are given as follows:

Short rate dynamics:

dr(t) = a(t,T)dt + b(t, T)dW (t), (3.1)
Forward rate dynamics:
df(t, T) = a(t, T)dt + B(t, T)dW (t). (3.2)
Bond price dynamics:
dp(t,T) = p(t, T)n(t, T)dt + p(t, T)p(t, T)dW (t), (3.3)

We assume that in the above formula the coefficients meet standard conditions required
to guarantee the existence of the various processes - that is, existence of solutions of the
various stochastic differential equations. Therefore for every fixed T', discounted bond prices
is

d( (t’(tT))) — p(t,T) d<%> +% dp(t,T)

= [0t 1)~ r(1) g(? dt + o(t, TYEEL) ayr ey,

so P is a risk-neutral measure if and only if n(¢,T), the mean rate of return of p(¢, T') under
P, is the interest rate r(t). If the mean rate of return of p(¢,7) under P is not r(¢) at each
time ¢ and for each maturity 7', we should change to a risk-neutral measure () under which
the mean rate of return is r(¢). In order to change measure, we take

n(t, T) —r(t)

At,T) = ST



Then

d(p(t T)> _p(t,T)

0 B o T) (A(t, T) dt + dW(t)).

By Cameron-Martin-Girsanov Theorem, there exists a measure () such that the process

is a () Brownian motion. Since

Bola®S D)) | #)] = Eo[E5 T ote.) aive) | (0]
= pg’(g)¢<t, T)Eq|dWW (1) | F(1)
-0,

then @) is a risk-neutral measure.

Remark 3.1 If we interpret n as the growth rate of the tradable, r as the growth rate

of the riskless bond and ¢ as a measure of the risk of the asset, then

n(t,T) —r(t)
o(t,T)

is the rate of extra return (above the risk-free rate) per unit of risk. As such it is often

At T) =

called the market price of risk.

Lemma 3.1  Consider a fivred T-bond, and that Q) is a risk neutral martingale measure.

Then the price process for the T-bond is given by
T
p(t,T) = Eg [exp{—/ r(u) du} ‘ F(t)}, 0<t<T.
¢
where {r(t) : 0 <t < T} is an interest rate process.

Proof. Under the risk neutral martingale measure (), discounted bond prices is a

martingale, then

pLT) 0T

B(®) B(T)) | F(0)].
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Thus

3.3 The Cox-Ingersoll-Ross Model

In this section we turn to the problem of how to model an arbitrage free family of zero
coupon bond price processes {p(-,T) : T > 0}.

By Lemma 3.1, the price, p(t,T), depends upon the behavior of the short rate of
interest over the interval [t, T, then a natural starting point is to give the dynamics of the
short rate of interest. Let us model the short rate, under a fixed martingale measure @), as

the solution of the equation (3.1)
dr(t) = a(t,r(t))dt + b(t,r(t))dW(t),

where W is a () Brownian motion.

Examples of short rate models include the following.
1. Vasicek model : dr(t) = k(pu — r(t))dt +~vdW (t), where k, j1, are constants;

2. Cox-Ingersoll-Ross (CIR) model : dr(t) = k(u—r(t))dt+o+/r(t)dW(t), where k, u, o

are constants;

t
3. Ho-Lee model : dr(t) = ®(t)dt + ydW (t), where ®(t) = % and 7 is a constant.

4. Hull-White (extended Vasicek) model : dr(t) = k(t)(u(t) — r(t))dt + ~(t)dW (t);
5. Hull-White (extended CIR) model : dr(t) = k(t)(u(t) — r(t))dt + o(t)\/r(t)dW (t).

We have noted that in the Vasicek and Ho-Lee models for r(t), because r(t) is Gaus-
sian, there is a positive probability that r(t) < 0. The Cox-Ingersoll-Ross (CIR) model
for r(t) provides a stochastic differential equation for (), the solution of which is always

nonnegative.
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Suppose we have n independent Brownian motions W (t), Wa(t), - - -

ability space (€2, F, P) and n Orstein-Uhlenbeck processes X (t), Xa(t), - - -

equations
1 1 :
dXJ(t) = —§l€XJ(t) dt + 50’ dW]<t>, ] = 1,2, e, n,

where £ > 0 and o > 0 are constants and X;(0) € R are given.
We take

— . —

Xj(t) =e2" X5(1).  (X;(0) = X;(0) )
Note N N N

- 0X;(t) 0X;(t) 1 9%X;(t)
dX;(t) = S dt L dX(t) + o (dX
(1) o T ax,m MO e |
1 1 1
= §ke§kth(t) dt + e2*" dX;(t)
1 Lkt

= 5062 dVVJ(t)

Then
= = b1,
X0 - %,0) = [ joett awy(w)
0
implies
— 5kt 1 "otk
X;(t) = e [Xj((]) voo [ e dwj(u)].
0

Since

t
[ e
0

, W,(t) on a prob-
, X, (t) given by

(3.4)

(t)"

is a It0 integral, then, by Remark 2.2, X;(¢) is normal with its mean function

m(t) = e 3X;(0)
and its covariance function
p(s,t) =
= e e (X (s), X; (1))
_ 6—%k(s+t) /Sm(lgegku)z du
0

1 ) 1k SAt .
= g% 2 (SH)/ e™ du.
4 0
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Thus its variance function is

o2 t
p(t,t) = —ekt/ e du
4 0

2 t
_ U_—kt[l ku }
46 ke 0
2
o
— _1 —kt
e

Consider the process

r(t) = X7(t) + X5(t) + - + X2

n

(t) > 0.
If n =1, we have r(t) = X?(¢) and for each t,
P{r(t) >0} =1,
but(see Fig. 3.1)
P{There are infinitely many values of ¢ > 0 for which r(t) = 0} = 1.
If n > 2,(see Fig. 3.2)
P{There is at least one value of ¢t > 0 for which r(t) = 0} = 0.

Let f(xy,mo, -+ ,2,) =23 + 25+ -+ + 2. Then

fm]- :2.%']‘
and
2, 1=y,
fxia:]-_ i,j:1,2, , 1
0, i#j,
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Figure 3.1: If £ = 0.205714, 0 = 0.055855, and X (0) = 0.2369, then r(t) is a process above.

Thus, by Ito’s formula,

dr(t) = (jl ai;(»g) de@)) %1;@# AX(t) dX;(0)

n

= Z2Xj(t) {—%ka(t) dt + %a de(t)} +% Z 2 dX;(t) dX;(t)

J=1

= —kixf(t) dt + ain(t) dW;(t) + n(%lﬁ dt)
=1 j=1

= k(% - r(t))dt +ov/r(t) Jil j;% dW;(t).
Define
W) :jil /0 t X;((Z) AW ()
Since
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Figure 3.2: If k£ = 0.205714, 0 = 0.055855, and X;(0) = 0.1675, X5(0) = 0.1675, then r(t)

is a process above.

are Ito integrals, then W(t) is a martingale and

v - Zj%dwm

(dw(t)?* = i % dt = % dt = dt.

Thus W (t) is a Brownian motion and we have

no?

dr(t) = k:(E - r(t))dt +o\/r(t) AW (t).

Definition 3.5 A Coz-Ingersoll-Ross (CIR) process is the process defined by an equation

of the form

dr(t) = k(u . r(t))dt +o\/r(t) AV (2).

where k£ > 0, 4 > 0, and ¢ > 0 are constants.

Take

4k
n:—2M>O.
o
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When n happens to be an integer, we have the representation
r(t)=>_ X;(t) >0,
j=1

but we do not require n to be an integer.

2
Ifn<2(1.e.p<g—k),then
P{There are infinitely many values of ¢ > 0 for which r(t) = 0} = 1.

This is not a good parameter choice.

2
Ifn22(i.e.ng—k),then

P{There is at least one value of t > 0 for which r(¢) =0} = 0.
Wi . . _ 4kp .
ith the CIR process, one can derive formulas under the assumption that n = —4- is a
o
positive integer. Thus n Orstein-Uhlenbeck processes construct the process r(t) which is

nonnegative.

Suppose here is the distribution of r(t) for fixed t > 0. Let r(0) > 0 be given. Then

X2(0) + X2(0) + --- + X2(0) = r(0).

Since X;(t),j = 1,2,--- ,n, is normal with mean function m;(t) (3.6) and variance function
p(t,t) (3.7), then
Xj(t) = m;(t) + /p(t, 1) Z;,

where Z; "% N(0,1), j =1,2,--+ ,n.

Thus
(M)Q _ (M N Z,)? STY
- J 1,6,
p(t,t) p(t,t) ’
where j =1,2,--- ,n, X%:‘Sj is a non-central chi-square distribution with 1 degree of freedom

(d.f.) and noncentral parameter J; and

_ mi()
%=
4k X2(0)
- o?(eft —1)



Since

i) = plt.0) > %)

2
then the distribution of r(t) is p(¢,t) = U—(l — ¢ *) times a non-central chi-square with

4k
4k p

n = —,- degrees of freedom and non-central parameter 0, where 0 = E 0;.
o
Jj=1

Howevrer, consider the chi-square density having n degrees of freedom and non-central

parameter 0, given by

s (:0) = ey Iy (VOy ), (3.8)

where [, is the modifired Bessel function of order v, given by

2 & (2)%
1@ = (3) .
() =13 ; JATw+j+1)
Take ,
oy = —kty, S
r=ny 4k(1 e "y >0
Thus the density of r(¢) is
é
€72 _. (T\i 3 r dy
0 - goes (O ()
gxiﬁ(r ) 9611 ° n 2~ n/ ldr

Remark 3.2 Ast — oo, m;(t) — 0 and p(t,t) = Z_k' We have
(

() = p(t.) 3 (<2

j=1

2
Then the limiting distribution of r(t) is Z—k times a chi-square with n = %2& degrees of
freedom (d.f.).
Note the chi-square density with 4]{—2'“ d.f. is
o

1 2kl»¢502 2
g(y) = W Y

o2
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2
Take r = Z—ky. The limit density for r(t) is

1 Ak N 2 d
W) = s () T e[
T 216_#) 272“ o dr
a2 1 2y 2k
= <_Z> Tﬁ_ e_UZT
)
0-2

()

2
This is the Gamma density parameters %QH and g—k and is denoted by G (%ZH, g—)

Then the mean and variance of r(t) are

2k
Brt) = 24-gr—p

Var(r(t) = 20 (g1)" = e
3.4 Bond prices in the CIR model

The interest rate process r(t) is given by

dr(t) = k(u—rt))dt + o\/r(t) dW(t),

where 7(0) is given. The bond price process is

RT
p(t,T) = Be < v

]:(t)] .

Note

Ry Rp
e o r(u) du p(t,T) _ E|:€7 o T(u) du

Fo)).

Then e~ Rcf r(u) du.p(¢, T) is a martingale. Since p(¢,T) is random only through a dependence
on r(t), then we take the process p(¢,T") is the function p(r(t),t,T") evaluated at r(t) and
denoted p := p(r(t),t,T).

Note

e i) du{ [—r(t)p + pe]dt + p, dr(t) + %prr’ (dr(t))Z}

— e o du{ [—r(O)p + pe + prk(p — (1)) + %prro%(t)}dt + peo/r(t) dW(t)}.
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Ry
o T(u) du

Since e~ - p is a martingale, then
~ Rt
Eld(e= ar du. p) ( F)] =0
implies
R, r 1
e” o dul—p(t) p+p+ pok(p—r(t) + épwa%"(t) dt

e drtw d“pﬂﬂE(dW(t) ‘ f(t)) ~0.

By E(dW(t) | f(t)) = 0, we obtain the partial differential equation

1
—r(t)p + ps —l—prkz(,u - r(t)) + §pwa2r(t) =0,

where 0 <t < T, r(t) > 0.

If we take the terminal condition that is
p(r(),T,T)=1, r(T) >0,

then this equation has a closed form solution.

We look for a solution of the form (Affine Term Structure),
p(r(t),t,T) = e TOCET)-ART)

where C(T,T) =0, A(T,T) = 0.

Note
P = (_T(t)ct(t7T)_At(t7T))pv

br = _C(taT)pa

Prr = C2(t7 T)p
Then the equation (3.10) is

—r(t)p+p[—rO)Ci(t,T) — 4t T)] — Ct,T)p k(p—r(t))
+%C2(t, T)p or(t) =0

implies

—r(t)p[—1— Cy(t,T) + kC(t,T) + %JQCQ(IS, T)] + p[—Au(t,T) — pkC(t,T)] = 0.
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Since p > 0, then for each r(t)

1
—1—-C(t,T)+ kC(t,T) + 50202(t, T)=0, - Riccati equation
(3.12)

A(t,T) + pukC(t,T) = 0,
where C(T,T) =0, and A(T,T) = 0.

In order to solute C(¢,T"), we introduce another dependent variable U(¢,T") such that

U(t, T)

Ct,T —_—
() %U2U(t,T)

(3.13)
- 2Ut(t,T)(02U(t,T)>1.

where U(t,T) # 0, for all t.
Differentiating C'(t,T") with respect to t we get

Ci(t, T) = 2U(t, T) (aQU(t, T)) ~ ouT) (UQU(t, T)) - (UzUt(t, T)) (3.14)
Substituting C(¢,T) and Cy(¢,T) into (3.12),
- [QUtt(t, T) <a2U(t, T))_l — UL, T) (aQU(t, T))_2 (aQUt(t,T)ﬂ

2

w [QUt(t, T) <a2U(t, T))_l} + 30—2 [2Ut(t, T) (U2U(t, T)>_1] —0

implies

—1 -1
- 2<U2U(t, T)) Uy (t,T) + 2kU, (¢, T) <02U(t, T)) ~0 (3.15)

Multiplying both sides of the the equation (3.15) by o?U(t,T), we have
2Uy(t, T) — 2kU(t,T) + o*U(t, T) = 0. (3.16)

The auxiliary equation is given by

(2D* — 2kD + a*)U(t,T) = 0, (3.17)
here D = —.
where o
The solution to this quadratic in D is given by
D k+ VE? + 202
1 = )
2
(3.18)
D k—vVk%+ 202
2 = .
2
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The general solution to the differential equation (3.16) will be given by
U(t,T) = aeP" 4 beP?, (3.19)

where Dy and D, are two values of D and a, b are constants.

Since the time starts at ¢ and ends at T, then we rewrite the equation (3.19) as

Ut,T) = a*e P10 4 pre=P2T=0) (3.20)

DiT 1% _ 1 DiT
b = bett

where a* = ae are also constants.

1
Take 7 = 5\/ k2 4+ 202. Then

Ut,T) = a*e” (2 tDT=0) 4 pre=(3-7(T—1) (3.21)

Note the derivative of U(t,T') with respect to ¢ will be given by

k k
U,(t,T) = —a*e-<%+T><T-t><§ +7)— b*e-<%-f><T-t>(§ — 7). (3.22)

Substituting U(¢,T) and U,(t,T) into the equation (3.13), we get

k_o\(T—
§-nT-0(k )

2 ) —a*e_(g”)(T_t)(% +7) = bre !
are~(5T(T—1) 4 pro—(5-7)(T~t) ’

O, T) = (

o?
(3.23)
B (__2> a*e—T(T—t)(T + %) _ b*eT(T—t)(T _ %)
o o2 a*e—T(T-1) + brem(T—1) '
Let
. k
at = T— =,
2
k
b* = —.
T+ 5
Then
C( T) e7'(T—t) _ e—’T(T—t) (3 24)
t, = . .
(T + g)eT(T*t) + (17— g)e*T(T*t)
Take .
2kp 27e3(T—1)
A(t’T) - o2 In (7‘+ k)eT(T—t) + (T E)G—T(T—t) (3'25)



Check

kN, m(T— k\,—1(T—
ATy — el (o e

o? 27es(T—1)

2 ™07 = ) + 5T — (7 4§ — e T0]

2
(7 5)erT0 4 (7 — &perT-0) (3.26)

eT(T—t) o e—T(T—t)

(T + 5)erT=1) + (7 — E)e-7(T-1)

= —kuC(t,T).

Thus the solution (3.12) is given by

sinh(t(T —t))

C<t> T) = 1 )
Teosh(7(T —t)) + sksinh(7(T —t))
2 (3.27)
9 LE(T—-1)
A, T) = — Hk log e T .
o? rcosh(T(T —t)) + sksinh(T(T —t))
1 u —u u u
where 7 = 5V k? 4 202, cosh(u) = %, sinh(u) = %
3.5 European Options on a bond
The value at time ¢ of the European call option on a bond in the CIR model is
Ry +
V(tr@) = Ble 0 (o1, 1) - K) | F 1), (3.28)

where K is the expiration value, T} is the expiration time of the option, 75 is the maturity
time of the bond, 0 <t < T} <T5, and r(t) is a CIR process.

Let the terminal condition be given
+
V(T (1) = (p(r(T), T, 12) = K) . (T3) >0,
As usual,

R RT1

o Jr(u) du | V(t,r(t)) _ E[e_ olr(u) du (p(Tl,Tg) _ K)+ ’ ]-"(t)]
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Rt
Then e~ o™ 4. V(¢ r(t)) is a martingale, and we denote V := V(r(t),¢,T}).

Note

R,
d<6_ 0 r(u) du V)

_ du{ [—r(t) -V + Vi]dt + V, dr(t) + %VW (dr(t))Q}

e du{ [—r(t)V +Vi+ Vik(p—r(t)) + %WTUQT(t)]dt + Vo /r(t) dW(t)},

Ry
o T(u) du

Since e~ -V is a martingale, then

E[d(eRJ ) du 7Y ‘ f(t)} —0

implies
R, 1
e 0T I [ r (O Vi 4 V(o — (1)) + Ve 0r(0)]d

e 4T d“%aﬂE(dW(t) ‘ f(t)) ~0.

By E(dW (t) | F(t)) = 0, we obtain the partial differential equation

=)V (t,r@t) + Vi(t,r(t) + Vi(t,r(®) k(pn—r@)) + %V}T (t,r(t))o’r(t) =0,

where 0 <t < T}, r(t) > 0.
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Chapter 4

Numerical Computation

The object of interest rate modelling is often used to find the prices for derivatives. The
chapter explores our numerical methods, explicit finite difference and Monte Carlo methods

to pricing the bond option.

4.1 Valuing Bond Option Prices by the Explicit Finite
Difference Method

Following Section 3.5, we know an European call option on bond in the CIR model,

with price V| satisfies the equation,
1
OV (t,7(0)) + Vit (1) + Vo (17 (0)E (= (1)) + SVar (b 7(0) (1) =0, (41)
where 0 <t < T3, T} is the expiration time of the option, and r satisfies
dr(t) = k(u — r(t))dt +oy/r(t) dW(t), k>0,u>0,0>0 are constants. (4.2)
Let the terminal condition be given
J’_
V(Ty,r(Th)) = <p(7’(T1),T1,T2) - K) ;

where T3 is the maturity time of the bond and r(77) > 0.
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4.1.1 The Explicit Finite Difference Method

Let the parameters r,;, and ry,. be the smallest and largest values of r considered by

the model, and t, is the current time. Partition [ty, 7] into I subintervals with fixed length

T, —to
At = .
I

Also, the partition [ryin, "max] contain J intervals with a constant change in r

Ay — Tmax — T'min
J
Let
Vij = V(to +iAt,r;),
where r; = ryin+jAr, ¢ =0,1,--- I, and j = 0,1,--- ,J, that is, partition (/+1) x (J+1)
points of [t,, T1] X [Fmin, Tmax), (see Fig. 4.1).

Tmax
Tj+1
Ty
Vi1
T j—1
Interest rate
T'min
to tico i1 4 tr =1,

Time

Figure 4.1: The grid of option prices.

By Taylor’s polynomial,
Flo+ Ax) = (@) + F0)Ax + o /@A) + () (A + O(Aa),
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and
flo = Az) = () = F@)A+ 5 f'(0)(Aa) — 3 f"(2) (M) + O(Aa).

Then %—‘r/, %27‘{, and %—‘t/ with respect to r at node (i — 1, j) are approximated as follows,

OV _ Vi Vi o)

or 2Ar
0%V Vijg+1 +Vijo1 — 2V 2
or2 Ar? +O(Ar), (4.3)
ov Vijg— Vici
— = ———2 4+ O(AY).
at At OBy
Substituting (4.3) into (4.1) gives
Vicry = aj1Vijo1 + a;Vij + a1 Vi + O(AL, Ar?), (4.4)
where )
o 1 k(=) At N o?r; At
YT Ty mAt| T 2Ar 2072 |
o 1 _1 _ O'QTjAt
a] 1 + T]At L A?"Q ’
o 1 [k(pu —r;)At N o?r; At
GHT T¥ At 2Ar INE
Define

k(p—r;)At  o*r;At
%Gj-1 = = + 3
2Ar 2Ar

027‘jAt
¢; = 1— TR

 k(p—ry)At N o?r;At
Gt = 2Ar 2Ar2 7

so that equation (4.4) becomes

Vieij = [g7.5-1Vij—1 + @5;Vij + @i+ Vi) + O(AL, Ar?), (4.5)

48



where local truncation error is O(At, Ar?), and accumulated truncation error is O(A#?, AtAr?).

We can verify that it is always true that

Q-1+ Gj+ G =1 (4.6)

If gj j—1,4q;;, and g; j+1 are all positive, then g;;_1, ¢; ;, and g; j+1 can be interpreted as prob-
abilities of moving from r; to r;_1,7; and 7,41, respectively, during time interval A¢. Thus
the explicit finite difference method is equivalent to a trinomial lattice approach. In Section

4.1.3, this equivalence is used to explain the conditions required to ensure convergence .

4.1.2 The Transformation of Variables

Generalizing from this, we can define a new state variable ¢(r(t),t) that has a constant

instantaneous standard deviation. Take

From Itd’s lemma and equation (4.2), the process followed by ¢(r(t),¢) in a risk-neutral

world is

do(r(t), 1) = (1), )dt + %adW(t), (A7)
where
k(p—r(t)) o’

210 8/r(D)

dkp —o*  o(r(t), t)k‘

8p(r(t),t) 2

The state variable ¢ can be modeled in the same way as r. A grid is constructed for
values of ¢ equal to ¢q, ¢1,- -+ , ¢n, Where ¢ is the largest multiple of A¢ less than /7,
¢; = ¢o + jAP, and n is the smallest integer such that ¢, > |/Tmax, and the equation in
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(4.5) become

At 5 At
Uit = TVigag T A
At
%Gj = 1_02—4A¢2’ (4.9)
At At
Tjj+1 = %m‘i‘azm,
where
b dkp—o® o5k
T 8¢, 2

In the explicit finite difference method, every node ¢, is constant, then 1); is also constant.

It has the simplifying property that ¢;;-1,¢;;, and g; ;+1 are independent of j.

4.1.3 The Conditions of Convergence and Stability

When using the explicit finite difference method, it is important to ensure that when
At and A¢ — 0, the estimated value of the option converges to its true value .
Let V(r(t),t) be the call option’s true value, and v(r(t),t) be the estimated one. Then,

by equation (4.5), the estimated value v satisfies
1
Vi—1j = T+ rAL (G.j-1Vij—1 + @505 + @ js1vVigea] - (4.10)
Thus the error of the explicit finite difference method is

1

T A (g7 j-181j-1 + Q€0 + Qi j+1Eij+1] + O(AL, Ar?), (4.11)
J

Ci-1j =

where €i—1,j = Vi—1j — Vi—15 and ¢ = 1, 2, s ,[ — 1.
Since v agrees with V' on the boundary,
8I,j:Oa j:Oalv"'v‘]v

(4.12)
51’,0:51,J:07 7;:0’17...’_[_1'
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Suppose ¢; j—1,4j,j, and g; j+1 are nonnegative, that is, the following equation must hold,

At
2 — <1
T ang: T
(4.13)
o2
< .
Thus
leiigl < @ig-ileiial + ggleigl + gigaleigal + a - O(AR, AtAr?)
(4.14)
< gl + a- O(A? AtAr?), i=1,2,-1—1,
where
QER, H‘c:]” :Z.:r(r)}?j}’(l‘sﬁj‘?
and O(At?, AtAr?) is the accumulated truncation error.
By equation (4.14), we get
lesiall < llesl + a- O(AR, AtAr?), (4.15)
and since ||eg|| = 0 we easily calculate that
leill < a-O(A#? AtAr?) - j
= a-jAt-O(At, Ar?) (4.16)

< a-T-0O(At, Ar?),

as JAt < T. When v, is bounded, equation (4.13) is satisfied and then the convergence

can be ensured.

4.1.4 The Modification of Branches

By equation (4.8), since ¢ can take on any positive value, 1) may or may not be bounded.

It follows that the explicit finite difference method may diverge. However, the method can
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be modified to overcome this problem. Instead of insisting that we move from ¢; to one of
®j—1,¢;, and ¢;1; in time At, we allow a movement from ¢; to one of ¢,_1, ¢, and @41,
where ¢ is not necessarily equal to j and ¢ is an integer. In Figure 4.2, (a)-(e) show the

situations where / = j,/ =j+1,{=7—1,{ < j—1, and £ > j + 1, respectively.

Pj+1 bjr2 O ;
; b Pjt1 Pj-1
b1 @ ®; Pj-2
(a) (b) ()
o Pe1
Prr1 o
b Pe-1
G—1 O

(d) (e)

Figure 4.2: Alternative Branching Procedures.

In all cases, we choose ¢ so that ¢, is the value of ¢ on the grid closest to ¢, +;At.
The probabilities of ¢; moving to ¢¢_1, ¢¢, and ¢4 are chose to make the first and second
moments of the change in ¢ in time interval At correct in the limit as At — 0. The
equations that must be satisfied are:

(

Q10 = 1)AD + qj0 L Ap+ qj (0 + 1) A = E(9)

2
Go—1(0 = 1°A¢* + g0 AP + o1 (04 1)°A¢° = %At +E(0)?, (4.17)

Qjo—1+ qie + Gjep1 = 1,

\

where F(¢) is the expected value of ¢ — ¢g at the end of the time interval, At. The solution
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to these equations is

qje—1 =

E(¢)  E(¢)° o At
[£2+£—(1+2€) A + A +ZA_¢2}’

| —

E(6) E(6)? o At
A(¢) - A(QSZ _%A_cb” (4.18)

1 E E($)? o2 At
oo = Hfecr-me B2 2 )

qdje = 1—£2+2£

Recalling equation (4.8), define

_ Akp—o?

a ] )

Qg =

k
-

If v is small, an examination of the errors in the way in which the differential equation is
approximated suggests that a sensible value for (30)2At/A¢?* = 1/3 (see [14]). We find

that this works well. It is easy to show ¢ = j when

1 aq At 1

Assuming «; and as are positive, this condition reduces to

(bmin S (b S ¢maxy (420)

where equations is

i B+ B+ doqos

2042
s B B+ /0% + dajan
max - 20[2 )
Ag
b= oar

The values of ¢ considered on the grid for the explicit finite difference method are
®0, $1," -, On, Where ¢ is the largest multiple of A¢ less than ¢min, ¢; = ¢o + jAP, and n
is the smallest integer such that ¢, > ¢max. It is assumed that A¢ is also chosen so that
some multiple of A¢ equals the current value of ¢.

When 1 < j < n — 1, the explicit finite difference method (trinomial lattice) approach
operates in the usual way. When the value ¢, is reached, the three possible values of ¢

after a time interval At are ¢g, ¢1, and ¢o. The probabilities of moving to these values are
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calculated from equation (4.18), with j = 0 and ¢ = 1. Similarly, when the value ¢, is
reached, the three possible values of ¢ after a time interval At are ¢,,_o, ¢,_1, and ¢,,. The
probabilities of moving to these values are calculated from equation (4.18), with 7 = n and
¢ = n — 1. Since the short-term interest rate is ¢?, the value of the bond prior to maturity

can be calculated using

1
Vij= m 45 5-1Vit1,j-1 + ¢, Visr; + ¢ j+1Vis1,j41] s (4.21)
fOI‘j:1727... 7n_17
Vio =~ [q00Viso + d0aViera + doaVirre] (4.22)
T T A 0,0Vi+1,0 T go1Vit1,1 + Go,2Vit1,2], :
and
ML 4 g2 AL Gnn—2Vit1,n—2 T Gnn-1Vitln-1 T GnnVitin] - .

4.2 Valuing Bond Option Prices by the Basic Monte
Carlo Method

From equation 3.28, we know the value at time ¢ of the European call option on a bond

in the CIR model is
R,
V(tr(t) = Blem 0 d (o1, 1) - K) | F() (4.24)

where K is the expiration value, 77 is the expiration time of the option, 75 is the maturity

time of the bond, 0 <t <Tj < T5, r is a CIR process, and r satisfies
dr(t) = k(u - r(t))dt +oy/r(t) dW(t), k>0,u>0,0>0 are constants.  (4.25)

Take t = ty, and

RT
H(Ty,w) = e o "W (p(Ty, Ty) — K) ™, (4.26)
where the measure of r is P, and w € 2 is a sample point in the path space Q = Q(rq,- -+ ,7J)
of the interest rate variables r = (rq,--- , 7). The expectation is an integral over 2

V(to, r(to)) = / H(Ty,w) dP. (4.27)
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If r is a discrete time process, taking values only at times ¢ty < t; < --- < t; = 17, the

integral will become

Vitor(a) = [ [ @t rat)g(rattoh -+ rafen) drata) - doster)
(4.28)
where 7;(t;) is the value of the interest rate variable r; at time ¢;, for a density function g.
This is a J x ({ +1)-dimensional integral. If (4.28) is to be a good approximation to (4.27),
then I must be large and it is not easy to use a numerical integration method to compute
the integral.

In this case a Monte Carlo integration method may be appropriate. The idea is to sam-

ple the joint density of r;(t;),_, .. ;,_, ., toobtain N sample points, (7’](.”) (to),- -, j(n) (t1)),
n=1,---, N, from the sample space (2, (r%n), e ,TS”)). A single sample point is a path of

values of r. The value of the European call option on a bond in the CIR model is estimated

to be
V(to, r(t0)) = =5 Z H(r ™). (4.29)

This is the Monte Carlo estimate of the value of the derivative.

Since the interest rate r(¢) is the only random variable, sampling the density is done
by evolving r from their initial values. Starting from an initial value of r(¢y) at time ¢y, we
use a discrete approximation for the equation (4.25) to evolve r(t) up to 7. The path we
have found is a sample from the space of paths, 2. H(77,r(T31)) along this sample path is
compute. The value of H(Ty,r(T7)) will depend upon the random numbers generated in
order to evolve r(t), so the simulation must be repeated many times to expect to accurately
reflect the distribution of H (T, r(71)). The sampled values of H(T,r(71)) are discounted
back to time ¢y, using the generated values of r(t) as discount rates, and the arithmetic
average of these discounted values is the Monte Carlo estimate of the value of the European
call option on a bond in the CIR model.

The basic Monte Carlo method can be broken up into stages:
1. Divide the period [to, T3] into I times steps. Set At = D-to.

2. Compute N sample paths r™(t),n = 1,--- N, for t = to,tg + At,--- ,T;. For
n=1,---,N, set 7™ (ty) = r(ty), the value of r at time #,. At each time step the

next value of r(™(t) is found from its discretised process. For instance, the Euler
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discretisation of the equation (4.25) is

r (4 At) = 1™ (1) + k(ﬂ — (t))At 4oy OVAL Y™+ AL, (4.30)

where y™(t 4+ At) iy N(0,1),t = to,--- ,Th — At, is a sequence of independent

standard normal variables.
3. Obtain values r™(T1),n = 1,---, N, at time T}.

4. Compute H(Ty,r™(T1)),n = 1,--- , N, and discount back to time ¢, using the gen-

erated values of the interest rate r(t); that is, compute

T

v<">(t0):exp{— 3 r(”)(t)At}-H(Tl,r(”)(Tl)), n=1,---,N.  (431)

t=to+At

V™ (ty) is the value at time ¢, of the European call option on a bond in the CIR
model along the n’th sample path.

5. The Monte Carlo estimate V (to) of the value V (to) of the European call option on a
bond in the CIR model at time #; is the average of the V™ (ty) that is,

1 N
V(ty) = NZ:: (4.32)

4.3 Numerical Result

We will shows the results of using the procedure to value a 10-Year bond with face
value of $ 100.
Recalling equation (4.2), the CIR model is

dr(t) = k(,u . r(t))dt +o\/r(t) AW (2)

where k£ > 0, > 0, and o > 0 are constants.

The model exhibits mean reversion of the interest rate, causing the rate to be pulled
downward when it is above the long run average rate and be pulled upward when it is
below the long run average rate. The coefficient k is the speed of this mean reversion, u
is the long run average rate, and o is the volatility. By the lest squares method, we take

k = 0.205714, p = 0.058856, and o = 0.055855 such that the CIR model is similar to the
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real interest rate (see Appendix A). Figure 4.3 shows the estimated interest rate value in

the CIR model when the parameter given above and the real interest rate value.

0.09 T
— Real Value
—— Estimated Value
0.08 i
i
0.07 | ' B
| )
| ‘.
2 0.06 } ‘ e
3]
14 | w
g | '
g |
£ 0.051 B
0.04F m .
0.03 B
002 Il Il Il Il Il
0 100 200 300 400 500 600
Time(Weekly)

Figure 4.3: The estimated interest rate in CIR model for & = 0.205714, ;» = 0.058856, and
o = 0.055855.

4.3.1 Numerical Result by the Explicit Finite Difference Method

By equations (3.10) and (4.1), we know the bond process and the process of the Eu-
ropean call option on bond have the same partial differential equation. Thus using the
explicit finite difference method in Section 4.1, we get Table 4.1 shows the values of the
10-Year zero coupon bond that maturity time is after 6 months in different current interest
rate. And Table 4.2 shows the price of a 5-Year European call option which expiration time

is 6 months early than the maturity time of the bond in different exercise price.
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Current Short-Term Interest Rate
$100 face value 2% 4% 6% 8% 10% 12%
Bond Price 98.9140 | 97.9812 | 97.0572 | 96.1398 | 95.2279 | 94.3339
Analytic Solution | 98.9127 | 97.9797 | 97.0555 | 96.1401 | 95.2332 | 94.3350

Table 4.1: The 10-Year bond prices that maturity time is after 6 months for the Cox,

Ingersoll, and Ross model with k£ = 0.205714, . = 0.058856, and o = 0.055855.

Current Short-Term Interest Rate
Exercise Price | 2% 4% 6% 8% 10% 12%
90 6.5468 | 5.9042 | 5.3088 | 4.7707 | 4.2754 | 3.8227
93 4.0200 | 3.5283 | 3.0761 | 2.6710 | 2.3018 | 1.9675
96 1.4936 | 1.1522 | 0.8434 | 0.5714 | 0.3281 | 0.1122

Table 4.2: Prices of a 5-Year call option on a 10-Year bond that maturity time is after 6
months for the the Cox, Ingersoll, and Ross model with k£ = 0.205714, u = 0.058856, and
o = 0.055855.

4.3.2 Numerical Result by the Monte Carlo Method

As usual, we shows the results of using the basic Monte Carlo method to value a 5-
Year European call option which expiration time is 6 months early than maturity time of
10-Year bond with face value of $ 100, and take the same parameter k& = 0.205714, u =
0.058856, ¢ = 0.055855. We simulate below :

Stepl : We divide 10 years into 521 times steps, then At = 2% (year) ~ 5= (year) = 1
(week).
Step2 : Compute N sample paths of CIR interest rate process r™(t),n = 1,--- N, for

t=0,At,--- 521 (week). Forn=1,---, N set 7™ (0) = r(0) = 0.0561, the value of
r at time 0. Figure 4.4 shows N = 5 sample paths of (™ (¢).

Step3 : We have values r™(521),n =1,--- , N.

Step4 : Compute the bond values p(r(™(521),521),n = 1,--- , N, and discount back to

time that is 6 months remained before maturity (¢t = 495) using the generated values
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Figure 4.4: 5 sample paths of CIR interest rate process r(t) with £ = 0.205714,u =
0.058856, and o = 0.055855.

of the interest rate r(t).

Step5 : The Monte Carlo estimate p(r(495),495) of the value p(r(495),495) at time 495
is
L X
5 - (n)
P(r(495),495) = >~ p"(r(495), 495).

n=1
Step6 : Compute V(r(™(495),495),n = 1,--- , N, and discount back to time ¢ = 235 (5-
Year call option) using the generated values of the interest rate r(¢); that is, compute

495
v (r(M(235),235) = exp{— > _r™ (t) At} <p(495, r( (495)) _K>+, n=1--.N.

235

where K is exercise price.

Step7 : The Monte Carlo estimate V (r(235), 235) of the value V (r(235),235) at time 235

V(r(235),235) = % > "V (r(235),235).

n=1
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Table 4.3 and Figure 4.5 shows the bond prices in different samples N. We can find
that the bond prices change little after N = 5000 samples, but N larger than N = 5000
samples is profligate users of computing time and power. From now on, we take N = 5000.
Table 4.4 shows the bond prices and the values of European call option in different exercise

price are in Table 4.5.
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Figure 4.5: The bond prices in different samples V.

Current Interest Rate Sample Number
6% 1000 3000 5000 7000 9000 10000
Bond Price 96.9489 | 96.9445 | 96.9408 | 96.9439 | 96.9418 | 96.9411
CPU Time 0.2970 | 0.8750 | 1.4380 | 1.9850 | 2.5780 | 2.8440

Table 4.3: The bond prices and computing time in different samples .
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5000 Samples

Current Short-Term Interest Rate

$100 face value 2% 4% 6% 8% 10% 12%
Bond Price 98.8741 | 97.9023 | 96.9452 | 95.9966 | 95.0509 | 94.1227
Analytic Solution | 98.9127 | 97.9797 | 97.0555 | 96.1401 | 95.2332 | 94.3350

Table 4.4: The 10-Year bond prices that maturity time is after 6 months for the Cox,
Ingersoll, and Ross model with k£ = 0.205714, i = 0.058856, and o = 0.055855.

5000 Samples Current Short-Term Interest Rate

Exercise Price

2%

4%

6%

8%

10%

12%

90

6.4478

5.8267

5.2438

4.6581

4.1804

3.7020

93

3.9528

3.4552

3.0051

2.5683

2.1998

1.8648

96

1.4441

1.0988

0.8389

0.6152

0.4341

0.2938

Table 4.5: Prices of a 5-Year call option on a 10-Year bond that maturity time is after 6
months for the the Cox, Ingersoll, and Ross model with k£ = 0.205714, u = 0.058856, and

o = 0.055855.
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Chapter 5
Conclusions

In this thesis, we introduce the manner of pricing interest rate derivatives. The explicit
finite difference and Monte Carlo methods are main foundations. The numerical codes are
implemented in Matlab. A numerical example of European call option on a U.S. 10-Y
treasury bond are presented to illustrate. In this example, the computational results of the
explicit finite difference method is better than Monte Carlo method.

We focused our work on particular one-factor interest rate models because of their great
level of popularity among practitioners. However, when there is only one Brownian motion,
the risk doesn’t accurately estimate in the real market. This work can be extended to
encompass multi-factor interest rates models. We believe that the multi-factor interest

rates models are an interested topic for the future study.
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Appendix A

A.1 Estimation Method

The CIR model (1985) represented the dynamics of the short interest rate r by the

stochastic differential equation:

dr(t) = k(ﬂ - r(t))dt +o\/r(t) AW (2), (A.1)

where £ > 0, 4 > 0,0 > 0 are constants.

For t < s, the mean and variance of this distribution can be obtained as

E('r(s) | r(t)) = ,u(l — e‘k(s_t)) + (1 — e_k(s_t))r(t),
(A.2)

2 2
Var(r(s) | r(t)) = %(1 _ 6721@(34))2 n %(e—k(sft) B 672]@(3,15))274(1;).

Since the variance is a function of the state variable and is therefore time dependent,
the more complicated variance structure leads to a more complicated estimation procedure
such that the AR(1) process is no longer applicable. The regression model that produces
the least square results can, however, be modified to produce reasonable estimates. For
example, let us adopt the same regression model as the previous section. The model is
expressed as

Tirar = a + bry + &, (A.3)

— ekt —kAL

where a = pu(1 and b= e
The error term ¢ is not identically and independently distributed. Rather, it is a
function of the state variable; therefore, ordinary least squares (OLS) does not apply. With

the variance structure specified in equation (A.2), however, equation (A.3) can be viewed
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as a regression model with heterology. By adopting the standard technique in Judge et al.

(1982, 416), we can run weighted least squares as follows:

1. Run an OLS:
re = Bo + Bire—1 + &, (A.4)

2. The variance of the error term must satisfy equation (A.2):

O'2 0'2
E(&) = l;—k(l - B*ka)z + z(e’km — e’zmt)Qrt,l. (A.5)
3. Run
E(&) = oo + auryy + oy, (A.6)
2 2
where oy = %(1 — 2 and ap = ?(e_km — e 2kANZ,

4. Solve for k and p from OLS and use ag or a; to solve for o.

Note that both ag and a; can give o. In this instance, we choose the one that generates
an estimate more consistent with previous studies.

The price of risk is not identified because Treasury bill rates are used as a proxy for the
instantaneous risk-free rate. In the fitting of the term structure, we can use the variable

flexibly to adjust properly for theoretical prices.

A.2 Results

We will illustrate the method presented in the previous section by applying them to
data consisting of (annualized) rates on American Government 10-year treasury note for
522 weeks covering the period of August 1983 until August 1993.

The results for the method of estimation of the parameters of the CIR model are
presented in Table A.1. We chose the starting value ro = 0.0561, the last rate in our data
set (August 1993). In Figure A.1, the real interest rate and the estimated interest rate
show covering the period of August 1993 until August 2003.
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10-Y Treasury Note

Bo B Qg oy 1 k o
0.0002317 | 0.9960626 | -2.453E-06 | 5.948E-05 | 0.058856 | 0.205714 | 0.055855

Table A.1: Parameter estimates for the CIR model.
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Figure A.1: The real interest rate v.s. the estimated interest rate with k£ = 0.205714, u =
0.058856, and o = 0.055855.
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